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_WELCO M E TO THE 11TH EDITION _ 

As authors, we have called upon our classroom experiences, use of MyMathLab, 
suggestions from users and reviewers, and many years of writing to provide tools that 
will support learning and teaching- This new edition of College Algebra continues our 
effort to provide a sound pedagogical approach through logical development of the 
subject matter. This approach forms the basis for all of the Lial team’s instructional 
materials available from Pearson Education, in both print and technology forms. 

Our goal is to produce a textbook that will be an integral component of the 
student’s experience in learning college algebra. With this in mind, we have provided 
a textbook that students can read more easily, which is often a difficult task, given 
the nature of mathematical language. We have also improved page layouts for better 
flow, provided additional side comments, and updated many figures. 

We realize that today’s classroom experience is evolving and that technology- 
based teaching and learning aids have become essential to address the ever-changing 
needs of instructors and students. As a result, we’ve worked to provide support for 
all classroom types—traditional, hybrid, and online. In the 11th edition, text and 
online materials are more tightly integrated than ever before. This enhances flex¬ 
ibility and ease of use for instructors and increases success for students. See pages 
xvi—xviii for descriptions of these materials. 


NEW TO THE 11th EDITION 

■ In Chapter 1 we have rewritten the introduction to the set of complex num¬ 
bers and have included a new diagram illustrating the relationships among 
its subsets. We have also expanded the discussion of solving absolute value 
equations and inequalities. 

■ In Chapter 2 we have prepared new art for shrinking and stretching graphs, 
added new exercises on translations, and expanded the exercises involving 
the difference quotient to include additional greater-degree functions. 

■ Chapter 3 has undergone a particularly extensive revision. We have updated 
the opening discussion by providing a table of examples of polynomial func¬ 
tions (constant, linear, quadratic, cubic, quartic) and have identified the de¬ 
gree and leading coefficient. There is an increased emphasis on displaying 
all possibilities for positive, negative, and nonreal complex zeros in a table 
format, with graphical representations to illustrate them. We now have a new 
summary exercise set on solving both equations and inequalities (linear, qua¬ 
dratic, polynomial, rational, and miscellaneous). 

bi In Chapter 4 we have added more work with translations of exponential and 
logarithmic functions, and we have included additional examples and exer¬ 
cises on solving equations that involve these functions. 

n In Chapter 5 we now present the determinant theorems within the exposition, 
and we have written new examples and exercises showing how they are used. 

n Chapter 6 now offers more discussion on graphing ellipses and hyperbolas 
centered away from the origin. 

b The discussion of binomial probability in Chapter 7 has been rewritten to 
provide more detail and greater clarity. 
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CHAPTER R Review of Basic Concepts 
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1 lie sel operations are .summarized below 

Set Operations 

Lei A and B be sets, with universal sei U. 

The complement ol set A is die set /\' oi all elements in the universal set that 
do nor belong to set 

A ' = {-v|.v <= u, x &A} 

TIk intersection ol sets \ and B , written A O B, is made up of all the elements 
belonging to both set /\ and set B 

A n B = {.v |.r G A and .r G B} 

The union of sets A and B, written A U B, is made up of all the elements 
belonging to set A or to set B 

A U B = {.r|.vG4or.r£ B} 



Identify each set as finite or mi mile. Then determine whether 10 is an element of the set. 
Se e Example 1. 


1. [4.5,6.15} 

T fl i U \ 

I 2 4*8- J 


2. (1,2, 3, 4, 5.75} 

4. {4,5.6....} 


5. { x j a is a natural number greater than 11} 

6. {.r|.r is a natural number greater than or equal to 10} 

7. [a,,.* is a fraction between 1 and 2} 

8. {x\x is an even natural number} 


Use set noration, and list all the elements of each set. See Example 2. 

9. {12. 13, 14,.... 20} 10. {8,9.10.17} 

11. {1,5.12. {3.9,27. 729} 

13. {17.22,27.47} 14. {74.68.62.38} 

15. {j:|jt is a natural number greater than 7 and less than 15} 

16. {jrj x is a natural number not greater than 4} 


Insert G or G in each blank to make the resulting statement true. See Examples 1 
and 2 . 


17. 6_ {3. 4. 5. 6} 

19. —4 _ {4. 6, 8. IO} 

21. 0_ {2. 0.3. 4} 

23. {3} - {2. 3. 4. 5} 

25. {O} _ {O. I. 2. 5} 

27. 0_ 0 


18. 9 

{3. 2. 5.9.8} 

20. -12 

{3.5. 12. 14} 

22. 0 

{0,5. 6. 7, 8. 10} 

24. {5} 

{3, 4. 5. 6.7} 

26. {2} 

{2, 4. 6. 8} 

28. 0 

0 
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Determine whether each statement is true or false. See Examples 1—3. 


29. 3 e {2.5,6. 8} 

31. 1 G {3,4.5, 11. 1} 

33. 9g (2, 1,5.8} 

35. {2, 5, 8, 9} = {2, 5. 9, 8} 


30. 6 e {-2,5.8, 9} 

32. 12 e {18, 17. 15. 13. 12} 

34. 3 <2 {7. 6. 5. 4} 

36. {3. 0, 9. 6. 2} = {2, 9, 0. 3. 6} 


37. {5, 8, 9} = {5, 8. 9, 0} 38. {3. 7, 12. 14} = {3. 7, 12, 14, 0} 

39. {xj.r is a natural number less than 3} = {1.2} 

40. {.r|.v is a natural number greater than 10} = {ll, 12, 13,...} 

Let A = {2. 4, 6, 8, 10, 12}, B = {2, 4. 8, 10}, C = {4. 10. 12}. D = {2. 10}. and 
U= {2,4,6, S, 10, 12. 14}. 


Determine whether each statement is true or false. See Example 3. 


41. A C U 42. CC 1/ 

45. A C B 46. B QC 

49. {4, 8, 10} C B 50. {O, 2} C D 


43. DCB 
47. 0CA 
51. BCD 


44. D QA 
48. 0C0 
52. A C C 


Insert C or J in each blank to make the resulting statement true. See Example 3. 


53. {2.4.6}-{3,2,5, 4,6} 

55. {0,1.2}-{1,2,3.4,5} 

57. 0 -{1,4,6, 8} 


54. {1.5}_{0,-1,2,3, 1.5} 

56. {5,6, 7, 8}_{1,2, 3,4, 5, 6, 7} 

58. 0 _ 0 


Determine whether each statement is true or false. See Examples 4—6. 


59. {5, 7, 9, 19} n {7. 9, 11, 15} = {7, 9} 

60. {8, 11. 15} O {8, 11. 19.20} = {8, ll} 

61. {2. 1,7} U {1,5.9} = {1} 

62. {6. 12. 14. 16} U {6. 14, 19} = {6. 14} 

63. {3, 2, 5, 9} H {2, 7. 8. 10} = {2} 64. {8. 9. 6} U {9. 8. 6} = {8, 9} 

65. {3. 5, 9, 10} H 0= {3, 5, 9, 10} 66. {3. 5, 9. 10} U 0 — (3. 5. 9. 10} 

67. {1,2,4} U {1,2,4} = {1.2,4} 68. { 1, 2. 4} H { 1.2, 4} = 0 


69. 0 U 0 = 0 


70. 0 O 0=0 


Let {0, 1.2, 3, 4. 5, 6. 7. 8. 9. 10. 11. 12. 13}, M = {0.2. 4. 6. 8}, 

^ ~ {l* 3* 5, 7. 9. 11. 13}. Q = {O. 2. 4. 6. 8, 10, 12}, and R = {0. 1, 2, 3, 4}. 


Use these sets to find each of the following. Identify any disjoint sets. See Examples 4—6. 


71. M OR 

74. M U R 

77. N U R 

80. Q’ 

83 . 0 OR 

86. R U 0 
89. (Q Pi M) U R 

92. Q Pi (A/ U N) 


72. MOU 

75. MON 

78. M U Q 

81. M’ n Q 

84. 0 n Q 

87. (M ON) U R 

90. (/? U N) Pi A#' 

93 . q' n (jV’ n u) 


73. M U N 

76. UON 

79. N‘ 

82. QOR‘ 

85. N U 0 

88. (N U R) H A/ 
9i. (a#* u Q) n R 

94. (U O 0 ') U R 
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P Q 

I 1 

d{P, Q) b 

Figure 12 


NOT! A 

of inclusion 


s seen * n Example 9(l>), absolute value bars can also act as symbols 
Remember this when applying the rules for order of operations. 


Evaluating Absoluto Value Expressions 
Lst \ o und y 10. Evaluate each expression 

Ca> j 2x — 3y | (b) MM ~~ l 3 ^ 


soumo 

(a) |Zv-3y| = |2(-6) — 3( 10) | 

= |-12 — 301 
= |-42| 

= 42 

r 5) 2 M - 133>| 2| —61 - 13(10)1 

1 - 6 ( 10)1 

= 2 - 6 - 1301 
|-601 
_ 12 - 30 
60 

= ~ 18 
60 

= 3 
10 


I-'O’I 

Substitute 

Work inside absolute value bars. Multiply 
Subtract 

Definition of absolute value 
Substitute 

1 1 — (k mulliplj 

Multiply {30 [ = 30. | -60 j = 60 

Subtract. 

Write m lowest terms. f ~ ~'f, 

V' Now Try Exercises 93 and 95, 


Distance between Points on a Number Line 

If P Q are points on a number line with coordinates a and fe, respec¬ 

tively, then the distance d{P , Q) between them is given by the following. 

diPy Q') ~ \b — a\ or d(P,Q) = \a — b\ 


That is, the distance between two points on a number line is the absolute value 
of the difference between their coordinates in either order. See Figure 12. 

Finding the Distance between Two Points 
Find the distance between —5 and 8. 

SOLUTION Use the first formula above, with a — —5 and b = 8. 

|*-fl| = |8-(-5)| = |8 + 5| = |!3| = n 
Alternatively, for a = 8 and b = —5, we obtain the same result. 

\b -a\ = | (-5) — 8 | = I — 131 = M 

Now Try Exercise 105 
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1. Concept Check Match each number from Column I with the letter or letters of the 
sets of numbers from Column II to which the number belongs. There may be more 
than one choice, so give all choices. 


I 

(a) 0 (b) 34 

(c) (d) V36 

(c) Vi3 <D 2.16 


A. Natural numbers 
C. Integers 
E. Irrational numbers 


B. Whole numbers 
D. Rational numbers 
F. Real numbers 


2, Explain why no answer in Exercise 1 can contain both D and E as choices. 


Concept Check Decide whether each statement is true or false. If it is false , tell why. 

3. Every integer is a whole number. 4. Every natural number is an integer. 

5. Every irrational number is an integer. 6. Every integer is a rational number. 

7. Every natural number is a whole number. 8. Some rational numbers are irrational. 

9. Some rational numbers are whole 10. Some real numbers are integers, 

numbers. 

Let set A — { —6, — — §, — \/3, 0, 1, 2tt, 3, “\/T2 List all the elements of A 

that belong to each set. See Example I. 

11. Natural numbers 12. Whole numbers 13. Integers 

14. Rational numbers 15. Irrational numbers 16. Real numbers 


Evaluate each expression . See Example 2. 
17. —2 4 18. —3 5 

21 . (— 3) 5 22 . (— 2) 5 

Evaluate each expression. See Example 3 . 

25. -2*5-4- 12^3 

27. -4(9-8) 4- (-7)(2) 3 

29. (4 - 2 3 )(—2 4- V 25 ) 

31 * 

-8 4- (—4)(—6) 4- 12 


19. (—2) 4 
23. -2 - 3 4 


20 . (— 2) 6 

24. -4 * 5 3 


26. 9*3— 16-4-4 
28. 6(—5) — (—3)(2) 4 

30. (5 - 3 2 )(Vl6 - 2 3 ) 

32 - [-§-(-!)]-(£-■&) 


33 . 


4-(-3) 


34. 


15 4-5-4-^6 — 8 
-6 - (-5) -84-2 


Evaluate each expression for p = —4, q = 8. and r = —10. See Example 4 . 


35. 

~P 2 

- lq 4- r 2 

36. 

-p- - 2q 4- r 

q + r 

37 . -— 

p 4- r 
38. -- 






Q + P 

p + q 

39. 


5 

40. 

3 r 2 

41. 5r 

42. 39 


r 

P 


*1 r 

2 p - 3r 

3 p - 2 r 



r 


<] r 



43. 

2 

~ 3 


44 4 5 


~{P + 2)= - 3r 


III 



p + ± 

45* 

2-q 


4 

8 


2 2 




46. 


-lq - 6) 2 - 2 p 


47. 


3 p 4- 3(4 4- pf 


5q 4- 2(1 + P y 


4 ~P 


r 4-8 


48. 


r 4-3 















of Basic Concopts 


Identify the property illustrated in each statement. Assume ail variables represent real 
number \ Sec Examples 5 and 6. 

49. 6 * 12 i- 6 • 15 = 6( 12 + 15) 50. 8(w 4- 4) = 8m 4* 32 

51. (/ - 6) • - 1. if r - 6 * 0 52. . ISLH = u if ^ 2 or -2 

y 2 — m 2 4* m 


53. (7.5 - y) 4- 0 = 7.5 - y 
55. 5(f 4- 3) = (r 4- 3) • 5 

S7 - < 5 *>© = <•' • t ) 

^ 4- Vi is a real number. 


54. 1 • (3.v - 7) = 3.v - 7 

56. -7 4- (x + 3) = (.v +3)4- (-7) 

58. (38 + 99) + 1 = 38 + (99 + 1) 

60. 5tt is a real number. 


frt ?“ commutative property for subtraction? That is. in general, is a — b equal 
to b - a ? Support your answer with examples. 


U 62. ^ ^here an associative property for subtraction? That is, does (a - b) - c equal 
* c ' * n £ en eral? Support your answer with examples. 


Simplify each expression. See Examples 5 and 6. 

64. (fr)(—12) 


63. yy(22j) 


65. (m + 5) + 6 


66. 8 + (a + 7) 


#57 3 ( 16 . 32 40'N 1 

8 \T y + 27 z ~ T) 68 - - 4 < 20m + 8y - 325) 


Example ^ P ro P er *y rewrite sums as products and products as sums. See 

69. 8p-|4p 70. 15x-10x 71. -4(z - ,) 72.-3(m +/.) 

Concept Check Use the distributive property to calculate each value menially. 


73. 72 * 17 + 28 ♦ 17 

75. 123 — - I- - 23- - 1- 
8 2 8 2 


74. 32 * 80 + 32 * 20 

2 3 7 -* 

76. 17- - 14±- I7--4- 
5 4 5 4 


Concept Check Decide whether each statement is true or false. If false, correct the 
statement so it is true. 

77. | 6 — 8 | = | 6 | — | 8 | 

79. j —5 1 * |6 | = | 5 * 61 


78- I ( 3 ) 3 f = —13 3 1 


80. 


1-141 

121 


-14 


81. \a - b\ = \a\ - \b\, if b > a > 0 82. If a is negative, then | fl | = 

Evaluate each expression. See Example 7. 

83. |-101 84. J-15 [ 85. - 


86 . - | Z 


87. -|-8 


88. —I —J2 


Solve each problem. See Example 8 . 

89. Blood Pressure Difference Calculate the Pj value for a woman whose actual svs- 
tolic pressure is I 16 and whose normal value should be 1 25 

90. Systolic Blood Pressure If a patient’s Pj value is 1 7 and the normal pressure lor hts 
gender and age should be I 30. what are the two possible values lor his systolic blood 
pressure? 
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Let x — —4 and y 
91. |3x- 2 y\ 
2\y \- 3|.r| 


2. Evaluate each expression. See Example 9. 
92. 12x — 5>* | 1 - 1 - 

A I t* I - 4 - A I v 1 


93. | —3x + 4y | 94. \~5y + x\ 


95. 


M 


Justify each statement by giving the correct property of absolute value from this section. 
Assume all variables represent real numbers. 

99. | //i | = | -m 1 100. | —k | s 0 

101. 191 • | —61 = | —541 102. |k - m| \k\ + |-m| 

103. 112 + llrj > 0 104. 

Find the given distances between points P. Q, R, and S on a number line, with coordi¬ 
nates —4, —1,8, and 12, respectively. See Example 10. 

105. d(P.Q) 106. d(P.R) 107. d{Q, R) 108. d(Q, S) 



Concept Check Determine what signs on values of x and y would make each statement 

true. Assume that x and y are not 0. ( You should be able to work these mentally.) 

109. xy >0 110. x 2 y > 0 

v 2 .v 3 

112. — < 0 113. — > 0 

x v 

Solve each problem. 

115. Golf Scores Phil Mickelson won the 2010 
Masters Golf Tournament with a total score 
that was 16 under par, and Zach Johnson won 
the 2007 tournament with a total score that 
was 1 above par. Using —16 to represent 16 
below par and +1 to represent 1 over par, 
find the difference between these scores (in 
either order) and take the absolute value of 
this difference. What does this final number 
represent? ( Source : www.masters.org) 

Total Football 1 ardagv During his 16 years in the NFL, Marcus Allen gained 
^ —*243 yd rushing, 5411 yd receiving, and —6 yd returning fumbles. Find his total 
yardage (called all-purpose yards). Is this the some as the sum of the absolute values 
of the three categories? Explain. ( Source : The Sports Illustrated Sports Almanac.) 

Blood Alcohol Concentration The blood alcohol concentration (BAC) of a person who 

has been drinking is approximated by the following expression . 

number of oz x 9c alcohol X 0.075 -r* body weight in lb — hr of drinking x 0.015 

(Source. Lawlor. J., Auto Math Handbook’ Mathematical Calculations, Theory, and 

Formulas for Automotive Enthusiasts, HP Books.) 

117. Suppose a policeman stops a 190-lb man who. in 2 hr. has ingested four 12-oz 
beers (48 oz), each having a 3.29c alcohol content. Calculate the man’s BAC to the 
nearest thousandth. Follow the order of operations. 

118. Find the BAC to the nearest thousandth for a 135-lb woman who, in 3 hr, has drunk 
three 12-oz beers (36 oz). each having a 4 09f alcohol content. 

119. Calculate the BACs in Exercises 117 and 118 if each person weighs 25 lb more 
and the rest of the variables stay the same. How does increased weight affect a 
person's BAC 9 












28 


CHAPTER R Review of Bnsic Concepts 


When a polynomial has a missing term, we allow for that term by inserting 
a term with a 0 coefficient for it. 


^Dividing Polynomials with Missing Terms 

Divide 3a* 3 - 2a* 2 - 150 by a* 2 - 4. 

0LUT10N Both polynomials have missing first-degree terms. Insert each miss¬ 
ing term with a 0 coefficient. 


3a - 2 


A 2 


0a 

a 


Missing term- 


4)3A 3 - 2a- + 0a - 150 

3a 3 + 0a 2 — 12a 

-2a 2 + 12a - 150 


Missing term 


Insert placeholders 
for missing terms 


D 


-2a 2 + 0a 4- 8 

I 2a — 158 < —Remainder 

• i^^Tv, 5 ^ 011 !? 51 ^ 00655 enc | s w ben the remainder is 0 or the degree of the remainder 
, t ^ ie < ^ v ‘ sor - Since 12a — 158 has lesser degree than the divi¬ 

sor a- 4, u is the remainder. Thus, the entire quotient is written as follows. 



2 + 


12a - 158 
a 2 - 4 


Now Try Exercise 93. 



-xercises 


Simplify each expression. See Example 1. 


1. (-4.r*)(4.r 2 ) 
4. a H m a 5 • a 


2. (3y 4 )(-6_v 3 ) 
5. 9 3 - 9 s 


3. n b - n* • n 
6. 4 2 - 4 a 


7. ( 3m 4 )(6w 2 )(—4 /zt 3 ) 8. (-8r 3 )(2/*)(-5r 4 ) 9 . ( 5 .^.)(- 3x y ) 

10. Concept Check Decide whether each expression has been simplified correctly. If 
not, correct it. Assume all variables represent nonzero real numbers. 


(a) ( mn) 2 = mn 2 
(c) 4 5 ♦ 4 2 = 16 7 


(b) y 2 • y s = y 7 
(D (a 2 ) 2 = a 5 



(g) cd 0 = l 


(d) 3°y = 0 
(hi (2 bY = S h* 


Simplify each expression . Assume variables represent nonzero real numbers See Exam- 
pies 1—3- 


11 . (2 2 ) 5 

12 . (6 J ) 3 

13. (-6.V-) 1 

14. ( —2.r 5 ) 5 

15. — (4/n :, /i 0 )- 

16. — (2.v ,, v J ) 

- (S )■ 

,8 - ( t ) : 

■»- (^y 

/ —5/» J \ 3 

/v V* \° 


20 ’ ( r* ) 

21 * -( , ) 

- -C7) 
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Match each expression in Column I with its equivalent in Column II. See Example 3. 


I 

n 

I 

n 

(a) 6° 

A. 0 

24. (a) 3 p° 

A. 0 

(b) -6° 

B. 1 

(b) -3 p° 

B. 1 

(c) (-6)° 

C. -I 

(c) (3/7)° 

C. -1 

(d) —(—6)° 

D. 6 

a 

'w' 

/■N 

t 

o 

D. 3 


E. -6 


E. -3 


25. Explain why x 2 4- x 2 is not equivalent to x 4 . 

26. Explain why (.r 4- y) 2 is not equivalent to x 2 4- y 2 . 


Identify each expression as a polynomial or not a polynomial. For each polynomial, 
give the degree and identify it as a monomial, binomial, trinomial, or none of these. See 
Example 4. 

27. —5x n 28. -4y 3 29. 6x 4- 3.r J 

30. — 9v 4- 5y 3 31. -7z s - 2z 3 + 1 32. -9/ 4 4- 8t 3 - 7 

33. 1 5a 2 b 3 4- 12 a 3 b s — 136 s 4- 12 b 6 34. -le.r^y 7 4- I2x 3 y* — 4.xy 9 4- 18.x 10 

3 1 2 3 

35. —x 5 - - 4- 9 36. —f 6 4—r + 1 

8 x 2 3 t 5 

37. 5 38. 9 


Find each sum or difference. See Example 5. 

39. (5x 2 — 4x 4- 7) 4- (—4x 2 4- 3x — 5) 

40. (3m 3 — 3m- 4- 4) 4- (—2m 3 — m 2 4- 6) 

41. 2( I2y 2 - 8y 4- 6) - 4(3y 2 - 4y 4- 2) 

42. 3(8/7- — 5/7) — 5(3p 2 — 2p 4- 4) 

43. (6m 4 3m 2 4- m) — (2m 3 4- 5m 2 4- 4m) 4- (m 2 — m) 

44. -(Sx 3 4- x - 3) 4- (2.x 3 4- x 2 ) - (4x 2 4- 3x - 1) 

Find each product. See Examples 6—8. 


45. 

(4r — l)(7r 4- 2) 


46. 

(5m 

— 6)(3m 4- 4) 

47. 

K 3 *-f)( 5t+ j) 


48. 

m 3 (: 

2m - ?)( 3m + i) 

49. 

4x 2 (3x 3 4- 2.x 2 — 5x 4- 1) 


50. 

2 b 3 {b 2 - 4b + 3) 

51. 

{2z- \)(-z 2 + 3z-4) 


52. 

(3n« 

4- 2)(-u* 2 4- 4n* - 3) 

53. 

(m - n + l)(m + 2n - 3*) 


54. 

(r- 

3s 4* t){2i — s 4- r) 

55. 

(2.x 4- 3)(2x — 3)(4.x 2 - 9) 


56. 

(3y 

- 5)(3y 4- 5)(9y 2 - 25) 

57. 

(x4- 1 )(.x 4- 1 )(x — l)(x — 

1) 

58. 

(/ 4- 

4)(/ 4- 4)(/ — 4)(r — 4) 

Find each product. See Examples 8 and 

9. 



59. 

{2m 4- 3)(2m — 3) 60. 

(8s —: 

30 (8s 4- 

3f) 

61. (4x 2 - 5v)(4x 

62. 

(2m 3 4- n)(2m 3 — n) 63. 

(4m 4* 

2/,)- 


64. (o — 6b) 2 

65. 

(Sr - 3/ 2 ) 2 


66. 

( 2z 4 

- 3v) 2 

67. 

[(2p-3) + (? ] 2 


68. 

[K> 

»’ — 1 ) 4- c ] 2 

69. 

[( 3 <7 4- 5) — />] [(3 q 4- 5) - 

*■ p] 

70. 

[ (9< 

r~s) + 2][(9r- s) - : 
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71. [ (3« 4- h) — I ]- 
74. (- - 3p 


72. [(2m 4- 7) - up 
75. (r/-2) 4 


73. (y + 2) 3 
76. (r 4- 3) J 


- 3.t 2 + 2) - (—2.v 4 + .v~ - 3) 


Perform the indicated operations. Sec Examples 5-9. 

11. (/>' - 4p 2 + p) - (3 ; ,2 + 2p 4- 7) 78. (.v 4 

79. (7m 4- 2u)(7m - 2n) 80. (3 p 4- 5) 2 

81. - M4,/- - 3t/ 4- 2) 4- 2(-q 2 4- q - 4) 82. 2(3r* 4- 4r 4- 2) - 3(-r 2 4- 4 r - 5) 

*3. p(4p -6)4- 2(3p - 8) 84. m(5m - 2) 4- 9(5 - m) 

8^. v(y- -4)4- 6y-(2v - 3) 86. - Z \9 - -) 4- 4;(2 4- 3z) 

Perform each division See Examples 10 and 11 . 


87. -- 4 * ? ~ 14 * 6 + iOA 4 - 14 .t 2 


89. 


91. 


93. 


-2a- 

4^ - 3x- 4- 1 

x — 2 

6m 1 4- 7m 2 — 4 m 4- 2 

3m 4- 2 

*“* 5x 2 4- 5x 4- 27 

x 2 4- 3 


88 . 

90. 

92. 

94. 


—Sr 3 ^ — 12r~5 2 4- 20/5 1 

—4nr 

3x* - 2x 4- 5 
x — 3 

10x 3 4- 1 lx 2 - 2x4- 3 

5x4-3 

k A - 4* 2 4- 2/: 4- 5 

k~ 4- 1 


Relating Concepts 



For individual or collaborative investigation (Exercises 95-98) 

2Z7( , x+ P v\( I, ‘ CtS \° n b * *° pcrform Peered multiplications On the left, 

use (x 4- y)(_r - y) = .t- - y= On the right, (x - y) 2 = .t 2 - 2x4 4- v 2 . 


51 X 49 = (50 4- 1 )( 50 — 1 ) 
= 50 2 - 1 = 

= 2500 — 1 
= 2499 


47 2 = (50 - 3) 2 

= 50 2 - 2(50)(3 ) 4- 3 2 
= 2500 - 300 4- 9 
= 2209 

Use special products to evaluate each expression 
9r». 99 X 101 96. 63 X 57 


97. 102 2 


98. 71 


Solve each problem. 


99. Geometric Modeling Consider the figure, 
squares and two rectangles. 


which is a square divided into two 


(a) The length of each side of the largest square is 
x 4- y. Use the formula for the area of a square to 
^ ntc lhe arca of lhc largest square as a power. 

(b) Use the formulas for the area of a square and the 
area of a rectangle to write the area of the largest 
square as a trinomial that represents the sum of the 
areas of the four figures that comprise it. 

(c) Explain why the expressions in pans (a) and (b) 
must be equivalent. 

(d) What special product formula from this section 
does tins exercise reinforce geometrically'’ 
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100. Geometric Modeling Use the reasoning process of Exercise 99 and the accom¬ 
panying figure to geometrically support the distributive property. Write a short 
paragraph explaining this process. 



y 


101. Volume of the Great Pyramid An amazing 
formula from ancient mathematics was used 
by the Egyptians to find the volume of the 
frustum of a square pyramid, as shown in the 
figure. Its volume is given by 

V — —/i(a 2 + ab + b~), 

where b is the length of the base, a is the length of the top, and h is the height. (Source: 
Freebury, H. A., A History of Mathematics, Macmillan Company. New York.) 

(a) When the Great Pyramid in Egypt was partially completed to a height h of 200 ft, 
b was 756 ft. and a was 314 ft. Calculate its volume at this stage of construction. 

(b) Try' to visualize the figure if a — b. What is the resulting shape? Find its volume. 

(c) Let a = b in the Egyptian formula and simplify. Are the results the same? 

102 . Volume of the Great Pyramid Refer to the formula and the discussion in Exer¬ 
cise 101. 

(a) Use V ~ 3 /i(a 2 + ab + b 2 ) to determine a formula for the volume of a pyra¬ 
mid with square base of length b and height h by letting a = 0. 

(b) The Great Pyramid in Egypt had a square base of length 756 ft and a height of 
481 ft. Find the volume of the Great Pyramid. Compare it with the 273-ft-tall 
Superdome in New Orleans, which has an approximate volume of 100 million ft 3 . 
( Source: Guinness Book of World Records .) 

(c) The Superdome covers an area of 13 acres. How many acres does the Great 
Pyramid cover? (Hint: l acre = 43.560 ft 2 ) 



(Modeling) Sumber of Farms in the United States The graph shows the number of 
farms in the United Slates since 19-40 for selected years. The polynomial 

0.001147.v 2 - 4.5905.V + 4595 


provides a good approximation of the number of farms for these years by substituting 
the year for x and evaluating the polynomial. For example, if x = 1960. the value of 
the polynomial is approximately 3.9, which 


differs from the data in the bar graph by 
only 0.1. 

Evaluate the polynomial for each year and 
then give the difference from the value in 
the graph. 

103. 1940 

104. 1970 

105. 1990 

106. 2009 


Number of Farms In the 
U.S. since 1940 



Year 


Suuruc V S Dcporiiiunu uf Agriculture 


Concept Check Perform each operation mentally. 


107. (O.25 3 )(400 3 ) 108. (24 2 )(0.5 2 ) 


109. 


4.2* 

2.1 s 


15 4 


110 . 


5 4 
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/ it>i i>m i/ii- greatest commonfaciorjrpm 
1. 12 //i i 60 2 . 15r —27 

4. 9z A + 8 \z 5 . _ 5^,2 

7. —4 p*q* — 2p z q s 
9. Akhti* 4- 8A : 4 //! 3 — 12A~m 4 


:ach polynomial. See Examples 1 and 2. 
3. 8 A : 3 + 24k 
6 . 5h 2 j + hj 
8. — 3z s w 2 — 1 8 z 3 u > 4 
10- 28r J j 2 4- 7r 3 j — SSr 4 ^ 3 


11. 2(a + b) + 4m(a 4* b ) 12 . 6.x(a 4- 6) - 4y(a 4* b ) 

13. (5r- 6)(r 4- 3) - (2r- l)(r4- 3) 14. (4z - 5)(3z - 2) - (3z - 9)(3z - 2) 

IS. 2(m - 1) - 3(m - l) 2 4- 2(m - l) 3 16. 5(a 4- 3) 3 - 2(a 4- 3) 4- (a 4- 3) 2 

Concept Check When directed to completely factor the polynomial 4.r 2 y 5 — 8.v>' 3 » 
a student wrote 2.xy 3 (2xy 2 — 4). When the teacher did not give him full credit, he 
complained because when his answer is multiplied out, the result is the original 
polynomial. Give the correct answer. 


18. Concept Check Kurt factored 16a 2 — 40a — 6 a 4 - 15 by grouping and obtained 
v 0 3)(2n 5). Callie factored the same polynomial and gave an answer of 

® a )(5 2 a). Which answer is correct? 


Factor each polynomial by grouping. See Example 2. 

19. 65 / + 9t~ I Or - 15 20. 10 ab - 6 b + 35a - 21 

21. 2m 4 4- 6 - am 4 - 3a 22. 15 - 5m 2 - 3r 2 4- m 2 r 2 

23. p 2 q 2 - 10 - 2q 2 4- 5p 2 24. 20z 2 - 8.v 4 - 5pz 2 - 2px 

Factor each trinomial, if possible. See Examples 3 and 4 . 


25. 6 a 2 - 1 la 4- 4 
28. 9y 2 - 1 83 - 4- 8 
31. 12a 3 -f- 10a 2 — 42a 
34. 14 m 2 4- 1 1 nu — 15r 2 
37. 12x 2 — xy — 3* 2 


26. 8 / 1 2 — 2 /i — 21 
29. 1 5p 2 4- 24 p 4- 8 
32. 36x 3 4- 18.v 2 - 4.r 
35. 5a 2 — lab — 6 b 2 
38. 30a 2 + am — rn 2 


27. 3m 2 4- 14m + 8 
30. 9.x 2 + 4x-2 
33. 6A: 2 + 5 kp — 6p 2 
36. 12s 2 4- 1 1st — 5r 2 


39. 24a 4 4- 10a 3 b — 4a 2 b 2 
40. 18.x 5 4- 15.t 4 z — 75x 3 z 2 41. 9m 2 — 12m 4* 4 42. 1 Gp 1 — 40 p 4- 25 

43. 32a 2 4- 48ab 4- 186 2 44. 20p 2 - \00pq 4- 12 5q 2 

45. 4.x 2 )* 2 4- 28xy 4- 49 46. 9m 2 n 2 4- 12//i/i 4- 4 

47r (a “ 3b) 2 - 6(a - 3b) + 9 48. (2 p 4- q) 2 - 10(2/? + q) 4- 25 

49. Concept Check Match each polynomial in Column I with its factored form in Column II. 


II 


(a) x 2 4- 1 Ox) 1 4- 25y 2 

(b) .x 2 — 10.tr 4 - 25>’ 2 

(c) .x 2 - 25)* 2 

(d) 25 v 2 - .x 2 


A. (x 4- 5y)(.x — 5v) 

B. (.x + 5y) 2 

C. (.x - 5y) 2 

D. (5_v 4- ,x)(5y — x) 

50. Concept Check Match each polynomial in Column I with its factored form in Column 11. 
1 II 

(a) 8.x 3 - 27 A. (3 - 2x)(9 -P 6.x + 4.x*) 

(b) 8.x 3 -P 27 B. (2x — 3)(4.x 2 4- 6.x 4- 9) 

(c) 27 - 8.x 3 C. (2x 4- 3)(4.x 2 - 6.v 4 - 9) 
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Factor each polynomial. See Examples 5 and 6. 


51. 9o 2 - 16 52. I6q 2 

54. y* —81 55. 25 j 4 

57. ( a 4- b) 2 - 16 

59. p* - 625 

61. 8-a 3 

63. 125 a 3 — 27 

65. 27 y 9 4- I25z 6 

67. (r + 6) 3 - 216 

69i 27 - (m + 2/i) 3 


25 53. x* — 16 

9/ 2 56. 36c 2 —81 v 4 

58. (/? - 2q) 2 - 100 
60. m* - 1296 
62. 27-r 3 
64. 8m 3 - 27/t 3 
66. 27s 9 4- 64y 12 
68. (b 4- 3) 3 - 27 
70. 125 - (4a - b) 3 


71. Concept Check Which of the following is the correct complete factorization of 
a 4 - 1? 

A. (a 2 — 1)(a 2 4* I) B. (.r 2 4* I)(x 4- I)(.r— 1) 

C. (a 2 — 1 ) 2 D. (.r — 1 ) 2 (x 4* 1 ) 2 

72. Concept Check Which of the following is the correct factorization of .v 3 4- 8? 

A. (x4-2) 3 B. (,r + 2)(x : + lr + 4) 

C- 4- 2)(.r 2 -lr + 4) D. (x 4- 2)(x 2 - 4x + 4) 


Relating Concepts 


For individual or collaborative investigation (Exercises 73-78) 

The polynomial .t 6 — I can be considered either a difference of squares or a dif¬ 
ference of cubes Work Exercises 73— 7S in order , to conned the results obtained 
when two different methods of factoring are used 

73. Factor v*' 1 b\ first factoring as a difference of squares, and then factor fur- 

ther by using the patterns lor a sum of cubes and a difference of cubes. 

/4. Factor v'“ — 1 by first factoring as a difference of cubes, and then factor further 
by using the pattern for a dif ference of squares 

Compare your answers in Exercises 73 and 74. Based on these results, what is 
the factorization of a 4 4- a 2 4- 1 ? 

76. The polynomial v 4 4- a- 4- ] cannot be factored using the methods described in 
this section However, there is a technique that enables us to factor it. as shown 
here Supply the reason why each step is valid. 

a 4 4- a 2 4- 1 = ,r 4 4- 2a- 4- 1 - .v 2 _ 

= (a 4 4- 2a 2 4- 1 ) - a 2 _ 

= (.r 2 4- l) 2 —a 2 _ 

= (.v 2 4- 1 — .\)(a 2 4- 1 4- a)__ 

= (a 2 — A 4- 1 )(a 2 4- a 4- 1 ) _ 


77. Compare your answer in Exercise 75 with the Final line in Exercise 76. What 
do you notice*' 

78. Factor x' 4- a 4 4 1 using the technique outlined in Exercise 76. 
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Factor each polynomial by substitution. See Example 7. 

79. 7(3Ar -1)2 + 26(3fc - 1) - 8 80. 6(4z - 3) 2 + 7(4z - 3) - 3 

81. 9(a - 4) 2 + 30(a - 4) + 25 82. 4(5.r + 7) 2 + 12(5.v + 7) + 9 

83. m 4 - 3«r - 10 84. a 4 - 2 a 2 - 48 


Factor by any method. Sec Examples 1—7 . 
85. 4 b- + 4fac + c 2 - 16 
87. x 2 + xy — 5x — 5y 
89. p 4 (m — In) + q(m — 2/i) 

91. 4z 2 + 28s + 49 
93. lOOO.v 3 + 343y 3 


86. (2y - l) 2 - 4(2}* - 1) + 4 
88. 8r 2 — 3 rs+ 10s 2 
90. 36a 2 + 60a + 25 
92. 6p 4 + 7p 2 - 3 
94. b 2 + 86 + 16 - a 2 


95. 125m 6 - 216 
97. 64 + (3.r 4- 2) 3 
99. {x + y) 3 - (x - y) 3 
101. 144s 2 + 121 
103. (x + v) 2 - (.r - y) 2 


96. q 2 + 6 q + 9 — p 2 
98. 216p 3 + 125g 3 
100. 100r 2 — 169s' 2 
102. (3a + 5) 2 - 18(3a + 5) + 81 
104. 4s 4 - 7z 2 - 15 


{^) 10s. Are there any conditions under which a sum of squares can be factored? If so. give 
an example. 



106. Geometric Modeting Explain how the figures give geometric interpretation to the 
formula .r 2 + 2xy + y 2 — (x + y) 2 . 


X X 



V X 


Factor each polynomial over the set of rational number coefficients. 


107. 49x 2 


1 


25 


108. 81y 2 — 


49 


109. 



121 

110. -^-y 4 - 49x 2 


Concept Check Find all values of b or c that will make the polynomial a perfect square 
trinomial. 


111. 4s 2 + bz + 81 
113. 100 r 2 — 60r + c 


112. 9 p 2 + bp + 25 
114. 49-v 2 + 70 r + r 
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Rational Expressions 


s Rational Expressions 

B Lowest Terms of a 
Rational Expression 

■ Multiplication and 
Division 

■ Addition and 
Subtraction 

■ Complex Fractions 


Rational Expressions The quotient of two polynomials P and Q, with 
Q 5^ 0, is a rational expression. 


.v 4- 6 (.r 4- 6)(x 4- 4) 

„r + 2 ’ (x+ 2)(x 4- 4) ’ 


2 p 2 4- Ip - 4 

-r-—- Rational expressions 

5p 2 4- 20 p 


The domain of a rational expression is the set of real numbers for which the 
expression is defined. Because the denominator of a fraction cannot be 0, the 
domain consists of all real numbers except those that make the denominator 0. 
We find these numbers by setting the denominator equal to 0 and solving the 
resulting equation. For example, in the rational expression 


.v + 6 
.v + 2’ 


the solution to the equation x 4- 2 = 0 is excluded from the domain. Since this 
solution is —2, the domain is the set of all real numbers .r not equal to —2, or 

{.r|xr —2}. Set-builder notation (Section R.1) 

If the denominator of a rational expression contains a product, we determine 
the domain with the zero-factor property (covered in more detail in Section 1.4), 
which states that ab = 0 if and only if a — 0 or b = 0. 


— — Finding the Domain 

Find the domain of the rational expression. 

(.v 4- 6)(.v 4- 4) 

(.v 4- 2)(x 4- 4) 

SOLUTION 

(*T 4- 2)(.y 4- 4) = 0 Set the denominator equal to /ero 

-T 4- 2 = 0 or .Y 4- 4 — 0 Zero-factor property 

= 2 or .Y = 4 Solve each equation 

The domain is the set of real numbers not equal to —2 or —4, written 

W-V -2, -4}. 

Now Try Exercises 1. 3, and 7. 


Lowest Terms of a Rational Expression A rational expression is written in 
lowest terms when the greatest common factor of its numerator and its denomi¬ 
nator is 1. We use the following fundamental principle of fractions. 


Fundamental Principle of Fractions 

ac _ a 
be b 


{b ¥* 0, c gfc 0) 
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Complex Fractions The quotient of two rational expressions is a complex 
traction. 1 here arc two methods for simplifying a complex fraction. 


Simplifying Complex Fractions 


Simplify each complex fraction. In part (b), use two methods. 

a 


(a) 


Hi 

,+ ! 


(b) 


1 

4- - 
a 4- 1 a 


1 


1 

-h 

a a + 1 


SOLUTION 


(a) Method 1 for simplifying uses the identity property for multiplication. We 
multiply both numerator and denominator by the LCD of all the fractions* k . 


6T* 



Distribute k to 


5 Y ’ 5\ /5\ a//terms within 

fc _ *\ 6 ~ j) 6k ~ k \j) * V the pa.enlheses. 


1 + 5 . 

k 


(b) 


A v(‘. + f ) fc + *S) 

a . 1 (a l\ 

, ( ~—— H-)r/( <7 4- 1 

a *1“ 1 a _ \a 4- 1 a) 


6k _ 

k + 5 


« + «+l (a + JTl) a(a+l 


(Method 1) 


a 


a ” + j (")(a + 1) + “(«)(« + 1) 

— {o)(a +1)4- - ~ ^ ( ci)(a 4- 1) 

fl- 4 (n + 1) 

(a 4- I) 4- a 

a 2 4- a 4- I 
2a + 1 


For Method 1. multiply 
both numerator and 
denominator by the 
LCD of all the f ractions. 
a{a -t- 1 ) 


Distributive property 


Multiply 


Combine like terms 


-£-+I 

a 4- 1 a 


1 


L 

— 4- 
a a + I 

(Method 2) 


a 2 + 1 {a 4- 1) 
ci(a 4- 1) 

1(q + 1) 4- l(q) 
<i(r/ + 1 ) 

Q 2 4- a 4- 1 
a{a 4- 1) 

2 a + 1 


a(a 4- 1 ) 
a 2 + a + 1 </(«/ 


The result is 
the same as in 
Method 1 



Hi <t + l ) 

a z + a + \ 
2 a + i 


I ) 


2a + 1 


For Method 2 find the LCD. and add 
terms in the numerator and denominator 
o| the complex fraction 


C nmhinc terms m the numerator 
and dcnominato! 


Definition n| dixoion 


Mu It i pH i; .. 


Now Try Exercises 67 and 73 
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Find the domain of each rational expression. See Example l . 


1. 


4. 


7. 


A-4-3 
x-6 

9x4 12 

(2x4 3)(x-5) 

■X 2 ~ 1 
x4 1 


2x — 4 
x 4 7 

12 


3. 


3x4-7 


8 . 


x 2 4- 5x 4- 6 
x 2 - 25 


x - 5 


(4x 4- 2)(x — 1) 

_3_ 

x 2 — 5x — 6 

x 3 - 1 
x- 1 


10. Concept Check Use specific values for A' and y to show that in general. \ 4- f is not 
equivalent to j + y . 

Write each rational expression in lowest terms. See Example 2. 


11 . 

14. 

17. 

20 . 


Sx 2 4- 16x 
4X 2 

-8(4 - y) 

(y + 2)(y-4) 

m~ — Am 4- 4 
m~ 4- m — 6 

6y 2 4- 1 ly 4- 4 
3y 2 4- 7y 4- 4 


12 . 


3 6y 2 4- 72 y 
9v 2 


.. 81-4- 16 

lo 


18. 

21 . 


9k 4- 18 

r 2 - r - 6 
r 2 4- j— 12 

x 3 4- 64 
x 4- 4 


13. 


16. 


19. 


3(3 - t) 


(,4 5)(r-3) 

20r 4- 10 
30r 4- 15 

Sm- 4- 6m — 9 
16m 2 - 9 


22 . - 


V 3 - 27 
y-3 


Find each product or quotient. See Example 3. 
23. 


26. 

29. 

31. 

33. 

35. 

37. 

38. 


15/t 3 6 p 


Sr 3 . : 

9p 2 ' I Op 2 

24. 

6r ’ ' 

5m 4- 25 6m 4- 30 


X 2 4- X 

10 12 

27. 

5 


25 


xy 4- y 


25. 


28. 


21 4- 8 , 31 4- 12 
6 2 

v 3 4- y 2 49 


v 4 4- v 3 


4a 

4- 12 

a--9 




6r- 18 

4r — 

12 


2a 

- 10 

a 2 - a - 20 




9/^4 6 r — 24 

I2r — 

16 


P~ 

— P 

-12 p 2 — 9p 4* 

20 



x 2 4 2x — 15 

x 2 4 2 

x — 

24 

•> 

p~ 

-2 P 

-15 p 2 - Sp 4- 

16 



x 2 4 1 lx 4 30 

’ x 2 - 8 

IX 4 

15 


4 3m + 2 m 2 4- 5m 

4 

6 


V 2 4 y — 2 

y 2 4 3v 

4 2 



4- 5m 4- 4 m 2 4- 10m 

4 

24 


y 2 4 3y — 4 

y 2 4 4y 

4 3 


.r 3 

4 V 3 

x 2 - y 2 



'Xgr 

x 2 — y 2 x 2 ■ 

— xy 4 y 

2 

X 3 4 y 3 

X 3 

_ v 3 

x 2 4- 2xy 4 y 2 



JO. 

(x-y) 2 x 2 - 

- 2xy 4 j 

*1 

(x - y) 4 

xc 

— XII* 

4 2 yz — 2yn* 4c 

4 

4h* 

4 .re 4 u»x 







-IV 


16 

** 

— 






ac 4- ad 4- he 4- &</ 


i 3 -6 3 


« 2 - 6 2 


la 2 4- lab 4- 26* 


39. Concept Check Which of the following rational expressions is equivalent to — 1? 
In choices A, B, and D, x ^ 4, and in choice CT, x ^ 4. (Hint. There mav be 

more than one answer.) 


A. 


x - 4 


It. 


-x - 4 


x - 4 


D. 


X ~ 4 


x + 4 x 4 4 4 — x ' —x — 4 

40. Explain how to find the Icusl common denominator of several fractions. 
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Perform each addition or subtraction. See Example 4. 


41. — 4- — 

2k 3 k 

. t 8 5 9 

2p 


3p 4 p 


47. 


50. 


53. 


OS. 


57. 


59. 


42. f + -L 
5 P 4 p 


A- ' b 

4?. --~ 

a a~ 


1 2 4 

43. — + — + — 
6 m 5m m 

3 x 
46. z + ~ 

Z Z 4 * 



1 1 

48. 

12.X-V 

6.X3' 

lx 4- 8 

X 4- 4 

51 

3.v 4- 2 " 

3x 4- 2 

3 

1 


a - 2 

2 - a 


x 4- y 

2x 


2x - y 

y ~ 2x 


4 

1 

1 

.t+1 4 

a* 2 — x 4- 

1 X 3 

3x 


X 

x 2 4- x 

- 12 x 2 

- 16 


I8a 3 £> 2 9 ah 

1 1 


49. 


r>2. 


17 v 4- 3 — lOv — 18 

9 >* + 7 9 y + 7 

m 4-1 m — 1 


x 


X — z 


54. 


m 


- 1 ill 4- 1 


12 


56. 


58. 


60. 


p - q q - p 
m — 4 5 in 


3m — 4 4 — 3m 

5 2 


60 


x 4- 2 x~ — 2.x 4- 4 .v 3 4- 8 

P _ 2p 

2p- — 9/7 — 5 6/7* — p — 2 


Simplify each expression. See Example 5. 


61. 


1 4- - 
X 

7TT 

x 


62. 


2 — — 
3' 

2 4- — 

y 


63. 


■V 4- 1 X 

T 

X 


64. 


y 4-3 y 

~T~ 

y 


67. 


4- b 3 


1 


70. 


a- 4- 2ab 4- b 2 

1 

y H--- 

y- - 9 


1 


y4-3 

y4-3 4. 


73. 


v - 1 


1 


3 ~ 1 


75. 


c 4- h x 


1 4- 


65. 


1 - b 


1 - 


1 4- b 


68 . 


.r 3 - y 3 


1 


71. 


j: -y- 

3 

p~ —16 


1 


P~ 4 


2 4- 


66 . 


1 4- x 


r> — 


m — 


69. 


1 — x 

1 

m 2 — 4 


iw + 2 

6 


72. 


x 2 - 25 


4- .r 


1 


x- 5 


X 4- 4 


74. 


x - 2 


1 


76. 


x — 2 x 

—2 —2 

x 4- /i x 


77. 


(x 4- /i) 2 4- 9 x 2 4- 9 
h 


78. 


(x 4- It) 2 4- 16 X 2 4- 16 
h 
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(Modeling) Distance from the Origin of the Site River The Nile River in Africa 
is about 4000 mi long. The Nile begins as an outlet of Lake Victoria at an attitude of 
7000 ft above sea level and empties into the Mediterranean Sea at sea level (0 ft). The 
distance from its origin in thousands of miles is related to its height above sea level in 
thousands oj'feet (x) by the following rational expression. 

7 - .r 

0.639.T + 1.75 

For example, when the river is at an altitude of 600 ft, x — 0.6 (thousand), and the dis¬ 
tance from the origin is 


7 - 0.6 

0.639(0.6) + 1.75 


which represents 3000 mi. 


(Source: World Almanac and Book of Facts.) 

79. What is the distance from the origin of the Nile when the river has an altitude of 
7000 ft? 


80. What is the distance from the origin of the Nile when the river has an altitude of 
1200 ft? 


(Modeling) Cost-Benefit Mode! for a Pollutant In situations involving environmental 
pollution, a cost-benefit model expresses cost in terms of the percentage of pollutant 
removedfrom rite environment. Suppose a cost-benefit model is expressed as 

6.7.V 

y ~ 100 - .v’ 

where y is the cost in thousands of dollars of removing x percent of a certain pollutant. 
Find the value of y for each given value of x. 

81. .r = 75 (75%) 82. a: = 95 (95%) 


____ 

| Rational Exponents 


b Negative Exponents and 
the Quotient Rule 

B Rational Exponents 

b Complex Fractions 
Revisited 


Negative Exponents and the Quotient Rule ' In Section R.2, we justified the 
definition a° = 1 for a ^ 0 using the product rule for exponents. Suppose that n 
is a positive integer, and we wish to define a~ n to be consistent with the applica¬ 
tion of the product rule. Consider the product ci n * o -n , and apply the rule. 

a n • a~ n = Product rule 

= O 0 n and —n are additive imerxex 

= 1 Definition ol u“ 

The expression a~ n acts as the reciprocal of a n . which is written js. Thus, these 
two expressions must be equivalent. 


Negative Exponent 

Suppose that a is a nonzero real number and n is any integer. 


a~ n 


1 


a n 
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Using the Rules for Exponents 

Simplify each expression. Assume all variables represent positive real numbers. 
27 1/3 • 27 s73 


(a) 


27* 


( 3m 5/6 \ 2 /' Sv 3 \ 2/3 

W) Ky^) 

SOLUTION 

27 ,/3 • 27 s/ * i-juy+srs 


(b) 81 5/4 • 4- 3 ' 2 (c) ey 2 * • 2y lf2 

(e) ni M (m 7/3 4- 2/« ,/3 ) 


(a) 


27* 


27* 

27 2 

27* 

= 27 2 “* 

= 27"‘, or — 
27 

Cb) 81 5/4 - 4~ 3/2 = (SI i/4 )5(4»«)-3 

= 3 5 • 2~* 

3 5 243 

or 


Product rule 

Simplify. 

Quotient rule 
Negau\e exponent 


(c) 6} ,2/3 ■ 2y I/2 = 12y 2/3+172 
= I2y 7/6 


73 • 


8 


g„,m 4v 3 


Power rules 


= 36m 5/3 4 y 2 */ 2 Quotient rule 
= 36m _7/ *3 ?, /2 Simplify the exponents. 


36y 


. 1/2 


m 


,7/3 


Simplify 


(e) m- /3 (m 7/3 4- 2m 1/3 ) — m 2 ^ * m 7/3 4- m 273 ■ 2/n 1/3 Distributive property 
" (Section R.2) 


c 


Do nor multi ply the 
exponents 



= m 273+7/3 4- 2/n 2/3+,/ * Product rule 

— m 3 4- 2m Simplify 

t/ Now Try Exercises 61. 63. 67. 69. and 75. 


Factoring Expressions with Negative or Rational Exponents 

Factor out the least power of the variable or variable expression. Assume all 
variables represent positive real numbers. 

(a) 12 a~ 2 - 8 a -3 (b) 4m ,/2 4- 3m 3/2 (c) (v - 2)“ ,/3 4- (y - 2) 2/3 

SOLUTION 

(a) The least exponent on 12.v _2 — 8.v -3 is —3. Since 4 is a common numerical 
factor, factor out 4 a -3 . 

1 2a“ 2 - 8a“ 3 = 4 \ (3.v -2_l_3) - 2.v~ 3_ ~ 3 ‘) [ .. . 

= 4a- 3 (3.v - 2) 

Check by multiplying on the right 


S m i r 1 • f 
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LOOKING AHEAD TO CALCULUS 

The technique of Example 7(c) is used 
often in calculus. 


(b) 4m xn 4* 3/7i- ,/2 — m l/2 (4 4- 3m) Factor out m' *. 

To check, multiply m xr2 by 4 -4- 3 m. 

(c) (>• - 2)-' n + ()• - 2)« = (y - 2) -,/3 [ I + (>• - 2) ] 

= (,• - 2)-'°(y - I) 

Now Try Exercises 83. 89. and 93. 


Complex Fractions Revisited Negative exponents are sometimes used to 
write complex fractions. Recall that complex fractions are simplified either by 
first multiplying the numerator and denominator by the LCD of all the denomi¬ 
nators, or by performing any indicated operations in the numerator and the 
denominator and then using the definition of division for fractions. 


i J Simplifying a Fraction with Negative Exponents 

(.t 4- y)~ 1 

Simplify —:—Write the result with only positive exponents. 
.v -1 + y~ l 


SOLUTION 


(* + y) 1 _ a- + y 

X~ l + V -1 


I 1 

—I— 
A y 

_1 _ 

.r + 3* 

TTT 

AV 

1 


Definition of neeatise exponent 


Add fractions in the denominator. 
(Section R.5) 


A 3' Nlultiph h> the reciprocal of the 


X + v A' 4- x deiionunator ot the complex fraction 
AV 


(a + y) 2 


Multiply fractions 


t/ No iv Try Exercise 59. 


CAUTION Remember that if r 1, then (.v 4- y) r == A r 4- y r . In par¬ 
ticular, this means that (a -I- y)~ l ^ a -1 4* y -1 . 


Exercises 


Concept Check In Exercises l and 2. match each expression in Column I unh its equiv 
alent expression in Column It. Choices max be used once, more than once, or not at all. 



I 

11 

(a) 

4-= 

A. 16 

(b) 

—4~* 

1L — 

16 

(O 

( —4) _ * 

0 

• 

1 

5 

(d) 


D. - — 

16 



I 

11 

(a) 


A. 125 

(b) 

— 5 -; * 

B. -125 

(c) 

(-5)" 1 

c. 1 

125 

(d) 

-(-5)"' 

D. ‘ 

125 






















56 




CHAPTER R Roviow of Basic Concepts 


Write each expression with only positive exponents mul evaluate ij possible Assume all 
variables represent nonzero real numbers Sec Example 1. 


3. (-4)-' 

4. 

(—5)-= 

5. -5~ 4 

6. —7 -2 

7. 

PI 

1 

8 - (I)" 

9. (4.v)- 2 

10. 

(5f)" 3 

pi 

i 

• 

12. 5/~ J 

13. 

— n -3 

14. -fr- 4 


Perform the indicated operations, Write each answer using only positive exponents. 
\ssumc all variables represent nonzero real numbers. See Examples 2 and 3. 


is.il 

4 6 

5 9 

16. ^ 

t T2 

17 - TT 

18. 

y' A 

y io 

> 9 - JTS 

~ U - y\Z 

6-2 

22. 

7 s 

?-3 

-3 4r " 

' 6r“« 

15 S-* 

24. 

5^« 

^ _ 16m" 5 /! 4 

12wi 2 /i~ 3 

26. 

15a" 5 f 1 
25a~ 2 b A 

27. —4r~ 2 (r 4 ) 2 

28. -2m -, (m 3 ) 2 

29. (5a-‘) 4 (a 2 )“ 3 

30. 

Op -4 ) 2 ^ 3 ) -1 

(p" 2 )° 

31 * 5P” 4 

32 . <™ 4 >; 

9m -3 

„ (3pg)^ 2 

‘ 6pV 

34. 

(Sxy)y 3 

4x 5 y* 

35 . 4 a 5 ( r )3 

I2k~ 1 (k~ 3 )~* 

(5x)- 2 (5* 3 )- 3 

38. 


(a“ 2 )- 2 

6k 3 

37 ‘ (5" 2 x~ 3 ) 3 

(S-^y 4 ) 2 

Evaluate each expression. See Example 4. 




39. 169 1 ' 2 

40. 121 1/2 

41. 16 ,/4 

42. 

625 ,/4 

* c-sr 

~ (-ft)" 

45. (—4) ,/2 

46. 

(—64) ,/4 

^eauivnle C J tCck In Exe ^ cl scs 47 and 48. match each expression from Column I with its 
not at all eXpreSSt ° n from Column " Choices may be used once, more than once, or 

«■ «> ft)- 

I 


II 


* «(ft)” 

A. ® 

4 


«•-! 

«•» ft)'" 

« (ftr 

c.-i 

9 



- -er 
»-er 

«-(¥)” 
» -(fr 

E. — 

27 

G. — 

8 


«• ~h 


Perform the indicated operations. Write *» t 

Assume all variables represent positive re /° C * t y tSil ' er using only positive exponents. 
49 o 2/3 nu ers - See Examples 5 and 6. 

* SO. 27 4/j 

52. 64 1/2 

53. — gjV4 


SI. I00 V2 
54- (—32)~ 4/ ' 
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55. 

(sr 

56. 

/ 121 V" 

kiooy 

57. 

31 / 2 . 33/2 




64 s73 

60. 

125 7/ 3 

58. 

6 4/3. 6 2/3 

59. 

64 JO 

125 5/3 

61. 

yin . y-sn 

62. 

r -KA> . r l7/9 

63. 

k m 

. k -\ 


-3/4 


^1/4^2/5^20 

66 . 

( r l/ 5j 2^)15 

64. 


65. 

-5/4 . ——2 

X 2 

r 2 

67. 

(x^r- 

(-V 2 ) 7/3 

68 . 

(p>)'» 

(^ 4 ) 2 

69. 

c?rc 

70. 

f25*a*\*{4 2 b~ 5 Y A 

71- 

pUs p ino p \n 

72. 

-1/3--2/3-1/6 

4m — 

\ b 2 ) Vo*/ 

<j>'r us 

(--WS) 3 


Solve each applied problem. 

73. (Modeling) Holding Time of Athletes A 
group of ten athletes were tested for iso¬ 
metric endurance by measuring the length 
of time they could resist a load pulling on 
their legs while seated. The approximate 
amount of time (called the holding time) 
that they could resist the load was given by 
the formula 

t = 31,293m' -1 - 5 , 

where u» is the weight of the load in pounds 
and the holding lime t is measured in sec¬ 
onds. ( Source: Townend, M. Stewart, A/a//i- 
ematics in Sport , Chichester, Ellis Horwood 
Limited.) 



(a) Determine the holding time for a load of 25 lb. 

(b) When the weight of the load is doubled, by what factor is the holding time 
changed? 


74. Duration of a Storm Suppose that meteorologists approximate the duration of a 
particular storm by using the formula 


7* = 0.070 ^ 


where Tis the time in hours that a storm of diameter D (in miles) lasts. 

(n) The National Weather Service reports that a storm 4 mi in diameter is headed 
toward New Haven. How long can the residents expect the storm to last? 

(b) After weeks of dry weather, a thunderstorm is predicted for the farming com¬ 
munity of Apple Valley. The crops need at least 1 5 hr of rain. Local radar shows 
that the storm is 7 mi in diameter. Will it rain long enough to meet the farmers* 
need? 


Find each product . Assume all variables represent positive real numbers Sec Example 6(e) 
in this section and Example 7 in Section R.3. 


75. y w (y- vi - 10y llw ) 
77. -4- 6 *'°) 
79. (.v + .t ,/3 )(.t 

81. (r‘ - - r" 1/2 )* 


76. / 7 ,,/ 5 ( 3/> 4/5 + 9p ,Q/5 ) 

78. —5y(3v w,w + 4y 5#, °) 

80. ( 2 r‘ - + z)(z' a - z) 

82. (p ,r2 - p~ U2 )(p' ■- + p~ ul ) 
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I ih tor using ilie given common fat to> \ssttme ail variables represent positive real 
numbers See Example 7. 

83.4*-'+*-=; k~- 84. y~ 5 — 3v -1 ; v" 5 85. 4t~ 2 + 8/' J ; 4/" 4 

86. 5i - 10r~*; 5i 8 87. 9c~ ,/:: 4-2c 1 '-. z~ ir2 88. 3m 2fl -4m r, °; ;»i _,/3 

89. - 2p~™' % p' 7 ' 4 90. 6r _2/3 — 5r -5/3 ; r" 5 ' 3 

91. -4a” 2 ® + 16a” 7 ®; 4«~ 7 ' 5 92. -3p~ V4 — 30p” 7/4 t -3/> _7/4 

93. (p + 4)-^ 4- (p 4- 4)- 1 ' 2 4- (j, 4- 4) ,/2 ; (jj + 4)~ 3 ' 2 

94. (3r 4- 1 J"* 3 4- (3r 4- 1 )** 4- (3r 4- 1 ) jn ; (3 r 4- 1 

95. 2(3x + I )~ v - + 4i 3i + 1 r 1 - 4- 6(3x 4- 1 )' : 2^3.v + 1 f y/2 

96. 7(5/ 4- 3)-*® + 14(5/ 4- 3')” 2n - 21(5/ 4- 3) ,n : 7(5r + 3) _5/:; 

97. 4 v(2 v + 3)“ 5y9 -r 6 v-(2x4- 3J 479 - 8x j (2a 4- 3) ,:M9 ; 2x(2x 4- 3>’ 5/9 

98. 6a (4a - l )-^ - 83 ‘ 2 ( 4 y - 1) 4/7 4- 16y(4y - 1) ,U7 ; 2y(4y - l)-* 7 


Perform all unhcaied operations and write each answer with positive integer exponents. 

See Example 8. 


99. 


a 1 4 - 1 

( ab)~ l 


101 . 


r 1 4- q 1 r — q 
r~ l — g -1 r + g 



X - 9>'-» 

(x- 33 -‘)(x4* 3y~ l ) 


100 . 

102 . 


P~ l ~ <?”’ 

O 7 ?) -1 

X -2 4- y “ 2 
x - 2 - y —2 


x + 3 * 

x — >* 


104. 


a ~ 166” 1 

(a 4- 4b _, )(a — 4fe -1 ) 


S implify each rational expression . Use factoring, and refer to Section R.5 as needed. 
\ same all variable expressions represent positive real numbers. 

105. If- + 0“(2*) -x ? (4)(jt 2 + l)»(2x) (}“ + 2)5(3}-) - }- 3 ( 6 )(v 2 + 2) J (3y) 

<* 3 +1 )■ 106 -(prir- 

4( jt 2 ~ I ) 3 + Sx(x5 - 1 )■* I0(4jr 2 - 9) 2 - 25jr(4x 2 - 9) J 

16 <* 2 - *>’ 108 - - 9)5 -- 

_ _ -zns 

( 2 x - 3)™ ~ 

Concept Check Answer each question. 

^ Oie lengths of the sides oF n culvp i ir .. _. 

are tripled, by what Factor will the ^ If . Uie r radms of a circ,e is doubled, by 
volume change? Whal factor wiU 1110 arca change? 


107. 


109. 


108. 

2(2x~3 ) >Q -(x- IJ&x- iyi* ^ 7(3/ 4 - 1)” 4 - (/- 1)(3/ 4 - 1 )~ 3/4 

(3/4-1)*-* 



C ° neept Check Calculate each value mentally. 


113. 0.2 M • 40^ 


115. 


2 -^ 

2000 2,3 


116. 


20 


v? 


114. 0.1 i ’ 2 * 90 1/2 


5'- 
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Radical Expressions 


Radical Notation 
Simplified Radicals 

Operations with 

Radical 

Rationalizing 

Denominators 


Radical Notation In Section R.6 we used rational exponents to express 
roots. An alternative notation for roots is radical notation. 


Radical Notation for a 1/n 

Suppose that a is a real number, ri is a positive integer, and a' ,n is a real 
number 



Radical Notation for a fT1,n 


Suppose that a is a real number, m is an integer, n is a positive integer, and K' a 
is a real number. 



In the radical the symbol is a radical symbol, the number a is the 

radicand, and n is the index. We use the familiar notation \/a instead of \^a for 
the square tool 

For even values of n (square roots, fourth roots, and so on), when a is posi¬ 
tive, there are two nth roots, one positive and one negative. In such cases, the 
notation represents the positive root, the principal nth root. We write the 
negative root as —. 


Evaluating Roots 

Write each root using exponents and evaluate, 
(a) ^16 ' J/7T 

(d) VlOOO 


(b) -\/l6 


(c) 


64 

729 


(c) ^-32 

(f) V-16 


SOLUTION 
(a) x/l6 = 16 1/4 
= 2 

(c) V-32 = (-32) 


1/5 


(e) 


, [64 = r 64 V* 
V 729 \729 ) 


(b) -N/l6 = - 16 1/4 
= -2 

(d) VlOOO = 1000'* 

= 10 

(P V- 16 is not a real number. 


Now Try Exercises 1. 3. 7. and 11. 
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LOOKING AHEAD TO CALCULUS 

Another standard problem in calculus 
h wvcMigating ihc value lhai an 

expression such as — V + 0 ~ 3 

l ' 

approaches as t approaches 0 Tlus 
cannot he done by simply substituting 
0 for t. since the result ts £ How ever 
b> rationalizing the numerator, we 
can show that lor r * 0 die expression 

is equivalent to — — 1 - Then 

Vr J + 9+3 

by substituting 0 for t. we find that the 
ongtnal expression approaches f as .r 
approaches 0 


(b) 


\ 


a- j±- 

! A 6 V A 9 


^5 V\ 
\V> ^a 9 

^5 ^A 


A 2 A 3 


v>yi Va 

A 3 A 3 

xVs - ^4 

A 3 


Quotient rule 


Simplify the denominators 


w rite with .i common denominator (Section RJ>) 


Subtract the numeralorv 


^ Now Try Exercises 85 and 87. 


In Example 9(a), we saw that the product 

7 ~ V 10 )(\ 7 -r V 10 ) equals —3, a rational number. 

This suggests a way to rationalize a denominator that is a binomial in which 
one or both terms is a square root radical. The expressions a — b and a 4- b are 
conjugates. 


Rationalizing a Binomial Denominator 


Rationalize the denominator of-?- 

1 - vT 


SOLUTION 

1 


l( » ~ \ 


.^QEED 


Multiply numerator and denominator by the 


\'2 ( 1 - V5)fi - conjugate of the denominator 1 4- V5. 

1 4- V2 


I - 2 

= ~1 ~ V2 


1 * >)(-* + y) = -t 2 - y= 

I ■+ V 2 r- 

—1 ~ -i - Vi 

V* Now Try Exercise 33 



Write each root 

1 . > 3^125 
4. Vi 56 
7. V^Sl 
10. VlZ8 


2- Vi 16 

5* V- 125 
8 - V^-256 

ii. 



12. -\V-T-0 
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Concept Cluck hi Exercises 13 and 14, match the rational exponent expression in Column / 
with the equivalent radical expression in Column II. Assume that x is not 0. See Example 2 . 

i n 




14. (a) — 3.r ,/3 

3 

B. 

13. (a) 

(—3.t) ,/3 

A ‘ ^ 

(b) 

(~3x)~ m 

(b) -3x~ in 

c * 

D. 

(c) 

(3x) ,/3 

(c) 3x~ in 

E. 3Vx 

F. 

(d) 

w 

1 

5 

(d) 3x' n 

G. Vir 

H. 


-3 


V—3r 


If the expression is in exponential form, write it in radical form. If it is in radical form, 
write it in exponential form. Assume all variables represent positive real numbers. See 
Examples 2 and 3. 

15. m^ 16. P* 4 17. (2m + p) 2 * 18. (5r + 3r)^ 


19. vp 


20 . 


21. -3V5/^ 


22. — m V2v 5 


Concept Check Answer each question. 

23. For which of the following cases is \/ab = Va • Vi a true statement? 
A. a and b both positive B. a and b both negative 


24. For what positive integers r» greater than or equal to 2 is a n — a always a true 
statement? 

25. For what values of.r is "V9 oa 2 = 3.vVa a true statement? Assume a S 0. 

26. Which of the following expressions is not simplified? Give the simplified form 

Vi 


A. v 2v 


B. 


C. Vm* 


-s 


Simplify each expression. Sec Example 4. 

27. Vr* 28. Vt* 

30. ViT^V 31. V(4.r - y) 2 


29. Viiiw 

32. V(5 + 2/n) 4 


Simplify each expression. Assume all variables represent positive real numbers. See 
Examples 7, 4—6, and 8—11. 


33. Vs7 

34. 

V250 

35. 

- V32 

36. -V243 

37. 

\/~l4 * \/3 pqr 

38. 

Vi ♦ \Zs7t 

39. V7r ■ Viy 

40. 

V5* • V4y 

41. 

f~9_ 

V 25 

--71 

43. 

-VI 

44. 



46. 

s 

47. 

3 V — 3125 

48. 5V-343 

49. 

V 16(-2) J (2) M 

50. 

V25(-3) 4 (5) J 

51. \/8.r , ; s 

52. 

\ / 24/;i f ’n' 

53. 

V.v J + V 4 
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54 . V 27 + <i' 

60 -<lw 

63. Vi 1 
66. VV25 


ro. 


5 S. 




61 . -A 


\ r 3 
£ 3*5 


- M 

5y - V? 


9r 6 
64. Vi 3 
67. Wl 


/ 32 V 

62 -<l— 

65. VV5 

68. w? 


Simplify each expression. Assume all variables represent positive real numbers. See 
Examples 7, 9, and 11. 


69. 8 Vii - Vzx 4- y/l2x 

71 . 2 V 3 + 4^/24 - vii 

73. V81.tV ~ Vl6-r ,0 y 3 
75. 5 V 6 + 2 VI 0 
77. (Vi + 3) (Vi - 3 ) 

iw (vtt -1 kvu 2 +vr? + 1) 

8 is (Vi + Vi) 2 

S3. (3 Vi + Vi) (2 Vi - Vi) 


70 . 4 Vm - Vm + Viot 
72 . Vii — 5 V 4 + 2 V 108 

74. V256xV + V625.r 9 y 2 

76. 3VTT-5VIi 

78. (Vs + Vi) (Vi - Vi) 

so. (Vi + 3 XV 7 2 - 3 Vi + 9 ) 

82 . (Vi + VTo) 2 

84. ( 4 Vi + Vi) (3 Vi - Vi) 


85. 


f mn 


' 3/ m- 


VV 


87. 4 


89. 


1 




1 


Vi Vi Vii 

si,. + _L_ 

Vi Vii ViT 


86 . 

88 . 

90. 

92. 


V8m 2 /i 3 ■ Vim 2 

V32m J /i 3 

2 _ 1 _ 5 

Vii Vii V5i 

5 2 1 

+ 


Vi Vii Vii 


Rationalize the denominator of each radical expression. Assume all variables represent 
nonnegative numbers and that no denominators are 0 See Example 12. 


93. 

96. 

99. 


Vi 

94. 

Vi 

Vi - 1 

Vi + Vi 

Vi - Vi 

2 V 7 4 - 4 Vi 

1 4 - Vi 

97. 

p - 4 

9 — r 

3 Vi 4 - 2 Vi 

\T P 4-2 

98. —- — 

3 - Vr 

3m 

100. 

£2 

5 V v 

2 H- v m -f* n 

Va 4- * — 1 

101 . V ^ 

2V.v 4 - \A 

Concept Check Wha, shou.d ,hc „u m c ra ,or a„d deno m ,„a,„r „f 


Vi - Vi 

be multiplied by in order to rationalize th.. 

rationalized denominator C t * cnom, nator' > Write this fraction with a 
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(Modeling) Solve each problem . 

103. /{owing Speed Olympic rowing events 
have one-, two-, four-, or eight-person 
crews, with each person pulling a sin¬ 
gle oar Increasing the size of the crew 
increases the speed of the boat. An 
analysis of Olympic rowing events 
concluded that the approximate speed, 

5, of the boat (in feet per second) was 
given by the formula 

5 = 15 . 18 ^. 

where n is the number of oarsmen. 

Estimate the speed of a boat with a 
four-person crew. ( Source: Townend, 

M. Stewart, Mathematics in Sport, 

Chichester. Ellis Horwood Limited.) 

104. Rowing Speed See Exercise 103- Estimate the speed of a boat with an eight- 
person crew. 



(Modeling) Windchill The National Weather Ser\<ice has used the formula 

Windchill temperature = 35.74 + 0.62157*- 35.75\'°* 16 + 0.42757'V <U6 , 

where T is the temperature in °F and V is the wind speed in miles per hour, to cal¬ 
culate windchill. (Source: National Oceanic and Atmospheric Administration. National 
Weather Service.) Use the formula to calculate the windchill to the nearest degree given 
the following conditions. 

105. 10°F» 30 mph wind 106. 30°F, 15 mph wind 


Concept Check Simplify each expression mentally. 


107. N/s - N/2 

*^54 

*^320 

109 ’ ^ 

no. VoTT ■ v^jo 

in. 

v 5 

112. *^2 * 


The screen in Figure A seems to indicate that tt and are exactly equal, since the 

eight decimal values given by the calculator agree. However, as shown in Figure B using 
one more decimal place in the display, they differ in the ninth dectmal place. The radical 
expression is a very good approximation for -jt, but it is still only an approximation . 


71 


Tt 

3.14159265 


3.141592654 

i. 

42143/22 


42143/22 

3.14159265 


3.141592653 


Figure A 


Figure B 


Use your calculator to ans wer each question. Refer to the display for tt in Figure B. 

113. The Chinese of the fifth century used as an approximation for tt . How many 
decimal places of accuracy does this fraction give? 

114. A \alue for 7r that the Greeks used circa ad 150 is equivalent to In which 
decimal place does this value first differ from tt' 7 

115. The Hindu mathematician Bhaskara used as an approximation for tt circa 
a d l 150 In which decimal place does this \alue first differ from — 7 
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Concepts 

Order 

n > b if a is to the right of b on a number line. 
a b if u is to the left of b on a number line 
Vhsolutc Value 


Examples 


M = ( a ifn £ « 
l -a if a < 0 


Polynomials 
Special Products 

Product of the Sum and Difference or Two Terms 

(x + _>•)(* - J ) = *= _ yl 

Square of a Binomial 


Factoring Polynomials 
Factoring Patterns 

Difference of Squares 

X 1 - y 1 = (x + >)(x - y) 

Perfect Square Trinomial 

X 2 + 2xy + y 2 = ( x + y y 
X* -2xy + y 2 = (X - y) 2 
Difference of Cubes 

x 3 — y* = (x _ _y)(x 2 4- xy 4- y 2 ) 
Sum of Cubes 

x 3 4- y* = (x 4- _y)(x 2 — xy + ^ 2 ) 


National Expressions 

Operations 

Let 5 and § (/n^O.rf/O) represent fractions. 

£ , £ _ ad ± be 

b ^ d ~ bd 

a c ae . a c ad 

b‘d = bJ a " d b*d = -^ < c *°> 


7 > -5 
0 < 15 


! 31 = 3 and | —3 f = 3 


J 2 - y 2 

(7 - x)(7 4- x) = 7 2 - .r 2 - 49 - v 2 

\xy + y 2 

(3a 4- b) 2 = (3a ) 2 4- 2(3a)(b) 4- b 2 


= 9a 2 4- 6 ab 4- 6 2 

XV + y 2 

(2m - 5 ) 2 = (2m ) 2 - 2(2m)f5) + 5 3 

- _ __ _ 

= 4m 2 — 20m + 25 


4/2 - 9 = (2/ 4- 3)(2/ - 3) 

P 2 + 4 pq + Aq- = (j, + 2 q) 2 
9m 2 — 12/n/i 4- 4 « 2 = (3m — 2 a ) 2 

r 3 -8 = (r-2)(r 2 4-2r + 4) 

27x 3 4- 64 = (3x 4- 4)(9:r 2 - 12r + 16) 


- + -= 2v + 

x y xy 

3 _ 9 

9 ~P 2pq 


— __ 2 - v _ 5.v — 12 
6 5 


30 


2/ 2r/ 


4 2 


2/ 4 
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Concepts 


Rational Exponents 


Rules for Exponents 

Let r and s be rational numbers. The following results ore 
valid for all positive numbers a and b. 


a r • a* = a r+ * 


a r 

a 1 


t r-s 


(ab) r = a r b r ( a r )* = a" 



Examples 



Radical Expressions 


Radical Notation 

Suppose that a is a real number, n is a positive integer, and 
a Un is defined. 



= a 


1/m 


I 


Suppose that m is an integer, n is a positive integer, and a is 
a real number for which Va is defined. 


£jfrf//l 


= (^)- = 




Operations 

Operations with radical expressions are performed like op¬ 
erations with polynomials. 


Rationalize the denominator by multiplying numerator and 
denominator by a form of 1. 


Vl6 = 16 1 3 ' 4 5 = 2 

8^ = ( \/s) 2 = V8^ = 4 

Vsjr + V32-r = 2 Vir + 4 Vir 

= 6\ZIv 

(Vs - Vi)(Vs + Vi) = 5-3 

= 2 

(Vi + V7)(V 3 - Ve) 

= V6 — 2 V 3 + ViT — V42 FOIL; \ T2 = 2 V3 
V7y ^ V7y V S 

Vs Vs VS 

_ V3Sy 
“ 5 



Chapter B 



Review Exercises 


1. Use set notation to list all the elements of the set {6. 8, 10.20}. 

2. Is the set {.r|.r is a decimal between 0 and 1 } finite or infinite? 

3. Concept Check True or false: The set of negative integers and the set of whole num¬ 
bers are disjoint sets. 

4. Concept Check True or false: 9 is an clement of (999). 

Determine whether each statement ts true or fulse. 

5 . 1 €= { 6 . 2 . 5 . 1 } 6.76 { 1 . 3 . 5 . 7 } 

7. {8. 11.4} = {K. 11.4.0} 8. {0}=tf 






























Basic Concepts 


Let 

\r, 

-f 

rr 

II 

7.8). «={2.4.6.8). 

C = 

fl-3. 

5,7}, 

E - 

= {3.7}, and 

u = {1.2. 3. 4. 5. (>. 7. S. 9, 

10}. 


Determine whether t 

’och statement t\ true or false 




9. 

C .1 

10. EC C 11 . 

D <L B 


12 , 

Bejer to the sets given for Exercises 9-12. Specify 

each set. 


13. 

A’ 

14. BC\A 


15. 

BHE 

16. 

CUE 

17. DH0 


18. 

B U 0 

19. 

(cno) u b 

20 . ( d * n U) U E 


21 . 

V 


22. Concept Cheek True or false: For all sets A and B , (/* n B) C (A U B ). 

For Exercises 23 and 24. let set K = { — 12, — 6 , - 0 . 9 , - V7, - Va, 0 , f . 6 , VTT }. 
Lust all elements of JC that belong to each set. 


23. Integers 


24. Rational numbers 


For Exercises 25-28. choose all words from the following list that apply. 
natural number whole number integer 

rational number irrational number real number 


4t t 

2r>. - 

5 


26. ^ 
0 


27. 0 


28. —V36 


j Write each algebraic identity (true statement) as a complete English sentence without 
using the names of the variables. For instance. z(x + y) = zx + zy can be stated as 
1 he multiple of a sum is the sum of the multiples . " 


29. — = 1 . I 
xy x y 

31. ( ab) n = a n b' 


33. 


( -Y = hi 

\b) b - 


Identify by name each property illustrated. 
35. 8(5 + 9) = (5 + 9)8 
37. 3 • (4 • 2) = (3 • 4) • 2 

39. (9 + p) + 0 = 9 + p 


30. a(b — c) — ab — ac 
32. a- b~ = (a + b )(a — b) 
34. \sr\ = |j| • |,| 

36. 4 • 6 + 4 ♦ 12 = 4(6 + 12) 
38. -8 + 8 = 0 

1 Vi Vi 


40. 


Vi Vi 


^ o ^ ltafts *^* e following table shows the age distribution 

would vouex^ ln H 2008 " 1 rand ° m sam P ,e of 5000 such students, how many 

would you expect to be over 19? 


Age 

• Percent 

14-19 

29 

20-24 

43 

25-34 

16 

35 and older 

12 


source US Census Bureau 
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42. Counting Marshmallows In early 2011. there were 
media reports about students providing a correction to 
the following question posed on boxes of Swiss Miss 
Chocolate: On average, how many mini-marshmallows 
are in one serving? 

3 + 2X4^2-3X7-4 + 47 = _ 


The company provided 92 as the answer. What is 
the correct calculation provided by the students? 
C Source: Swiss Miss Chocolate box.) 

Simplify each expression. 


43* 

(-4- 1)( 3 — 5) — 2 3 

44. 

45. 

( 5 2 ) 5 

46. 


\ 9 3j 6 



6(—4) — 3 2 (—2) 3 


47. 

—5[—2 — (—6) ] 

48. 


Evaluate each expression for a 
49. -c(2a-5b) 

9a + 2b 


= -I. b = 


al. 


(~ 7 )(~ 3 ) - (~ 2 3 )(— 5 ) 
(-2=-2)(-l -6) 

—2. and c — 4. 

50. (a — 2) + 5’Hf 

3|6| — 4|c| 


a + b + c 


52. 


ac I 


Perform the indicated operations. 
53 . ( 3 q 3 — 9 q~ 4 - 6 ) + ( 4^ 3 — 8 q 

55. (8v — 7)(2v 4* 7) 

57. (3*-5m) 2 

Perform each division. 

30m 3 — 9m 2 + 22m -+ 5 


3) 


54. 2(3y 6 - 9y~ + 2 y) - (5y 6 - 4y) 
56. (2r + 1 ls)(4r — 9s) 

58. (4a - 3b) 2 


59 


61. 


3m -f* 1 

3b 3 ~ 8b 2 -+ 12b — 30 
b 2 4 


60. 


62. 


72r 2 4 59r + 12 
8r 4 3 

5m 3 — 7m 2 4 14 
rn 2 — 2 


Factor as completely as possible. 
63. 3(c — 4) 2 4 9(x — 4) 3 
65. c 2 - 6 zk - 16A: 2 
67. 48a B - 12a 7 b - 90a 6 b 2 
69. 49m s - 9« 2 

71. 6(3r - l ) 2 4 (3r - 1 ) - 35 
73. xv 4 2_r — v — 2 


64. 7c 2 -9 z* + z 
66. r 2 + rp — 42 p 2 
68. 6m 2 — 13m — 5 
70. 169y 4 - I 
72. 8y' - 1000::* 

74. 15 mp -4- 9/m/ — 10///7 — fsnq 


Factor each expression. (These expressions arise in calculus from a technique called the 
product rule that is used to determine the shape of a curve.) 

75. (3.v - 4) 2 4 (.v - 5 )(2)(3-v - 4)(3) 












Concepts 


Perform the indicated operations. 
k 2 + k 4 


77. 


79. 


8 k 2 k 2 - 1 

.v 2 4- a* — 2 x 2 + 3a — 4 


81. — 


-v 2 + 5 a- + 6 ' x 2 + 4a 4- 3 

p 2 — 36 q 2 p 2 — 5pq — 6q 2 


78. 


80. 


3r 3 _ g r 2 g r 3 


r 2 - 9 r + 3 

27m 3 — n 3 9m 2 4- 3//I/I 4 n 2 


3 hi — /» 


9m 2 - « 2 


/> 2 — 12 pq 4- 36 q 2 p 2 4- 2 pq + q 2 


1 8 
82. — + — 
4y 5y 


83. -!!!-+ 3m 


4 — rn m — 4 


85. P 1 + Q 


84. 


a - 2 - 4a + 3 a 2 - 1 

2m 


3 4- 


1 “ (/*?) 1 


86 . 


in 


2 — 4 


m-2 


Simplify each expression. Write the answer with only positive exponents. Assume all 
variables represent positive real numbers. 


87. 

ar 

88 . 

3-1 _ 4-1 

89. 

(5z 3 )(-2z 5 ) 

90. 

(8/7 2 <7 3 )(-2/t 5 <7' 4 ) 

91. 

(- 6 p 5 iv 4 m ,2 )° 

92. 

(- 6 aW )- 2 

93. 

- 8 yV 2 

94. 


95. 

( p + q)\p + <?) -3 

y~*p~ 3 

a~ 2 (a il ) 

(p + <?) 6 

96. 

[pr{m + n ) 3 ] -2 
p~ 2 (m 4* n)~ 5 

97. 

(7r l/ 2 )(2r 3/4 )( r 

u6 ) 98. 

{a^b^a^b-™) 


y 5/3 * y " 2 

100 . 

/25m 3 /i 5 V ,/2 

101 . 

(pV 2 )^ 3 

99. 

y -SJb 

V m- 2 n 6 ) 

(p 2 *q'*)- W 

102 . 

Simplify the product 

-m 3 /J ( 8 m ,/2 4- 4 nC 2 ' 2 ) 

. Assume the variable represents a 


positive real number 

Simplify. Assume all variables represent positive real numbers. 

105. V 1250 


103. 

V200 104. VTi 


106. 

-V? ,o7 - 


109. 


110. 

111. 

(V2 + 4 ) (V2 3 - 4 Vi 4- 16) 

112. 

113. 

Vi 8m 3 — 3mV32/n 4 SVm 3 

114. 

115. 

6 

116. 

3 - Vi 



108. 

V8/7V - V2/A/ 

3 2 6 

+ 


Vi V45 vio 


7 — Vi 


VI -3 


Concept Check Correct each I\CORRIiCT Uatentcnt by changing the rtgilt-hand side 
of the equation. 

117. Jr(.r 2 + 5) = a 3 + 5 


118. -3 2 = 9 
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119. (m 2 ) 3 = m 5 



120. (3.r)(3y) = 3.ry 

m n mn 

122 .--- 

r r r 


123. 124. (—5) 2 = —5 2 


125. 




b 

a 



Let U ={ 1,2. 3, 4, 5, 6. 7, 8}. A = { I, 2, 3, 4, 5, 6}, B={l,3, 5}, C={l,6}, 

D = { 4 }. Tell whether each statement is true or false. 

1. B ' = {2. 4, 6, 8} 2. CC/1 

3. (flflC) U £> = {1. 3, 4, 5. 6} 4. (A' U C) D = {6. 7. 8} 

5. Let A — { —13, — 0, j, 5 -, 5.9, ~\/a9 }. List the elements of A that belong to the 

given set. 

(a) Integers (b) Rational numbers (c) Real numbers 


6. Evaluate the expression 


.v 2 + 2yz 
3(jt + z) 


for .v = —2, y 


—4, and z = 5. 


7. Identify each property illustrated. Let a, b , and c represent any real numbers. 

(a) a + (b + c) = (a 4* b) 4- c (b) a + (c + fc) = a + (6 + c) 

(c) a(b + c) = ab + ac (d) a + [b + (— b) ] = o + 0 

8. Passer Rating for NFL Quarterbacks Approximate the quarterback rating (to the 
nearest tenth) of Drew Brees of the New Orleans Saints during the 2008 regular 
season. He attempted 514 passes, completed 363, had 4388 total yards, threw 
for 34 touchdowns, and had 11 interceptions. ( Source: World Almanac and Book of 
Facts.) 


250 ' f ) + ( 100 ° ‘ £) + ( 12 - 5 • £) + 6 25 - ('“0 • 2 - 

3 

where A = attempted passes, C” = completed passes, 7~ = touchdown passes, 

Y = yards gained passing, and I — interceptions. 

In addition to the weighting factors appearing in the formula, the lour category ratios 
are limited to nonnegative values with the following ntaximums. 

0.775 for^, 0 I 1875 for —, 12 5 for-, 0.095 for- 

A A A A 

10. (6r — 5) 2 

2x y — l lor 2 + 28 



Rating = 


( 


Perform the indicated operations. 

9. (x- - 3.v + 2) - (.r - 4x 2 ) + 3.v(2.v + 1) 

11. (/ + 2)(3/ 2 - 1 + 4) 


12 . 


A - 5 
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(Modeling) Adjusted Poverty Threshold The adjusted poverty threshold for a single 
person between the years 1995 and 2009 can be approximated by the polynomial 

4 872a- + 170.2.r + 7787. 

where a — 0 corresponds to 1995, x ~ 1 corresponds to 1996, and so on, and the 
amount is in dollars. According to this model, what was the adjusted poverty threshold, 
to the nearest dollar, in each given year? (Source: U S. Census Bureau.) 

13. 20()0 14. 2008 


Factor completely 
15. 6a 2 - 17a + 7 
17. 24m 3 — J4m 2 — 24m 
19. (« - b)- + 2(« - b) 

Perform the indicated operations. 

5 .t 2 - 9a - 2 _ r J - 3a 2 - 4 
30a 5 + 6 a 2 2a 8 + 6r 7 + 4 a 6 

__ a + b a — b 

23.- 

2a - 3 3-2 a 


16. r 4 - 16 

18. a V - 9a' - S y 2 + 72 
20. 1 - 27a 6 


22 . 

24. 


v 

a 2 + 3a + 2 

y - 2 
_ 4 
v 



3 


Simplify or evaluate as appropriate Assume all variables represent positive real numbers 

26. \'32a + V2l - VTs^ 

14 


25. V 18a V 


27. (V v - Vv)(Vt + Vv) 


VII - V7 

- 2 /* 

27 J 

31. Concept Check True or false For all real numbers v, V v- = r 


29 (*:yr y 


28. 

30. 


(-#)■ 


32. r ModelingI Period of a Pendulum The period t. in seconds, of the suing of a pen¬ 
dulum is given by the equation 

LL 

V 32 


where L is the length of the pendulum in feet Find the period of j pendulum ' .*> ft 
long Use a calculator 


















Balance, as seen in this natural 
setting, is a critical component of 
life and provides the key to solving 
mathematical equations. 


Linear Equations 

Applications and Modeling 
with Linear Equations 


1.3 ] Complex Numbers 

1.4 | Quadratic Equations 


Chapter 1 Quiz 


1-5 Applications and Modeling 
with Quadratic Equations 

_1.6 Other Types of Equations and 
Applications 

Summary Exercises on Solving 
Equations 


Inequalities 

Absolute Value Equations 
and Inequalities 






















CHAPTER 1 Equations ond Inequalities 



Applying tho Simple Interest Formula 


Becky B ragman borrowed $5340.for new furniture. She will pay itoff in II months 
flt an annual simple interest rate of 4.5%. How much interest will she pay? 

Use the simple interest formula / = Prt. 

/ = Prt = 5240(0.045) (—} = $216.15 P = 524 °'' r = 0 045 ‘ 

\12/ and t = ^4 (year) 

She will pay $216.15 interest on her purchase. 


Now Try Exercise 59. 


Exercises 


Concept Check In Exercises 1—4, decide whether each statement is true or false. 

1. The solution set of 2x 4- 5 = x — 3 is {—8}. 

2. The equation 5(x 8) = 5x 40 is an example of an identity. 

3. The equations x 2 — 4 and x 4- 2 = 4 are equivalent equations. 

4. It is possible for a linear equation to have exactly two solutions. 

o. Explain the difference between an identity and a conditional equation. 

6. Mnkc a complete list of the steps needed to solve a linear equation. (Some equations 
will not require every step.) 

7. Concept Check Which one is not a linear equation? 


A. 5x + 7(x- I) = — 3 jc 
C. 7x 4- 8x = 13x 


B. 9x 2 — 4x + 3 = 0 
D. 0.04x - 0.08x = 0.40 


| 8. In solving the equation 3(ir - 8) = 6x - 24. a student obtains the result 0 = 0 
and gives the solution set {O}. Is this correct? Explain. 

Solve each equation. See Examples 1 and 2. 


9. 5x + 4 = 3x-4 
11. 6(3x — I) — 8 — (10x — 14) 


10. 9x 4- 11 = 7x 4- I 

12. 4(—2x 4- 1) = 6 - (Zt - 4) 




15. 3x 4* 5 — 5(x 4- I) — 6x 4- 7 
17. 2[x (4 4- Zr) -f- 3 ] = 2x 4- 2 


16. 5(x 4-3)4- 4.v - 3 = -(Zv - 4) 4- 2 
18. 4[2x - (3 - x) 4- 5] = — 6.r - 28 


19. -~—(3x - 2) = 

14 v ' 10 



21. O.Zr — 0.5 = O.Ix 4- 7 
23. —4(2x — 6) 4- 8x = 5x 4- 24 4- x 
4 

25. 0-5x 4- —x = x 4- lO 

27. 0.08x 4* 0.06(x 4* 12) = 7.72 


26. 4- 0 25 v = v + 2 

28. 0.04(.v - 12) 4- 0 06.V = I 52 


22. 0 0 lx + 31= 2.03.V - 2 96 

24. -8(3.r 4- 4) + 6.i = 4(.v - 8) 4- 4.v 


tion. Give the solution set. See Example 3. 


Determine whether each equation is an identity. * conditional equation, on, 


\\ a conditional equation, nr n contradic- 
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31. 2(x — 8) = 3x- 16 

32. -S(x + 5) = — 8.r - 5(.r 4- 8) 

33. 0.3(.t 4- 2) - 0.5 (.r 4- 2) = -0.2x - 0.4 

34. —0.6(jc - 5) 4- 0.8(.r - 6) = 0.2x - 1.8 

35. 4(.r 4- 7) = 2(.r 4- 12) 4- 2(.r 4- 1) 

36. -6(2x 4- 1) - 3(.r - 4) = -15.r 4- 1 

37. A student claims that the equation 5x = 4x is a contradiction, since dividing both 
sides by x leads to 5 = 4, a false statement. Explain why the student is incorrect. 

38. If k 5 * 0, is the equation x 4- k = x a contradiction, a conditional equation, or an 
identity? Explain. 


Solve each formula for the indicated variable. Assume that the denominator is not 0 if 
variables appear m the denominator. See Examples 4(a) and (b). 

39. V' = hvh, for / (volume of a rectangular box) 

40. / = Prt, for P (simple interest) 

41. P = a 4- b 4- c, for c (perimeter of a triangle) 

42. P = 21 4- 2n\ for u* (perimeter of a rectangle) 

43. sJ = -^7i(Z? 4- b), for B (area of a trapezoid) 

44. si = h(B 4- b) , for h (area of a trapezoid) 

45. S = 2—rh 4- 27 rr 2 , for h (surface area of a right circular cylinder) 

46. s — ^g/ 2 , forg (distance traveled by a falling object) 

47. 5 = 2/u’ 4- 2 h7i 4* 2hl, for h (surface area of a rectangular box) 

48. Refer to Exercise 4a. Why is it not possible to solve this formula for r using the 
methods of this section? 


Solve each equation for x. See Example 4(c). 


49. 

2(.r — a) 4- b = 3.v 4- a 

50. 

5.v — 

(2a 4- c) = 4(.v 4- c) 

51. 

ax 4- b = 3(.r — a) 

52. 

4a — 

ax = 3 b 4- bx 

53. 

.r 

, =a.t + 3 

54. 

A - 1 

= 2x - a 


a — 1 


2 a 

55. 

a 2 .x 4- 3.r = 2 a 2 

56. 

CLX -4- 

b- = bx ~ a- 

57. 

3 v = (2_r — 1 ) ( m + 4 ) 

58. 

—A — 

(5.v 4- 3)(3 k 4- 1) 


Work each problem. See Example 5. 

59. Simple Interest Elmer Velasquez borrowed $3150 from his brother Julio to pay Tor 
books and tuition. He agreed to repay Julio in 6 months with simple annual interest at 

(a) How much will the interest amount to? 

(b) What amount must Elmer pay Julio at the end of the 6 months? 

60. Simple Interest Levada Qualls borrows S30.900 from her bank to open a llonst shop. 
She agrees to repay the money in 18 months with simple annual interest of 5 5<^-. 

(n) Hm\ much must she pay the bank in 18 months? 

(b) How much of the amount in part tat is interest? 
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( < /w u\ iniil / .ihn n/ti it Temper at tnes' In the met - 

ru w \tem of w eights and measures, temperature is 
measured in degrees Celsius (°C) instead of degrees 
Fahrenheit (°F). To convert between the nt'o sys¬ 
tems, n*e use the equations 

C = |(F-32) and F + 32. 

in each exercise, convert to the other system. Round 
answers to the nearest tenth of a degree if necessary. 

61. 40° C 62. 200°C 

64. 77°F 65. 100°F 

Work each problem. 

67. Temperature of Venus Venus is the hottest planet with a surface temperature of 
867°F What is this temperature in Celsius? ( Source: World Almanac and Book of 
Facts.) 

68. Temperature at Soviet Antarctica Station A record low temperature of —89.4°C was 
recorded at the Soviet Antarctica Station of Vostok on July 21, 1983. Find the corre¬ 
sponding Fahrenheit temperature. (Source: World Almanac and Book of Facts.) 

69. Temperature in Montreal The average low temperature in Montreal, Canada, for 
the date January 30 is 7°F. What is the corresponding Celsius temperature to the 
nearest tenth of a degree? ( Source www.wunderground.com) 

70. Temperature in Haiti The average annual temperature in Port-au-Prince. Haiti, 
is approximately 28.1°C. What is the corresponding Fahrenheit temperature to the 
nearest tenth of a degree 9 ( Source: www.climatetemp.info/haiti) 



63. 50°F 
66. 350°F 



Appl ications and Modeling with Linear Equations 


■ Solving Applied 
Problems 

n Geometry Problems 
B Motion Problems 
□ Mixture Problems 
a Modeling with Linear 
Equations 


Solvina Annlied Problems One of the main reasons for learning mathematics 
is to be able use it to solve application problems. While there is no one method 
that enables us to solve all types of applied problems, the following six steps pro¬ 
vide a useful guide. 


Striving sn Applied Problem 

Step 1 Read the problem carefully until you understand what is given and 
what is to be found. 

Step 2 Assign a variable to represent the unknown value, using diagrams 
or tables as needed. Write down what the variable represents. If nec¬ 
essary, express any other unknown values in terms of the variable. 

Step 3 Write an equation using the variable exprcssion(s). 

Step 4 Solve the equation. 

Step 5 State the answer to the problem. Does it seem reasonable? 

Step 6 Check the answer in the words of the original problem. 
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Geometry Prohlnm* 


j+3 


Original 

square 


x + 3 

Side is increased 
by 3. 


x and x + 3 arc in centimeters 


Figure 1 


Finding the Dimensions of a Square 

If ihe length of each side of a square is increased by 3 cm, the perimeter of the 
new square is 40 cm more than twice the length of each side of the original 
square. Find the dimensions of the original square. 

SOLUTION 


Step J Read the problem. We must find the length of each side of the original 
square. 

Step 2 Assign a variable. Since the length of a side of the original square is to 
be found, let the variable represent this length. 

Let a = the length of a side of the original square in centimeters. 

The length of a side of the new square is 3 cm more than the length of a 
side of the old square. 

Then x + 3 = the length of a side of the new square. 

See Figure 1. Now write a variable expression for the perimeter of the 
new square. The perimeter of a square is 4 times the length of a side. 

Thus, 4( v + 3) = the perimeter of the new square. 


Step 3 Write an equation. Translate the English sentence that follows into its 
equivalent algebraic equation. 


The new more twice the length ol a side 

perimeter is 40 titan of the original square. 


4(.v +3) = 40 

Step 4 Solve the equation. 

4a- 4- 12 = 40 + 2x 

2.V = 28 

a = 14 


+ 2.r 

Distnbuti\e property (Section R.2) 
Subtract 2\ and 12 (Section 1.1) 
Divide b\ 2. (Section 1.1) 


Step 5 State the answer. Each side of the original square measures 14 cm. 

Step 6 Check. Go back to the words of the original problem to see that all nec¬ 
essary conditions are satisfied. The length of a side of the new square 
would be 14 4- 3 = 17 cm. The perimeter of the new square would be 
4(17) = 68 cm. Twice the length of a side of the original square would 
be 2(14) = 28 cm. Since 40 4- 28 = 68, the answer checks. 


•Z' No iv Try Exercise 13. 


Motion Problems 


LOOKING AHEAD TO CALCULUS 

In calculus ihc concept of ihc definite 
integral is used to find the distance 
traveled h\ an object traveling at a 
tit »n-r*#rr \UUlt vcl«*cil\ 


PROBLEM-SOLVING HINT In a motion problem, the components 
distance, rate, and tune are denoted by the letters </, r. and /, respectively. 
(The rate is also called the speed or velocity. Here, rate is understood to be 
constant. ) These variables are related by the equation 


and 


d 

r 


d — r/, and its related lomis 


d_ 

t 
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CHAPTER 1 Equations and Inequalities 



( om cpt C'/ifi A Exert tscs l-S should he done menially. They will prepare you for some 
of the applications found in this exercise set. 

1. It a train tra\els at 80 mph for 15 min, wltuus the distance traveled ( 

2. If 120 L of an acid solution is 75% acid how much pure acid is there in the mixture? 

3. If a person invests S500 at 2 r i simple interest for 4 yr, how much interest is earned? 

4. If ajar of coins contains 40 half-dollars and 200 quarters, what is the monetary value 
of the coins 9 

5. \< id Mi stare Suppose two acid soluuon* are mixed. One is 26% acid and the other 
LS 34% acid. Which one of the following concentrations cannot possibly be the con¬ 
centration of the mixture? 

A. 24% B. 30% C. 31% D. 33% 

6. S <ile I’nct Suppose that a computer that originally sold for x dollars has been dis¬ 
counted 60% Which one of the following expressions does not represent its sale price? 

4 

A. t - 0.60 v B. 0.40a C. —x D. jc — 0.60 

7. L nknown Numbers Consider the following problem. 

One number is 3 less than 6 times a second number. Their sum is 46. Find the 
numbers. 

If x represents the second number, which equation is correct for solving this problem? 
A. 46 — (x + 3} = 6x B. (3 — 6x) 4- x = 46 

C. 46 — (3 — 6x) — x D. (6x-3)4-x = 46 

8. Unknown Numbers Consider the following problem. 

The difference between seven times a number and 9 is equal to five times the 
sum of the number and 2. Find the number. 

If x represents the number, which equation is correct for solving this problem? 

A. 7x — 9 = 5(x 4- 2) B. 9 - 7x = 5(x 4-2) 

C. 7x — 9 = 5x 4- 2 D. 9 — 7x = 5x 4- 2 

Note: Geometry formulas can 
be found on the back inside 
cover of this book. 


Solve each problem. See Example 1 . 

9. Perimeter of a Rectangle The perimeter of a rectangle is 294 cm. The width is 
57 cm. Find the length. 

10. Perimeter of a Storage Shed Michael Gomski must build a rectangular storage 
shed. He wants the length to be 6 ft greater than the width, and the perimeter will be 
44 ft. Find the length and the width of the shed. 

11. Dimensions of a Puzzle Piece A puzzle piece in the 
shape of a triangle has perimeter 30 cm. Two sides of 
the triangle are each twice as long as the shortest side. 

Find the length of the shortest side. (Side lengths in the 
figure are in centimeters.) 



Zr 


12- Dimensions of a Ijabvl The length of a rectangular 
label is 2.5 cm less than twice the width. The perimeter 
is 40.6 cm- Find the w idth. (Side lengths m the figure 
are in centimeters.) 


2 it - 2.5 














SECTION 1.2 Applications and Modeling with Linear Equations 


93 



13. Perimeter of a Plot of ImiuI The perimeter of a triangular plot of land is 2400 ft. 
The longest side is 200 ft less than twice the shortest. The middle side is 200 ft less 
than the longest side. Find the lengths of the three sides of the triangular plot. 

14. World largest Ice Cream Cake The world’s largest ice cream cake, made at the 
Baxy ice cream factory in Beijing, China, on January 16, 2006, had length 5.9 ft 
greater than its width. Ils perimeter was 51 ft. What were the length and width of this 
8-ton cake? (Sources: www.chmadaily.com.cn,www.foodmall.org) 

15. World's Smallest Quran The world’s smallest Quran, published in Cairo, Egypt, 
in 1982 has width 0.42 cm shorter than its length. The book’s perimeter is 5.96 cm. 
What are the width and length of this Quran, in centimeters? (Source: www.guin- 
nessworldrecords.com) 

16. Cylinder Dimensions A right circular cylinder has radius 6 in. and volume 
144 -tt in. 3 . What is its height? (In the figure, h = height.) 



/i is in inches. 


17. Recycling Bin Dimensions A recycling bin is in the shape of a rectangular box. 
Find the height of the box if its length is IS ft, its width is 8 ft, and its surface area is 
496 ft-. (In the figure, h — height. Assume that the given surface area includes that 
of the top lid of the box.) 


18 ft 8 ft 



18. Concept Check Which one or more of the following cannot be a correct equation 
to solve a geometry problem, if x represents the length of a rectangle? (Hint: Solve 
each equation and consider the solution.) 

A. 2-v + 2(.v - 1) = 14 B. —2.v + 7(5 - .v) = 52 

C. 5(.r 4- 2) + 5.v = 10 D. 2.v + 2(.v - 3) = 22 


Solve each problem . See Example 2. 


19. Distance to an Appointment Margaret 
drove to a business appointment at 
50 mph. Her average speed on the return 
trip was 40 mph. The return trip took 3 hr 
longer because of heavy traffic. How far 
did she travel to the appointment? 

20. Distance betw een C ities On a vacation, 
Elwvn averaged 50 mph traveling from 
Denver to Minneapolis Returning by a 
differem route that covered the same num¬ 
ber of miles, he aseruged 55 mph. What is 
the distance between the two cities if lus 
total traveling time was 52 hr ’ 


I r 

/ 

d 

Morning 

50 

A* 


Afternoon 

40 

•V j 


1 

1 r 

1 f 

tl 

Going 

50 

X 


Returning 

55 

32 - .v 
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21. />nc<///i »■ /.• H ,<ik David gets to work in 20 mm when he drives his car. Riding his 
hike (b\ the same route) takes him 45 mm His average driving speed is 4.5 mph 
greater than his average speed on his hike How far does he travel to work 0 

22. V’< < i/. ,/ rinni Two planes leave Los Angeles at the same time. One heads south 

to San Diego, while the other heads north to San Francisco. The San Diego plane 
flies 50 mph slower than the San Francisco plane. In 5 hr, the planes are 2^5 mi 
apart What are their speeds 0 

23. Running Turn \ Mars and Janet are running in the Apple Hill Fun Run Mary runs 
at 7 mph, Jand at 5 mph If they start at the same time, how long will it be before 
they are 1 5 mi apart } 



24. Run/ung J u:us If the run in Exercise 23 has a staggered start, and Janet starts first, 
with Mary starting 10 min loter. how long will it be before Mary catches up with 
Janet? 

2r*. < rack Event Speeds At the. 2008 Summer Olympics in Beijing, China, Usain Bolt 
(Jamaica) set a new Olympic and world record in the 100-m dash with a time of 
9.69 sec. If this pace could be maintained for an entire 26-mi marathon, what would 
his time be° How would this time compare to the fastest time for a marathon, which 
is 2 hr, 3 min, 59 sec, also set in 2008? {Hint: 1 m ~ 3.281 ft.) {Source: World 
Atntanac and Book of Facts.) 

26. /'racA l l ent Speeds On August 19, 2009, at the World Track and Field Champion¬ 
ship in Berlin, Usain Bolt broke his own record in the 100-m dash with a time of 
' '.58 sec. Refer to Exercise 25 and answer the questions using Bolt’s 2009 time. 
{Source: www.spoits.espn.go.com) 

27. Boat Speed Callie took 20 mm to drive her boat upstream to water-ski at her favor¬ 
ite spot. Coming back later in the day, at the same boat speed, took her 15 min. If the 
current in that part of the river is 5 km per hr, what was her boat speed? 

28. 11 ind Speed Joe traveled against the wind in a small plane for 3 hr. The return trip 
with the wind took 2.8 hr. Find the speed of the wind if the speed of the plane in still 
air is 180 mph. 


Solve each problem. See Example 3. 


29. Acid Mixture How many gallons of a 5% 
acid solution must be mixed with 5 gal of 
a 10% solution to obtain a 7% solution 0 


30. Acid Mixture Marin Caswell needs 10% 
hydrochloric acid for a chemistry experi¬ 
ment. How much 5% acid should she mix 
with 60 mL of 20% acid to get a 10% 
solution? 


Strength 

Gallons of 
Solution 

Gallons of 
Pure Acid 

5% 

X 


10% 

5 


7% 

x + S 


Strength 

inL of 
Solution 

mL of 
Pure Acid 

5% 

jr 


20% 

60 


10% 

.r + 60 
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31. Ah •ilml Mi x ture Beau Glaser wishes (O strengthen a mixture from I Off alcohol to 
30' I alcohol How much pure alcohol should be added to 7 L of the 10% mixture ’ 

32. ilcohol Mixturt l lou man> gallons oi pure alcohol should bo mixed u ith 20 gal of 
a 15% alcohol solution to obtain a mixture that is 25% alcohol? 

33. Sulim Solution How much water should be added to 8 mL of 6% saline solution to 

reduce the concentration to 4'T-° 

34. 1 cid Mixture How much pure acid should be added to 18 L of 30% acid to increase 
the concentration to 50% acid' 7 

Solve each problenu Sec Example 4. 

35. Real Estate Financing Cody Westmoreland wishes to sell a piece of property for 
$240*000. He \s ants the money to be paid off in two ways—a short-term note at 
2% interest and a long-term note at 2.5%. Find the amount of each note if the total 
annual interest paid is $5500. 


Note 

Interest 

Time 

Interest 

Amount 

Rate (Sc) 

(in years) 

Paid 

.r 

-> 

1 

,r(0 02)( 1) 

240.000 - x 

25 

1 

(240.000 - .x)(0 025)( I ) 


36. Buying amt Selling Land Roger bought l\\ o plots of land for a total of $120,000. 
When he .sold the first plot, he made a profit of 15%. When he sold the second, he 
lost 10%. His total profit was $5500 How much did he pay for each piece of land* 7 

37. Retirement Planning In planning hex retirement, Janet Karrenbrock deposits some 

money at2^% interest, with twice as much deposited at 3% Find the amount de¬ 
posited at each rate if the total annual interest income is $850 

38. In voting a Bundling Fund A. church building fund lias invested some mone\ in 
two ways; part of the money at 3% interest and four times as much at 2,75% Find 
the amount invested at each rate if the total annual income from Interest is 5>2800 

39. Lottery Winnings Linda won $200,000 m a state lottery. She first paid income tax 
of 30% on the winnings. She invested some of the rest at 1.5% and some at 4%, 
earning S4350 interest per year. How much did she invest at each rate? 

40. Cookbook Royalties Beclty Schaiuz. earned $48,000 from royalties on her cook¬ 
book. She paid a 28% income tax on these royalties. The balance was invested in 
two ways, some of it at 3.25% interest and some at 1.75%. The investment* pro¬ 
duced S904.80 interest per year. Find the amount invested at each rate. 

( Modeling) Solve each problem . See Examples 5 and 6. 

41. Warehouse Club Membership Membership 
warehouse clubs ofier shoppers low prices, along 
with rewards of cash back on club purchases. If 
the yearly fee for a warehouse club membership 
is SI00 and the reward rate is 2% on club pur¬ 
chases for the year, then the linear equation 

y = 100 - 0.02.r 

models the actual yearly cost of the membership 
v. in dollars. Here x represents the yearly amount 
of club purchases, also in dollars. 

(a) Determine the actual yearly cost of the membership if club purchases for the year 
are S2400. 

(b) What amount of club purchuses would reduce the actual yearly cost of the mem¬ 
bership to $50? 

(c) How much would a member have to spend in yearly club purchuses to reduce the 
yearly membership cost to SO? 
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42. Wu n-htPUM- Club \hmb<r\lnr Suppose that the yearly tee for a warehouse club 
membership is S50 and that the reward rate on club purchases tor rite year is 1.6*5*?. 
Tlten the actual yearly cost of a membership v. in dollars, for an amount of yearly 
club purchases \. in dollars, can be modeled by the following linear equation. 

y = 50 - 0.016-r 

ta) Determine, dre actual yearly cost of the membership if club pure liases for the year 
are S1500. 

(b) What amount of club purchases would reduce the actual yearly cost of the mem¬ 
bership to $0? 

(c) If club purchases for the year exceed S3125. how Is the actual yearly membership 
cost affected? 

43. Indoor Air Pollution Formaldehyde is an indoor air pollutant formerly found in 
plywood, foam insulation, and carpeting. When concentrations in the air reach 
33 micrograms per cubic foot (/zg/ft 3 ), eye irritation can occur. One square foot of 
new plywood could emit 140 /ze per hr. {Source: A. Hines, Indoor Air Quality A. 
Control.) 

(a) A room has 100 ft 2 of new plywood flooring. Find a linear equation F that com¬ 
putes the amount of formaldehyde, in micrograms, emitted in x hours. 

(b) The room contains 800 ft 3 of air and has no ventilation. Determine how long it 
would take for concentrations to reach 33 /zg/ft 3 . 

44. Classroom Ventilation According to the American Society of Heating, Refriger¬ 
ating and Air-Conditioning Engineers, Inc. (ASHRAE), a nonsmoking classroom 
should have a ventilation rate of 15 ft 3 per min for each person in the room. 

(a) Write an equation that models the total ventilation V (in cubic feet per hour) 
necessary for a classroom with x students. 

(b) A common unit of ventilation is air change per hour (ach). 1 ach is equivalent to 
exchanging all of the air in a room every hour. If-r students are in a classroom 
having volume 15,000 ft 3 , determine how many air exchanges per hour (A) are 
necessary to keep the room properly ventilated. 

(c) Find the necessary number of ach (A) if the classroom has 40 students in it. 

(d) In areas like bars and lounges that allow smoking, the ventilation rate should 
be increased to 50 ft 3 per min per person. Compared to classrooms, ventilation 
should be increased by what factor in heavy smoking areas? 

45. College Enrollments The graph shows the projections in total enrollment at degree- 
granting institutions from fall 2009 to fall 2018. 

Enrollments at Degree-Granting Institutions 



Source U S Department of PJtya t t on National Center ftrr Education Statistic* 

The following linear model provides the approximate enrollment, in millions, 
between the years 2009 and 2018. where .r = 0 corresponds to 2009. i = I to 2010. 
and so on. and y is in millions of students. 


v = 0 2309 j: + 18 35 
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(a) Use ihe model to determine projected enrollment for fall 2014. 

(h) Use the model to determine the year in which enrollment is projected to reach 
20 million. 

(c) How do your answers to parts (a) and (b) compare to the corresponding values 
shown in the graph? 

(d) The actual enrollment in fall 1997 was 14.5 million. The model here is based on 
data from 2009 to 2018. If you were to use the model for 1997, what would the 
projected enrollment be? 

(e) Why do you think there is such a discrepancy between the actual value and the 
value based on the model in part (d)? Discuss the pitfalls of using the model to 
predict enrollment for years preceding 2009. 





Complex Numbers 


Basic Concepts of Complex 
Numbers 

Operations on Complex 
Numbers 


Basic Concepts of Complex Numbers The set of real numbers does not include 
all the numbers needed in algebra. For example, there is no real number solution 
of the equation 

x 2 = -1, 

since no real number, when squared, gives —1. To extend the real number sys¬ 
tem to include solutions of equations of this type, the number i is defined to have 
the following property. 


The Imaginary Unit / 

i — V — 1 , and therefore, i 2 — — 1 . 
(Note that —/ is also a square root of — 1.) 


Square roots of negative numbers were not incorporated into an integrated 
number system until the 16th century. They were then used as solutions of equa¬ 
tions and later (in the 18th century) in surveying. Today, such numbers are used 
extensively in science and engineering. 

Complex numbers are formed by adding real numbers and multiples of i. 


Complex Number 

If a and b are real numbers, then any number of the form a 4- bi is a 
complex number. In the complex number a 4- W, a is the real part and b 
is the imaginary' part.* 


Two complex numbers <i 4* hi and c 4- <// are equal provided that their real 
parts are equal and their imaginary pans are equal; that is. they are equal if and 
only if a = c and b — cl. 


In same lc.xLv the term hi is defined to he the imugman p^m 
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(3+21>/(5- 

■t > 

flits ► Frac 

. 5+.5v 

3/v 

i+b 



Tins screen supports the 
results m Mvumplc (k 

r, 2 



-1 

i 3 


u 

~v 


U 


Powers of i can be on 

ihe TI—S3/84 Plus calculator 


3 

(b) 

/ 


3(-i) 


i 0 

— i is the conjugate ol i 

— 3/ 

— 1 * 

Multiply 

-31 

1 

-i- = -(-1) = 1 

—3i, or 

0 — 3/ Siandard form 


%/ Now Try Exercises 69 and 75. 


Powers of / can be simplified using the facts 

i 2 =-l and = (,*2)2= (-1)2= i. 
Consider the following powers of / 


/' =/ 


/ 2 = -1 


= , 2 * i = (-1) • i = -i 


1 5 =' / 4 ■ i — 1 • / — i 

1 6 — i A ' i 2 — 1C 1) ~ — , 

/" = r * i 3 = 1 • (— i) = —f 

f B = i 4 * i 4 = 1 * 1 = 1 and so on. 


1* = #*■. /2 =(-_,)(-l) = 1 

Powers of i cycle through the same four outcomes (/, —1, — i, and 1) since 
i 4 has the same multiplicative property as 1. Also , any power of i with an 
exponent that is a multiple of 4 has value L As with real numbers, i° = 1- 


o.,;\ ' Simplifying Powers of / 

Simplify each power of/. 

Ca) i 15 (b) f-3 

SOLUTION 

(a) Since i A — 1, write the given power as a product involving i\ 

/IS = /I2 . /3 = (,4)3 , f J = i 3(—/) = _/ 

(b) Multiply / 3 by 1 in the form of i 4 to create the least positive exponent for /. 

i“ 3 = /- 3 * 1 = i~ 3 - /4 = / ,4 = , 

1? Now Try Exercises 85 and 93. 



Concept Check Determine whether each statement is true or false. If it is false, tell why. 

1. Every real number is a complex number. 

2. No real number is a pure imaginary number. 

3. Every pure imaginary number is a complex number. 

4. A number can be both real and complex. 

5. There is no real number that is a complex number. 

6. A complex number might not be a pure imaginary number 
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Identify each number as real, complex, pure imaginary, or nonreal complex- (More than 
one of these descriptions will apply.) 

7 , -4 8. 0 9. 13/ 10. —7/ II- 5 + i 

12. -6-2/ 13. it 14. V24 IS. V-25 16. V^36 

Write each number as the product of a real number and /. See Example 7. 

17. V— 25 18. V— 36 19. V"— 10 20. V— 15 

21. V— 288 22. V-500 23. -V^Ii 24. -V^io 

Multiply or divide, as indicated. Simplify each answer. See Example 2. 


25. 

V—13 • V—13 

26. V—17 - V—17 

27. 

28. 

V^i • V —15 

_ V—30 

29. -- 

V -10 

30. 

31. 

\/—24 

32 . ^4 

33. 

Vi 

34- 

V^ 

V—72 

„ V^i • V^2 

V3 

36. 


V— 70 



Write each number in standard form a 4 hi. See Example 3 . 


37. 


40. 


-6 ~ V— 24 
2 

20 + *V—8 


38. 


41. 


-9 ~ V-18 
3 

-3 4- V-18 




39. 

42. 


V8 

10 4- V—200 
5 

-5 4 V— 50 

i n 


Fin// each sum or difference. Write the answer in standard form. See Example 4. 

43. (3 4 2i) 4 (9 - 3i) 44. (4 - «) 4 (8 4 5i) 

45. (-2 4 4i) -(-44 4<) 46. (-3 4 2/) -(-4 4- 2i) 

47. (2 - 5i) - (3 4 40 - (-2 4- i) 48. (-4 - /) - (2 4- 3i) 4- (-4 4- 5i) 

49. -iV 2 - 2 - (6 — 4iV5) - (5 - 1 V 2 ) 

50. 3V7 - (4\/7 - i) - 4i 4- (-2V7 4- Si) 


Find each product. Write the answer in standard form. See Example 5. 


51. (2 4- i)(3 - 2i) 
54. (1 4- 3i)(2 - 5») 
57. (3 4- i)(3 - i) 

60. (6 — 4i)(6 4- 4i) 
63. i(3 - 4i)(3 4- 4i) 
66. —5i(4 - Si) 2 


52. (-2 4- 3i)(4 - 2i) 

55. (3 - 2i) 2 
58. (5 4- i)(5 - i) 

61. (Vi 4- i)(Vi - 1 ) 
64. /(2 4- 7i)(2 - 7i) 

67. (2 4- i)(2 - i)(4 4- 3i) 


53. (2 4- 4i)( — 1 4- 3i) 

56. (2 4- i) 2 

59. (—2 — 3/)(—2 4- 3i) 

62. (V2 - 4i)( V2 4- 4») 

65. 3i(2 — i) 2 

68. (3 - i)(3 4- i)(2 - 6i) 


Find each quotient. Write the answer in standard form a 4- hi. See Example 6. 


69. 

6 4- 2 i 

70. 

14 4- 5i 

71. 

2 - i 

72. 

4 - 3i 

1 4 2/ 

3 4- 2/ 

2 4 i 

4 4 3i 

73. 

1 - 3i 

1 •+- i 

74. 

-3 4 4i 

2 - 1 

75. 

-5 

I 

76. 

-6 

t 

77. 

8 

— I 

78. 

12 

— i 

79. 

2 

3i 

80. 

5 

9< 
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i Modeling) ilierttating < uri\nt Complex numbers lire tin </ 1 >> </< scribe current l. volt- 
E and impedance Z {the opposition to current) These three quantities • are related 
by the equation 

E = /Z, which is known as Ohm's Law. 

1 hits, if any two of these quantities are known, the third can he found, hi each exercise . 
solve the equation E = IZ for the remaining value. 

81. / = 5 4- It, Z = 6 4- 4i 

83. / = 10 4- 4i, E = S8 4- 12S/ 

Simplify each power of i See Example 7. 

X5. z 25 86. i 29 


82. / = 20 4- 12i, Z = 10 - 5/ 
84. E = 57 4- 67/, Z = 9 + 5/ 


89. z 23 
93. i-' 3 


90. i 27 


87. t- 
91. z 32 


94. 


. -14 


95. 


88. z 26 
92. z J0 
1 


.-n 


96. 


.-12 


Suppose that your inend, Kathy Strautz tells 30 a that she has discovered a method 
i f simplifying a positive power of 1 . ‘‘Just divide the exponent by 2. Your answer is 
*'ien the simplitied form of z 2 raised to the quotient times 1 raised to the remainder.” 

Explain why her method works 

Kl 98. Explain why the following method of simplifying z ^* 2 works. 




1 _ 

42 


l' 2 ) 21 (- 1) 21 -1 




99. Show that - +■ ~—/ is a square root of 1 . 


100 . Show that 


vS , . 

• 2 ' 25 a cube root of/. 


101 . Show that —2 4- i is a solution of the equation x 2 4- 4x 4 - 5 = 0. 

102. Show that —3 4- 4i is a solution of the equation x 2 4 - 6 x + 25 — 0. 



Quadratic Equations 




a Solving a Quadratic 
Equation 

B Completing the Square 
a The Quadratic Formula 

a Solving for a Specified 
Variable 

a The Discriminant 


A quadratic equation is defined as follows. 

Quadratic Equation in One Variable 
An equation that can be written in the form 

ax z + bx + c = 0, 

where rz, b . and c are real numbers with zi^O.isa quadratic equation. 
The given form is called standard form. 


A quadratic equation is a second-degree equation—that is, an equation 
with a squared variable term and no terms of greater degree 


.2 - 


= 25. 4x 2 4- 4x — 5 = 0. 3x 2 = 4 r — 8 


UiMtlr.ilu cqudtioux 
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Solving a Quadratic Equation The tucioriniz method Of solving a quadratic 
equation depends on the zero-factor property. 


Zero-Factor Property 

If a and b are complex numbers with ab = 0, then a = 0 or b = 0 or both 
equal zero. 


Using the Zero-Factor Property 
Solve 6x 2 -F 7x = 3. 

SOLUTION 


f Don't factor out x here. — 6.r 2 -F 7x — 3 

6x 2 -F 7x - 3 = 0 
(3x — l)(2x-F 3) = 0 
3x — 1 = 0 or 2x -1-3 = 0 


Standard form 
Factor (Section R.4) 
Zero-factor pn. jvn\ 


3x = 1 


or 


= 3 OT 


2x =—3 Solve each equ. t i >n (Section 1.1) 

3 

.v=- i 


CHECK 


6 (i) 2 + 7 (i )- 3 Le, t=i 


6x 2 -F 7.v = 3 Original equation 

2 


6 7 ? 

- + — — 3 
9 3 


3 = 3 y True 


5 ±_ 21 _ ± 
4 2 


3 = 3 y True 

Both values check, since true statements result. The solution set is { j, — §} . 

Wt Now Try Exercise 15. 

A quadratic equation of the form x 2 — k can also be solved by factoring. 

x 2 = k 

x 2 k = 0 Subtract k 

(x V^)(x + \/^) = 0 Factor 

X ~s/Ji — 0 or x -F \/k — 0 Zero-factor property 

X — ~\/lc or x = — y/k Sol\c each equation 

This proves the square root property. 


Square Root Property 

If x 2 ~ k, then x = V* or x = — Vk. 


That is, the solution set of x~ — k is 

{Vk, — y/k which may be abbreviated | ±y/k |. 
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Solving fora Quadratic Variable in a Formula 

Solve for the specified variable Use ± when taking square roots. 


(a) 

7Tll~ 


sl = —— , for d 

4 

(I>; rt 2 — si = k (r ^ 0), lor t 

SOLUTION 


(a) 

^ _. rrt ^ ~ ■ —Goat. Isolate d, the \ 

4 specified variable I 


4sL — ird~ 

Multiply each side by 4. 


4sd 

-- d~ 

7T 

Divide each side by ir. 


d~+ I 4 * 1 

Square root property 

See the Note following 


this example 

J ±VZZ VZ 





a --- -- 

y/Z ~\/Z 

Multiply by _ (Section R.7) 
v - 


. ± V4 S&TT 

a — - 

Multiply numerators 


7T 

Multiply denominators 


, ±2 VZiZ 



a — - 

7r 

Simplify ihe radical. 

(b) Because rt~ st — k has terms with t 2 and /, use the quadratic formula. 


rr 


2 ~ st — k — 0 


t = 


b i Vi" — 4ac 


2a 


t = 




_ -(-*) ± V(-s) 2 -4(r)(-fc) 


2 (r) 

s ± Vs 2 -f 4rk 

2 r 


Wnte in standard form. 

Quadratic formula 

Here, a = r. b = — j. and c = —A 

Simplify 

tS Now Try Exercises 71 and 77. 


NOTE In Example 8, we took both positive and negative square roots. 

owever, if the variable represents time or length in an application, we con¬ 
sider only the positive square root. 


Th® 0!«cnmn>anf The quantity under the radical in the quadratic formula, 
b* — 4 ac, is called the discriminant. 


x = 


~b ± V/>- - 4tu 

2a 


Distnmin.int 


When the numbers a , b , and c are integers (but not necessarily otherwise), the 
value of Ihe discriminant can be used to determine whether the solutions of a 
quadratic equation are rational, irrational, or nonreal complex numbers The 

number and type of solut.ons based on the value of the d.scnmmant are shown 
in the following table. 
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Discriminant 

Number of Solutions 

T> pc of Solutions 

Positive. perfect square 

Two 

Rational 

Positive, but not 

Two 

Irrational 

a perfect square 



Zero 

One (a double solution) 

Rational 

Negative 

Two 

Nonreal complex 


As seen to 
Example 5 


As seen in 

Example 6 


CAUTION TJte restriction on a, b, and c is important . For example, 
x 2 — a/5x —1=0 has discriminant b 2 — 4 ac = 5 4* 4 = 9, 
which would indicate two rational solutions if the coefficients were integers. 
By the quadratic formula, the two solutions V ^ 2 ± 3 are irrational numbers. 


4! rtiM J ■ — Using the Discriminant 

Determine the number of distinct solutions, and tell whether they are rational, 
irrational, or nonreal complex numbers. 

(a) 5x 2 + lt-4 = 0 (b) -v 2 - 10.v = -25 (c) 2.r 2 - .v + 1 = 0 

SOLUTION 

(a) For 5x 2 4- 2x — 4 = 0, use a = 5, b = 2, and c = —4. 

b 2 — 4ac = 2 2 — 4(5)(—4) — 84 <— Discriminant 

The discriminant 84 is positive and not a perfect square, so there are two 
distinct irrational solutions. 

(b) First, write the equation in standard form as .r 2 — 10.v -I- 25 = 0. Thus, a = 1, 
b = —10, and c = 25. 

b 4 ac = ( 10) 2 — 4( l ) (25 ) = 0 Discriminant 

There is one distinct rational solution, a double solution. 

(c) For 2_v 2 — -v 4- 1 =0, use a = 2, b = — 1, and c = 1. 

b 4 ac = ( 1) 4(2)( 1) — — 7 Discriminant 

There are two distinct nonreal complex solutions. (They are complex conju¬ 
gates.) 

V' Now Try Exorcises 83. 85. and 89. 


Exercises 


Concept Check Match the equation tn Column l with its solution(s) in Column //. 

I 11 


1. .v* = 25 

2. 

x 2 = -25 

A. 

±5« 

B. ±2V5 

3. x 2 + 5 = 0 

4. 

x 2 -5=0 

C. 

±i V5 

D. 5 

5. x- - -20 

6. 

x 2 = 20 

E. 

± v3 

F. -5 

7. x-5=0 

8. 

x + 5 = O 

G. 

±5 

H. ±2iV5 
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C om i;>t CJu ( A L'\c- Chou n \-D to answer eat h question in Exercises 9—12. 

A. 3v 2 - I7.v - 6 = 0 II. (2.v + 5) 2 = 7 

C. x 2 + x = 12 D. (3.v - l )(.v - 7) = 0 

*>. W Inch equation i\ set up for direct use of the zero-factor property? Solve it. 

10. Which equation is set up for direct use of the square root property? Solve it. 

11. Only one ot the equations does not require Step 1 of the method for completing the 
square described in this section Which one is it? Solve it. 

12. Only one ol the equations is set up so that the values of a, b, and c can be determined 
immediately Which one is it? Solve it. 

Solve each equation by the zero-factor property. See Example 1. 

13. x 2 - 5.v + 6 = 0 14. .v- 4- 2x —8=0 15. 5x 2 - 3x - 2 = 0 

16. 2.r 2 - v - 15 = 0 17. — 4.v 2 + x* = -3 18. -6x 2 + 7x = -10 

19. i 100 = 0 20. x 2 - 64 = 0 21. 4x 2 - 4x + l = 0 

22 * 9v " ~ 12r + 4 = 0 23« 25f 2 + 30.r -r 9 = 0 24. 36x 2 + 60x + 25 = O 

Solve each equation by the square root propem See Example 2. 

2=> ' x ~ = 16 26. x 2 = 121 27. 27 — x 2 = 0 

28. 48 - x 2 = 0 29. x 2 = -81 30. x 2 = -400 

31. (3x - 1 ) 2 = 12 32 . (4x + I ) 2 = 20 33. (x + 5) 2 = -3 

34. (x - 4) 2 = -5 35. (5x - 3) 2 = -3 36. (-2x + 5) 2 = -8 

Solve each equation by completing the square. See Examples 3 and 4. 

37. x 2 4x + 3 = 0 38. x 2 - 7x + 12 = 0 39. 2x 2 -x-28 = 0 

40. 4x 2 3x — 10 = 0 41.x 2 -2x-2 = 0 42. x 2 - 10x+ 18 = 0 

43. 2x 2 + x= 10 44. 3x 2 + 2x = 5 45. -2x 2 + 4x + 3 = O 

46. -3x 2 + 6x + 5 = 0 47. -4x 2 4- 8x = 7 48. -3x 2 4-9x = 7 

49 * C, J gCk r ranCiSC ° Claimed ** equation x 2 - 8x = 0 cannot be solved 

by the quadratic formula since there is no value for c. Is he correct? 

50. Concept Check Francesca. Francisco’s twin sister, claimed that the equation 

. . cannot be solved by the quadratic formula since there is no value for b . 

Is she correct? 

Solve each equation using the quadratic formula. See Examples 5 and 6. 

51. *’-*-1=0 S2.x=-3x-2 = 0 53. .t 2 — 6x = —7 

54. x 2 — 4x = — I 55. x 2 = 2x - 5 


57. —4x 2 = —12x 4- 11 

60. fx 2 4--x=3 
3 4 


56. x 2 = 2x - 10 

58. — 6x 2 = 3x 4- 2 
61. 0.2x 2 4- 0.4x -03 = 0 62. 0. lx 2 - 0 lx = 0.3 


59. ^x 2 + -x - 3 = 0 
2 4 


63. (4x - l)(x + 2) = 4x 64. (3^ + 2)(s - I) = 3r 6S. ( r - 9)( , - I) = - 16 

^ ^ 1C equations have the same solution set. (Do not actually 

-2x 2 + 3x - 6 = 0 and ir* - 3.r + 6 = 0 

Solve each cubic equation using factoring and the quadra, tc formula. Sec Example 7. 

67. x 3 — 8 = 0 68. x 3 — 27 = 0 69. j 5 + 27 = () 


70. v' + 64 = 0 


CHAPTER 1 Quiz 


113 


Solve each equation for the indicated variable. Assume no denominators are 0. See 
Example 8. 

71 . s = ^gt 2 , for / 72. si — rrr 2 . for r 


73. 


kMv 2 


for v 


74. E 


eVc 

17* 


for e 


75. r = r 0 + -at 2 , for t 76. s = s 0 + gt 2 + for / 

77. h = — 16f 2 + v 0 / *4* for f 78. 5 = 2irrh -4* 'lirr 2 , for r 

For each equation, (a) solve for x in terms of y, and (b) solve for y in terms of x. See 
Example 8. 

79. 4x 2 — 2.1 y + 3y 2 = 2 80. 3y 2 + 4.xy — 9x 2 = — 1 

81. 2jc 2 -4- 4.ry — 3y 2 — 2 82. 5.v 2 — 6xy + 2y 2 = 1 

Evaluate the discriminant for each equation. Then use it to predict the number of distinct 
solutions, and whether they are rational, irrational, or nonreal complex. Do not solve the 
equation. See Example 9. 


83. .r 2 — 8x +16 = 0 

86. 8.r 2 = —\4x — 3 

89. 9x 2 + 1 Lr + 4 = 0 


84. -t 2 + 4x + 4 = 0 

87. 4.r 2 = —6x + 3 

90. 3x 2 = 4 x- 5 


85. 3.r 2 + 5.r + 2 = 0 

88. 2x 2 + 4x + 1 = 0 

91. Sx 2 - 72 = 0 


92. Show that the discriminant for the equation 

Vlx 2 + 5x - 3Vl = 0 

is 49. If this^equation is completely solved, it can be shown that the solution set is 

|—3"vl, We have a discriminant that is positive and a perfect square, yet the 

two solutions are irrational. Does this contradict the discussion in this section? 
Explain. 

93. Is it possible for the solution set of a quadratic equation with integer coefficients to 
consist of a single irrational number? Explain. 

94. Is it possible for the solution set of a quadratic equation with real coefficients to con¬ 
sist of one real number and one nonrcal complex number? Explain. 

Find the values of a , b, and c for which the quadratic equation 

ax 2 + bx + c = 0 

has the given numbers as solutions. (Hint: Use the zero-factor property tn reverse.) 

95. 4.5 96. -3,2 97. 1 + V 2 . 1 - v! 98. 1 , -i 



1. Solve the linear equation 3(.v — 5) + 2 = 1 — (4 + Zv). 

-• Determine whether each equation is an identity, a conditional equation . or a ctmtra- 
diction. Give the solution set. 


(a) 4x - 5 = -2(3 - 2.v) + 3 (b> 5.v - 9 = 5(-2 + x) + I 

(c) 5x — 4 = 3(6 - x) 

3. Solve the equation uv + 2.v = v + 5 v for v Assume a = 1 
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4. / iiniun : Interest Johnny Rnmistclla deposits some money at 2.5^© annual interest 
and twice as much at 3 or, Find the amount deposited at each rate if his total annual 
interest income is $850 

5. i MiuLltn e 1 Minimum Hourly Wai^e One model for the minimum hourly wage in 
the United States for the period 1978—2009 is 

v = 0 126 v - 246.25, 

where x represents the year and v represents the wage, in dollars ( Source . Bureau of 
Labor Statistics,) The actual 1999 minimum wage was $5.15. What does this model 
predict as the wuge -) What is the difference between the actual wage and the pre¬ 
dicted wage? 

6. Write - ^ —— in standard form a + hi 

7. Wnte ihe quotient ^ ~ in standard form a -+- In. 

Solve each equation 

S. 3.r 2 — .v = — 1 9. x 2 — 29 = 0 10. si = for r 

9 



Applications and Modeling with Quadratic Equations 




n Geometry Problems 

■ Using the Pythagorean 
Theorem 

B Height of a Projected 
Object 

B Modeling with Quadratic 
Equations 


To solve these applications, we continue to use the 

problem-solving strategy discussed in Section 1J2. 


Solving a Problem Involving Volume 

A piece of machinery produces rectangular sheets of metal such that the length 
is three times the width. Equal-sized squares measuring 5 in. on a side can be cut 
from the corners so that the resulting piece of metal can be shaped into an open 
box by folding up the flaps. If specifications call for the volume of the box to be 
1435 in. 3 , find the dimensions of the original piece of metal. 

SOLUTION 

Step 1 Read the problem. We must find the dimensions of the original piece of 
metal. 


Step 2 Assign a variable. We know that the length is three times the width. 

3x _ Let jt — the width (in inches) and thus, 3x — the length. 

The box is formed by cutting 5 4- 5 = 10 in. from both the length and 
the width. See Figure 5. Figure 6 indicates that the width of the bottom 
of the box is x — 10, the length of the bottom of the box is 3.r — 10, and 
the height is 5 in. (the length of the side of each cut-out square). 

Step 3 Write an equation. The formula for volume of a box is V = hvh. 



Figure 5 


Volume = length v VU ilih 


leie 


ht 


1435 


3x— 10 


5 

10 


= (3x - 10)(.t - 10)(5) 


(Note that the dimensions of the box must be positive numbers, so 
3.v — 10 and .r - 10 must be greater than 0, which implies v > and x > lO. 
These are both satisfied when .t > 10.) 


Figure 6 
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Step 4 Solve the equation. 

1435 = I 5a 2 - 200* + 500 
0 = I5* 2 - 200* - 935 
0 = 3* 2 - 40* - 187 


Multiply (Section R.3) 
Subtract 1435 from each side 
Divide each Mde by 5 


0 = (3*4- !!)(*— 17) Factor. (Section R.4) 

3* 4- 1 1 = 0 or * — 17 = 0 Zero* I at tor property (Section 1.4) 

^ The width cannot x = —— or ,\‘ = 17 Solve each equation (Section 1.1) 

k be negative. J 3 

Step 5 State the answer. Only 17 satisfies the restriction * > 10. Thus, the 
dimensions of the original piece should be 17 in. by 3(17) =51 in. 

Step 6 Check. The length of the bottom of the box is 51 — 2(5) = 41 in. The 
width is 17 — 2(5) = 7 in. The height is 5 in. (the amount cut on each comer), 
so the volume of the box is 


V — Iwh =41 x 7 X 5 = 1435 in. 3 , as required. 

V' Now Try Exercise 23. 


PROBLEM-SOLVING HINT We may get a solution that does not sat¬ 
isfy the physical constraints of a problem. As seen in Example 1, a dimen¬ 
sion of a box cannot be a negative number such as — Therefore, we 
reject this outcome. 


Using the Pythagorean Theorem Example 2 requires the use of the Pythag¬ 
orean theorem for right triangles. Recall that the legs of a right triangle form the 
right angle, and the hypotenuse is the side opposite the right angle. 


Pythagorean Theorem 


In a right triangle, the sum of the squares of the 
lengths of the legs is equal to the square of the 
length of the hypotenuse. 

fl* 4- b~ ~ c 2 






I 'J * Applying the Pythagorean Theorem 

A piece ot property' has the shape of a right triangle. The longer leg is 20 m lon¬ 
ger than twice the length of the shorter leg. The hypotenuse is 10 m longer than 
the length of the longer leg. Find the lengths of the sides of the triangular lot. 

SOLUTION 

Step 1 Read the problem. We must find the lengths of the three sides. 

Step 2 Assign a variable. 

Let * = the length of the shorter leg (in meters). 

Then 2.v + 20 = the length of the longer leg, and 

(- v 4- 20) -I- 10, or 2.v 4- 30 = the length of the hypotenuse. 

See Figure 7. 


Figure 7 
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The year 201 1 corresponds to x — 11.7. Round down to the year 201 1 be- 
uaii'je 11.7 yr from 2000 occurs during 201 1. There is no v.due on the bar graph 
to compare this to, because the last data value is for the year 2010. Always view 
results that are beyond the data in your model with skepticism, and realistically 
consider whether the model will continue as given. The model predicts that rid- 
ership will be 1.9 million again in the year 2011. 

S' Now Try Exercise 47. 



Concept Check Answer each question. 


1- fire a oj a l’ticking Lot For the 
rectangular parking area of the 
shopping center shown, which 
one of the following equations 
says that the area is 40,000 yd 2 ? 

A. x(2x 4- 200) = 40,000 

B. 2x 4- 2(2x + 200) = 40,000 

C. x 4- (2x 4* 200) = 40.000 

D. x 2 4- (2x 4- 200) 2 = 40.000 2 



2x + 2U0 


—- Diagonal of a Rectangle If a rectangle is r feet long and 
s feet wide, which one of the following expressions is the 
length of its diagonal in terms of r and jr? 

A. y/rs b. r 4- s 

C. Vr 2 4* j 2 D. r 2 4- s 2 

3. Sides of a Right Triangle To solve for the lengths of the 
right triangle sides, which equation is correct? 

A. x 1 = (2x — 2) 2 4- (x 4- 4) 2 

B. x 1 4- (x 4- 4) 2 = (2x — 2) 2 

C. x 2 = (2x - 2) 2 - (x 4- 4) 2 

D. x 2 4- (2x — 2) 2 = (x 4- 4) 2 



2r — 2 


4- Area of a Picture The mat around the picture shown 
measures x inches across. Which one of the follow¬ 
ing equations says that the area of the picture itself is 
600 in. 2 ? 

A. 2(34 - 2x) 4- 2(21 - 2x) = 600 

B. (34 - 2x)(2l - 2x) = 600 

C. (34-x)(21 -x) = 600 

D. x(34)(21) = 600 



21 in 


r in 


34 in. 


x in. 


To prepare for the applications that come later , work the following haste problems that 
lead to quadratic equations 

Unknown Xurnbers In Exercises 5-14. use the following facts 

If x represents an integer, then x -f- 1 represents the next consecutive integer. 

If x represents an even integer , then x 4- 2 represents the next consecutive twen integer. 
If x represents an odd integer, then x + 2 represents the next consecutive odd integer. 

5. Find two consecutive integers whose product is 56 

6. Find two consecutive integers whose product is I 10 
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7. Find two consecutive even integers whose product is 168. 

8. Find two consecutive even integers whose product is 224. 

9. Find two consecutive odd integers whose product is 63. 

10. Find two consecutive odd integers whose product is 143 

11. The sum of the squares of two consecutive odd integers is 202. Find the integers. 

12. The sum of the squares of two consecutive even integers is 52. Find the integers. 

13. The difference of the squares of two positive consecutive even integers is 84. Find 
die integers. 

14. The difference of the squares of two positive consecutive odd integers is 32. Find the 
integers. 

15. Dimensions of a Right Triangle The lengths of the sides of a right triangle are con¬ 
secutive even integers. Find these lengths. {Hint: Use the Pythagorean theorem.) 

16. Dimensions of a Right Triangle The lengths of the sides of a right triangle are con¬ 
secutive positive integers. Find these lengths. {Hint: Use the Pythagorean theorem.) 

17. Dimensions of a Square The length of each side of a square is 3 in. more than 
the length of each side of a smaller square. The sum of the areas of the squares is 
149 in. 2 . Find the lengths of the sides of the two squares. 

18. Dimensions of a Square The length of each side of a square is 5 in. more than the 
length of each side of a smaller square The difference of the areas of the squares is 
95 in. 2 . Find the lengths of the sides of the two squares. 

Solve each problem. See Example I. 

19. Dimensions of a Parking Lot A parking lot has a rectangular area of 40,000 yd 2 . 
The length is 200 yd more than twice the width. Find the dimensions of the lot. (See 
Exercise 1.) 

20. Dimensions of a Garden An ecology center wants to set up an experimental garden 
using 300 m of fencing to enclose a rectangular area of 5000 in 2 . Find the dimen¬ 
sions of the garden. 


150 —j: 



x is in meters 


“1* Dimension* of a Rttg Zachary Daniels wants to buy a rug for a room that is 12 ft 
wide and 15 ft long. He wants to leave a uniform slnp of floor around the rug. He 
can afford to buy 108 ft* of carpeting What dimensions should the rug have? 





IS It 
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22. \\ ulth ,</ n / Inu i r li,•nli-r A landscape architect has included a rectangular flower 
bed measuring 9 li b) 5 ii in her plans for a new building. She wants to use two 
colon, ol flowers m live bed. one m the center and the other for a border of the same 
width on nil four sides. If she has enough plants to cover 24 ft 2 for the border, how 
wide can the border be? 

23. V olunte of a Box A rectangular piece of metal is 10 in. longer than It is wide. 
Squares with sides 2 in. long are cut from the four comers, and the flaps are folded 
upward to form an open box If the volume of the box is 832 in. 3 , what were the 
original dimensions of the piece of metal? 

24. Volume of a Box In Exercise 23, suppose that the piece of metal has length twice 
the width, and 4-in squares are cut from the comers. If the volume of the box is 
1536 in. 3 , what were the original dimensions of the piece of metal? 

25. Manufacturing to Specifications A manufacturing firm wants to package its prod¬ 
uct in a cylindrical container 3 ft high with surface area 8 -jt ft 2 . What should the 
radius of the circular top and bottom of the container be? {Hint: The surface area 
consists of the circular top and bottom and a rectangle that represents the side cut 
open vertically and unrolled.) 

26. Manufacturing to Specifications In Exercise 25, what radius would produce a con¬ 
tainer with a volume of tt times the radius? {Hint: The volume is the area of the 
circular base times the height.) 

27. Dimensions of a Square What is the length of the side of a square if its area and 
penmeter are numerically equal? 

28. Dimensions of a Rectangle A rectangle has an area that is numerically twice its 
penmeter. If the length is twice the width, what are its dimensions? 

29. Radius of a Can A can of Blue Runner Red Kidney Beans has surface area 371 cm 2 . 
Its height is 12 cm. What is the radius of the circular top? Round to the nearest 
hundredth. 

Dimensions of a Cereal Box The volume of a 10-oz box of com flakes is 180.4 in. 3 . 
The width of the box is 3.2 in. less than the length, and its depth is 2.3 in. Find the 
length and width of the box to the nearest tenth. 



Solve each problem. See Example 2. 

31- Height of a Dock A boat is being pulled into a dock with a rope attached to the boat 
at water level.When the boat is 12 ft from the dock, the length of the rope from the 
boat lo the dock is 3 ft longer than twice the height of the dock above the water. Find 
the height of the dock. 



12 ft 
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32. Height of a Kite Grady is flying a kite on 50 ft of 
string. Its vertical distance from his hand is 10 ft 
more than the horizontal distance from his hand. 
Assuming that the string is being held 5 ft above 
ground level. Find its horizontal distance from 
Grady and its vertical distance from the ground. 


S*f 



33. Radius Covered by a Circular fuzwn Sprinkler A 
square lawn has area 800 ft*. A sprinkler placed at the 
center of the lawn sprays water in a circular pattern as 
shown in the figure. What is the radius of the circle? 



34. Dimensions of a Solar Panel Frame 
Molly has a solar panel with a width of 
26 in. To get the proper inclination for her 
climate, she needs a right triangular sup¬ 
port frame that has one leg twice as long as 
the other. To the nearest tenth of an inch, 
what dimensions should the frame have? 



35. Length of a Ladder A building is 2 ft from a 9-ft fence that surrounds the property. 
A worker wants to wash a window in the building 13 ft from the ground. He plans to 
place a ladder over the fence so it rests against the building. (See the figure.) He de¬ 
cides he should place the ladder 8 ft from the fence for stability. To the nearest tenth 
of a foot, how long a ladder will he need? 



8 ft 2 fi 


36. Range of Receivers Tanner Jones and Sheldon Furst have received communications 
recci\ers for Christmas. If they leave from the same point at the same time. Tanner 
walking north at 2 5 mph and Sheldon walking east at 3 mph. how long will they 
be able to talk to each other if the range of the communications receivers is 4 mi? 
Round your answer to the nearest minute 

37. lungth oj a Walkway A nature conservancy group decides to construct a raised 
wooden walkway through a wetland area. To enclose the most interesting part of the 
wetlands, the walkway will have the shape of u right triangle with one leg 700 yd 
longer than the other and the hypotenuse I(K) yd longer than the longer leg Find the 
total length of the walkway 
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38. Broken Bamboo Problems involving the Pythagorean theorem have appeared in 
mathematic lor thousands of years. This one is taken from the ancient Chinese 
work. Arithmetic in Nine Sections: 

There is a bamboo 10 ft high, the tipper end of which, being broken, reaches the 
ground 3 ft from the stem. Find the height of the break. 


f Modeling) Solve each problem. See Examples 3 and 4. 

Height of a Projectile /\ projectile is launched from ground level with an initial velocity 
of i- 0 feet per second. Neglecting air resistance, its height in feet t seconds after launch 
is given by 

s — —16 1 2 + v 0 t. 

In Exercises 39—42, find the time(s) that the projectile will (a) reach a height of 80 ft 
and (b) return to the ground for the given value of Vo- Round answers to the nearest 
hundredth if necessary. 

39. vq — 96 40. i'q = 128 41. v 0 = 32 42. v 0 = 16 

43. Height of a Projected Balt An astronaut on the moon throws a baseball upward. 
The astronaut is 6 ft, 6 in. tall, and the initial velocity of the ball is 30 ft per sec. The 
height s of the ball in feet is given by the equation 

s = -2.lt- + 30/ + 6.5, 

where t is the number of seconds after the ball was thrown. 

(a) After how many seconds is the ball 12 ft above the moon’s surface? Round to the 
nearest hundredth. 

(b) How many seconds will it take for the ball to return to the surface? Round to the 
nearest hundredth. 

44. The ball in Exercise 43 will never reach a height of 100 ft. How can this be deter¬ 
mined algebraically? 

4a. Carbon Monoxide Exposure Carbon monoxide (CO) combines with the hemoglo¬ 
bin of the blood to form carboxyhemoglobin (COHb), which reduces transport of 
oxygen to tissues. Smokers routinely have a 4% to 69c COHb level in their blood, 
which can cause symptoms such as blood flow alterations, visual impairment, and 
poorer vigilance ability. The quadratic model 

T = 0.00787x 2 — 1 _528x + 75.89 

approximates the exposure time in hours necessary to reach this 4% to 6level, 
where 50 ^ x £ 100 is the amount of carbon monoxide present in the air in parts per 
million (ppm). ( Source: Indoor Air Quality Environmental Information Handbook' 
Combustion Sources.) 

(a) A kerosene heater or a room full of smokers is capable of producing 50 ppm of 
carbon monoxide. How long would it take for a nonsmoking person to start feel¬ 
ing the above symptoms'* 

(b) Find the carbon monoxide concentration necessary’ fora person to reach the 4% 
to 6% COHb level in 3 hr. Round to the nearest tenth 

46. Carbon 3Ionoxidc Exposure Refer to Exercise 45. High concentrations of carbon 
monoxide (CO) can cause coma and death The time required for a person to reach a 
COHb level capable of causing a coma can be approximated by the quadratic model 

T — 0 0002-x - — 0 316.t -+- 1 27 9. 

where 7* is the exposure time in hours neccssan to reach this lex el and 
500 — -t — 800 is the amount of carbon monoxide present in the .nr in parts per 
million (ppmj. < Source: Indoor Air Quotas En\ irnnmental Information Handbook .- 
Combustion Sources ) 

(a) What is the exposure time when x = 600 ppm 1 

<b) Estimate the concentration of CO necessary to produce a coma in 4 hr 
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47. Methane Gas Emissions The table gives methane 
gas emissions from all sources in the United States, 
in millions of metric tons. The quadratic model 

y - 1.493x 2 + 7.219x + 684.4 

approximates the emissions for these years. In the 
model, x represents the number of years since 2004, 
so x = 0 represents 2004, x = 1 represents 2005, 
and so on. 

(a) According to the model, what would be the 
emissions in 2010? Round to the nearest tenth 
of a million metric tons. 


Year 

Millions of Metric 
Tons of Methane 

2004 

686 6 

200- 

691 8 

2006 

706 3 

2007 

722 7 

2008 

737.4 


Source • U S Energy Information 
Administration 


(b) Find the year beyond 2004 for which this model predicts that the emissions 
reached 700 million metric tons. 


48. Cost of Public Colleges The average 
cost, in dollars, for tuition and fees for 
in-state students at four-year public 
colleges over the period 2000—2010 
can be modeled by the equation 

y = 3.026x 2 4- 371.7.x 4* 3449. 

where x = 0 corresponds to 2000, 
x = 1 corresponds to 2001, and so on. 

Based on this model, for what year 
after 2000 was the average cost $7605? 

( Source * The College Board, Annual 
Survey of Colleges.) 

49. Internet Publishing and Broadcasting Estimated revenue from Internet publishing 
and broadcasting in the United States during the years 2004 through 2008 can be 
modeled by the equation 

y = 318.4.x 2 4- 1612.r + 8596, 

where x = 0 corresponds to the year 2004. .v = 1 corresponds to 2005, and so on. 
and y is in millions of dollars. Approximate the revenue from Internet publishing 
and broadcasting in 2006 to the nearest million. ( Source : U.S. Census Bureau.) 

50. Cable 71 ' Subscribers The number of U.S. households subscribing to cable TV for 
the period 2000 through 2010 can be modeled by the equation 

v = -0.0746.x 2 4- 3.146.x 4- 79.52, 

where x = 0 corresponds to 2000, .x — I corresponds to 2001, and so on, and y is in 
millions. Based on this model, approximately how many U.S. households, to the nearest 
tenth of a million, subscribed to cable TV in 2008? (Source: Nielsen Media Research ) 



Relating Concepts 


For individual or collaborative investigation (Exercises 51-54) 


Ifp units of an Item are sold for .x dollars per unit, the revenue is K = px l st this 
idea to analyze the follo wing problem n orking Ex ercises 51—54 in order. 


,\umi .. of At rtments Ken The manager of an 80 -ii/u 7 apartment complex know % 

front experience that at a rent qf 5300. all the units will be lull. On the awrngt . -m nJ- 
ditional unit will remain xacantfor each $20 inc n ast tn rent o\ u> Furtlu nttorc. 

rite manager must keep at least 30 urn r ^ rented .///< to other Jitumcial considerations 
Currenth the revenue from the complex Is S35.000 How many apartments an rented 


{inrtriniu’L/) 
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51. Suppose that v represents the number of $20 increases over $300. Represent the 
number of apartment units that will he rented in terms ol x. 

52. Represent the rent per unit in terms of \ 

53. Use the answers in Exercises 51 and 52 to w rite an equation that defines the 
revenue generated when there are v increases of S20 over S300. 

54. According to the problem, the revenue currently generated is $35,000 Substi¬ 
tute this value for revenue into the equation from Exercise 53. Solve lor x to 
answer the question in the problem 


Solve each problem (See Relating Concepts Exercises 51—54,) 

55. \ timber of Airlint. Passengers The cost of a charter flight to Miami is $225 each for 
75 passengers, with a refund of $5 per passenger for each passenger in excess of 75. 
How many passengers must take the flight to produce a revenue of $16,000? 

56. \urnbcr ,f Pms Pas >L ji^cry A charter bus company charges a fare of $40 per per¬ 
son. plus S2 per person for each unsold seat on the bus. If the bus holds 100 passen¬ 
gers and x represents the number of unsold seats, how many passengers must ride 
the bus to produce revenue of S5950? (Note: Because of the company’s commitment 
to efficient fuel use, the charter will not run unless filled to at least half-capacity.) 

57. // rvesting a Cherry Orchard The manager of a cherry orchard wants to schedule 
the annual harvest. If the cherries are picked now, the average yield per tree will be 
100 lb, and the cherries can be sold for 40 cents per pound. Past experience shows 
that the yield per tree will increase about.5 lb per week, while the price will decrease 
about 2 cents per pound per week. How many weeks should the manager wait to gel 
an average revenue of $38.40 per tree? 

58. Recycling Aluminum Cans A local group of scouts has been collecting old alumi¬ 
num cans for recycling. The group has already collected 12,000 lb of cans, for which 
they could currently receive S4 per hundred pounds. The group can continue to collect 
cans at the rate of 400 lb per day. However, a glut in the old-can market has caused 
the recycling company to announce that it will lower its price, starting immediately, by 
$0.10 per hundred pounds per day. The scouts can moke only one trip to the recycling 
center. How many days should they wait in order to get S490 for their cans? 



Other Types of Equations and Applications 



B Rational Equations 
□ Work Rato Problems 
Q Equations with Radicals 

■ Equations with Rational 
Exponents 

B Equations Quadratic m 
Form 


Rational Equatin' A rational equation is an equation that has a rational 
expression lor one or more terms. To solve a rational equation, multiply each 
side by the least common denominator (LCD) of the terms of the equation to 
eliminate fractions, and then solve the resulting equation. 

A value of the variable that appears to be a solution after each side of a 
rational equation is multiplied by a variable expression (the LCD) ts called a 
proposed solution. Because a rational expression is not defined when its de¬ 
nominator is 0, proposed solutions for which any denominator equals 0 are 
excluded from the solution set. 

Be sure to check all proposed solutions in the original equation. 
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m-m'j- — Solving Rational Equations That Lead to Linear Equations 

Solve each equation. 

3.r — 1 2a* _ x 2 . 


(a) 


.r — 1 


= JC 


(b) 


A* - 2 A- - 2 


3 

SOLUTION 

(a) The least common denominator is 3(a — I ), which is equal to 0 if x = 1. 
Therefore, 1 cannot possibly be a solution of this equation. 

3a - 1 2a 


a - 1 


— x 


3(, - * )(~~3 ~) - 3(* - > >G=t) “ 3 >> - 1 >' 


Multiply b\ the LCD 
3 ( \ — 1 ). vv here .v ^ 1 

(Section R.5) 


(a — 1 )(3x — 1 ) — 3(2x) = 3a(a — I ) Divide out common factors 


3a 2 - 4a + 1 - 6 a = 3a 2 - 3a 
1 - I Ox = -3a 

1 = 7a 


V = 7 


Multiply (Section R.3) 

Subtract 3r ; Combine 
like terms 

Solve the linear equation 

(Section 1.1) 

Proposed solution 


The proposed solution j meets the requirement that .v 1 and does not 
cause any denominator to equal 0 . Substitute to check for correct algebra. 


CHECK 


3 v - 1 


2x 


3 a - 1 

3(t) - I 2(4) 


4 - i 


= a 


j_ 1 


21 4 3) 7 


Original equation 
Let a = i . 


Simplify the complex fractions 

(Section R.5) 


The solution set is { 7 } 


(b) 


x 


X - 2 


a - 2 


I _ I , T 

j — “ ✓ True 


+ 2 


( v 




+ (a - 2)2 


a = 2 4- 2(a - 2) 
a = 2 + 2 a - 4 

-a = -2 
v = 2 


Multiple bv the LCD 
v — 2. where \ =*- 2 

Divide out common factors 

Distributive property 
(Section R.2) 

Solve the linear equation 

Pioposcd solution 


The proposed solution is 2. However, the variable is restricted to real num¬ 
bers except 2. If a = 2. then not only does it cause a zero denominator, but 
also multiplying by a — 2 in the first step is multiplying both sides by 0. 
which ts not valid Thus, the solution set is 


Now Try Exercises 7 and 9. 
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Equation Quadratic in Form 

An equation is said to be quadratic in form if it can be written as 

an 1 + bit + c = 0 , 

where 0 = 0 and u is some algebraic expression. 


Solving Equations Quadratic in Form 

Solve each equation. 

(a) (.v 4- 1 )- /3 - ( A 4- 1 ) ,/3 — 2 = 0 
SOLUTION 


(a) (.v + 1)» — (,v + I )'« - 2 = 0 since (., + I fi¬ 
ll 2 -,,-2=0 


(b) 6.x 2 4- x 1 = 2 

20 = [(.v + 1) ,/3 ]-. 


CHECK 



(" - 2)(u 

+ i) 

— 0 Factor 



n - 2 = 0 

or 

it 4- 1 = 0 

Zero-factor property 


// = 2 

or 

u = -1 

Solve each equation. 

Replaceu with (x 4- 1 

/ Don’t forget 
this step 

V~(x 4- l) ,n = 2 

or 

(.V 4- 1 )*' = — 1 


[(jc 4- l)" 3 ] 3 = 2 3 

or 

[(.r+ l) l ' 3 ] 3 = (-1)3 

Cube each ide 


X 4- 1 = 8 

or 

x 4* 1 = — 1 

Appl\ the exponents. 


x = 7 

or 

x = -2 

Proposed elutions 


( \ 4- 1 ) 2/3 — (a 4- 

1)1/3 

-2 = 0 

Original equation 

(7 4- I)" 3 

— 2^0 Lcl r = 7 

(-2 

4- l) 2 ' 3 - (-2 4- l)” 3 - 

2 — 0 Let x = —2- 

00 

S 

1 

oo 

-2 = 0 



O 

HI 

Ol 

4 - 2 • 

-2^0 


14-1- 

o 

HI 

M 


0 = 0/ True 



0 = 0/ True 


(b) 


Don't stop here 
Remember to substitute 
for u 


6x-- 4- x~ l = 2 
6x -2 4- x~ l — 2 = 0 

6// 2 -ir it - 2 — 0 

(3m - 2)(2 u - I ; =0 

3u 4- 2 = 0 or 2u — 1 = 0 

j_ 

2 

2 


—f 


or 


-r~‘ = — — or 


x 


u — — 


L'-l = 




3 

2 


or 


.r 


= 7 


Subtract 2 from each side. 

Let a — 1 Then n 2 = a"*. 

Factor 

Zero-factor property 
Solve each equation 

Replace u v. ah .t" 1 

a ' 1 ts the reciprocal ol i (Section R.6) 


Both proposed solutions check, so the solution set is { - h 2 } 

Now Try Exercises 83 and 87. 
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CAUTION When using a substitution variable in solving an equation 
that is quadratic in form, do not forget the step that gives the solution i/i 
terms of the original variable. 


Solving an Equation Quadratic in Form 


Solve 12.V 4 — 
SOLUTION 


3i/ - 2 = 0 


I l.v 2 + 2 = 0. 

I 2a* 4 - 1 l.v 2 + 2 = 0 
12(.v 2 ) 2 - 1 1 v 2 +2 = 0 
1 2u 2 - 1 1 // + 2 = 0 
(3// - 2)(4// - 1 ) = 0 

or 4u — 1=0 


ll 


x 


X 


X 



± 

~VT 

Ve 


+ 


or 


or 


or 


V5 

V3 


or 



Check that the solution set is 




= (x'-y- 

Let it = v* Then u : = i J 
Solve the quadratic equation 
Zem-Iactor propem 

Solve each equation 

Replace ii with v : 

Square root propem 

(Section 1.4) 

Simphfv radical*. 

(Section R.7) 


Now Try Exercise 77 


N(>I I Some equations that arc quadratic in form are simple enough to 
avoid using the substitution variable technique For example, to solve 

1 —-T J 1 l.v - + 2 = 0, Equation Irom Example *) 

we could factor 12.v 4 - 1 l.v 2 + 2 directly as (3v 2 - 2)(4.v 2 - 1), set each 
t actor equal to zero, and then solve the resulting two quadratic equations. 
Which method to use is a matter of personal preference. 



Decide what values of the variable cannot possibly be solutions for ea ch equation Do 
not solve. See Examples 1 and 2, 



x 


5x-2 


= 0 


4. 


6 . 


2 _5_ 

x + 3 -v — 1 



-5 

ar 2 + 2.v - 3 
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Solve each equation. See Example l. 
2v + 5 3.x 

7 ’ 


9. —-— = —--1- 3 

v - 3 x - 3 

-2 3 -12 


11 . 


13. — 


V - 3 a 4- 3 A- - 9 

4 1 2 


2 + v — 6 x 2 — 4 x 2 4- 5x 4- 6 


4a 4- 3 2 V 

S. -;-— = v 

4 x 4- 1 


1 «. —— = 4 + 4 


- 4 x - 4 

3 1 

12. -- 4- 


12 


14. 


v- 2 x+ 2 x 2 - 4 

3 1 7 


x - 4 - x — 2 \ * — I 2x 2 4- 6x 4- 4 


Solve each equation See Example 2. 

y-. 2x4-1 3 -6 

b. 


17. 


x - 2 x x 2 - 2x 
x 1 2 


A — 1 X + 1 X 2 — 1 


19. ^ ^ = IS 

X- X 


21 . 2 = 


-1 


23. 


2 v - 1 (2x — 1 p 

2 a - 5 x — 2 


16. 


18. 


4 v + 3 2 


1 


v 4- I X X 2 4- x 
-x 1 -2 


X 4- 1 X — 1 X 2 — 1 


7 .19 - 

20 . — 4 - — =6 
x 2 x 

7 3 

22. 6 =~ -r + 


24. 


2x — 3 (2x — 3) 2 

x 4- 4 __ x — 1 
2x ~ 3 



26. 


3x 2 
x- 1 


4* 2 = 


x- 1 


Solve each problem. See Example 3. 

27. Painting a House (This problem 
appears in the 1994 movie Little Big 
Leagued) If Joe can paint a house in 
3 hr. and Sam can paint the same 
house in 5 hr. how long does it take 
them to do it together? 

28. Painting a House Repeat Exercise 27, 
but assume that Joe takes 6 hr working 
alone, and Sam takes 8 hr working 
alone 

29. Pollution in a River Two chemical plants are polluting a river. If plant A produces 
a predetermined maximum amount of pollutant twice as fast as plant B. and together 
they produce the maximum pollutant in 26 hr, how long will it take plant B alone? 






Part of Job 


Rate 

Time 

Accomplished 

Pollution from A 

1 

X 

26 

7 (26) 

Pollution from B 


26 



30. Filling a Settling Pond A sewage treatment plant has two inlet pipes to its settling 
pond. One pipe can fill the pond 3 times as fast as the other pipe, and together they 
can fill the pond in 12 hr. How long will it take the faster pipe to till the pond alone? 

.31- Filling a Pool An inlet pipe can fill Blake's pool m 5 hr. while an outlet pipe can 
empty it in 8 hr. In his haste to surf the Internet, Blake left both pipes open. How 
long did it take to fill the pool 1 
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32. Filling a Pool Suppose Bloke discovered his error (see Exercise 31) after an hour- 
long surf. If he then closed the outlet pipe, how much more time would be needed to 
fill the pool? 

33. Filling a Sink With both taps open. Robert can fill his kitchen sink in 5 min. When 
full, the sink drains in 10 min. How long will it take to fill the sink if Robert forgets 
to put in the stopper? 

34. Filling a Sink If Robert (see Exercise 33) remembers to put in the stopper after 
I min, how much longer will it take to fill the sink? 

Solve each equation . See Examples 4—6. 


35. x - Vlr+3 = 0 
37. Vlr + 7 = 3 a + 5 
39. V4.v + 5 - 6 = 2.x - 11 
41. V4x - .x + 3 = 0 
43. Vx - V.v - 5 = 1 
45. V.x + 7 + 3 = V.v - 4 
47. Vlv + 5 - Vx + 2 = 1 
49. V5x = V5.v + 1 - 1 
51. Vr + 2 = 1 - V3.v + 7 
53. V2V7x + I = Vlr -I- 2 
55. 3 - Vx = V2V^- 3 
57. V4.v + 3 = V2x - 1 
59. Vs.x 2 - 6.x + 2 - Vx = 0 
61. Vx - 15 = 2 
63. Vx 2 + 2.x = V3 

Solve each equation. Sec Example 7. 

65. a 1 - = 125 

67. (x 2 + 24.x) 1/4 = 3 

69. (x - 3) 2 ' 5 = 4 

71. (2v + 5)' n - (6.x - 1 ) ,n = 0 

73. (2v - 1)^» = 

75. a-'' = 2x'* 

Solve each equation Sec Examples S and 9. 

77. 2v 4 - 7.x 2 + 5=0 

79. x J + 2 a- - 15 = 0 

81. (a - I + ( v - 1 ) ,/x -12 = 0 

83. (a + 1 - 3{ \ + 1 )>’ + 2 = O 

85. 6( \ -t- 2) 4 — l 1 ( v + 2)- = —4 

87. lOi - + 3 lx • - 7 = () 

89. a 2 * + i 5 ^ - 6 = 0 

91. 16 i 4 - tiS \ - -»• 4 = 0 


36. x - Vlr + 18 = 0 
38. V4.x + 13 = 2x - l 
40. V6.x + 7 - 9 = x - 7 
42. V2x - x + 4 = 0 
44. Vx - V.v - 12 = 2 
46. V.x + 5 + 2 = V.x - 1 
48. V4.x + I - V.x - 1 = 2 
50. V5x = Vlv + 1 2 - 2 
52. Vlx - 5 = 2 + Vx - 2 

54. V3V2r+~5 = VSx - 6 
56. Vx + 2 = \A + 7 Vx 
58. V5x = Vs.v + 2 
60. V3.x 2 - 9x + S = Vx 
62. Vlv + I = 1 
64. Vx 2 + 6x = 2 

66. x 5/4 = 32 

68. (3x 2 + 52v) ,M = 4 

70. (x + 200p 3 = 36 

72. (3.v + l) ]ry - (4.v + 2) 1 * = 0 

74. (x - l) 2 * = (4.x) 1 ' 5 

76. 3.x V4 = a 1/2 

78. 4a 4 - 8a 2 + 3=0 
80. 3a 4 + 10a 2 - 25 = 0 
82. (2v - 1)-' + 2(2.v - 1 )*« -3 = 0 
84. (a + 5) 2M + (a + 5)‘ ‘ - 20 = 0 
86. 8( v - 4) 4 - 10( a - 4) : = -3 
88. 1 \ - - I O r '—8 = 0 
90. 2 v 2 ' - x *'-1=0 
92. (i25 x 4 - 


125 x 2 + 4 = O 
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CHAPTER 1 Equations and Inequalities 


Relating Concepts 


For individual or collaborative investigation (Exercises 93—96 ) 

In this section nr introduced methods of solving equations quadratic inform by 
substitution and solx ing equations involving radicals by raising each side of the 
equation to a pow er Suppose nr wish lo solve 

x - V x - 12 = 0. 



llr can solve this equation using either of the two methods. Work Exercises 93—96 
in order to sec how both methods apply. 

93. Let u = \ x and solve the equation by substitution What is the value ol u that 
does not lead to a solution ol the equation 7 

94. Solve the equation by isolating \ x on one side and then squaring W hat is the 
value of x that does not satisfy the equation? 

95. Which one of the methods used in Exercises 93 and 94 do you prefer' 1 W by? 

96. Solve 3.x. — 2 V.r — 8 = 0 usins one of the two methods described 


Solve each equation for the indicated variable . Assume all denominators are nonzero. 
97. d = k\/h, for/t 98. x 2ri 4- y 21 * = a 213 , fory 


99- m 3 * 4 4- n M = I, for m 
E R 4* r 

101. — =-, for e 

e r 


100. i= —+ —. for R 
R n r 2 

102. a 2 4- b 2 = c 2 , for b 



Summary Exercises on Solving Equations 


This section of miscellaneous equations provides practice in solving all the types intro¬ 
duced in this chapter so far . Solve each equation. 


1. 

4x - 3 = 2x 4- 3 

2. 

3. 

x(x 4- 6) = 9 

4. 

5. 

Vx 4- 2 4* 5 = Vx 4- 15 

6. 

7. 

3x 4- 4 2x 

8. 

3 x-3” X 

9. 

_ 2 I _ 

5- 4—— — 0 

x x- 

10. 

11. 

x" 2 ' 5 - 2x -,,s - 15 = 0 

12. 

13. 

x 4 - 3X 2 - 4 = O 

14. 

15. 

V2x 4- I = V9 

16. 

17. 

3[2x - (6 - 2x) 4- 1 ] = 5x 

18. 

19. 

(14 - 2x) 2/3 = 4 

20. 

21. 

3 3 

22. 

x — 3 x — 3 


5 - (6x 4- 3) = 2(2 - 2.r) 

x 2 = 8x - 12 

5 _6__ 3 

x + 3 x - 2 x 2 4- x - 6 



(2x + 1 ) 2 = 9 

Vx 4- 2 ■+■ 1 = V'lv + 6 
1 It + 0 3 = 0.7.x - 0 9 
3x 2 - 2x = - I 
Vx 4- 1 = \11 - V x 
2x"» - x' 2 = 1 

a 2 -t- b 2 = € % for a 
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Inequalities 


Linear Inequalities 
Three-Part Inequalities 
Quadratic Inequalities 
Rational Inequalities 


An inequality says that one expression is greater than, greater than or equal 
to, less than, or less than or equal to another (Section R.2). As with equations, 
a value of the variable for which the inequality is true is a solution of the in¬ 
equality, and the set of all solutions is the solution set of the inequality. Two 
inequalities with the same solution set are equivalent. 

Inequalides are solved with the properties of inequality, which are similar to 
the properties of equality in Section 1.1- 

Properties of Inequality 

Let a, b , and c represent real numbers. 

Is If a <T b. then a 4- c < b 4- c. 

2. If a < b and if c > 0, then ac < be. 

3. If a < b and If c < 0, then ac > be. 

Replacing < with >, <, or > results in similar properties. (Restrictions on c 
remain the same.) 


NOTE Multiplication may be replaced by division in Properties 2 and 3. 
Always remember to reverse the direction of the inequality symbol when 
multiplying or dividing by a negative number. 


Linear Inequalities The definition of a linear inequalir\ , is similar to the 
definition of a linear equation. 

Linear Inequality in One Variable 

A linear inequality in one variable is an inequality that can be written in 
the form 


ax 4* b > 0, 


where a and b are real numbers, with a ^ 0. (Any of the symbols <, 
and s may also be used.) 


Linear Inequalities 
Three-Part Inequalities 
Quadratic Inequalities 
Rational Inequalities 


i:—Solving a Linear Inequality 


Solve — 3.V 4- 5 > —7. 
SOLUTION — 3.r 4- 5 > -7 



3-V 4-5 5> 7 — 5 Subtract 5 

— 3.v > - 12 



Divide by - > Reverse the direction ot the 
inequality symbol when multiplying or dividing 
by a negative number 
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Interval A | Interval It I Interval C 

(-OQ.-4) j (— I. I) J (|,oo) 

H-1-1-0-1-1-1-1-♦-1 1 H 

-4 I) t 

I I 

I I 

Figure 17 


Use .i solid circle on 1. since the. 
symbol is 1 he value —4 tan- 
noi be in ihe solution sei since it 
causes the denominator to equal O 
Use an open Clide . >n —4 


Step 3 Choose test values. 


Interval 

Test Value 

Is ~ " — 2: 1 

J + 4 

True or False? 

A: (-=c. -4) 

—5 

-A, i 

— 5 ^ 

1 

1 False 

B: (-4. 1) 

0 

iT^i 1 

, 

True 

C: (1, =c) 


d, -1 

h 1 

False 


The values in the interval (—4, 1) satisfy the original inequality. The 
value 1 makes the nonstrict inequality true, so it must be included in the 
solution set. Since —4 makes the denominator 0, it must be excluded. 
The solution set is (—4 1 1. 

5/ Now Try Exercise 73. 


CAUTION Be careful with the endpoints of the intervals when solving 
rational inequalities. 


Solving a Rational Inequality 


o 1 2.r — I 

Solve —-< 5. 

3x 4- 4 

SOLUTION 


2x — 1 


3x-F4 

2x — 1 5(3x 4- 4) 

3x4-4 3x4-4 

2x — 1 — 5(3x 4- 4) 
3x 4- 4 

( Be careful with signs. 2x — I — 15x — 20 
" 3x+4 

- I3t — 21 


5 < O Subtract 5 

^ 0 Common denominator is 3i +4 
< 0 Write as a single traction 
< ~ 0 Distnbutiv e propertv (Section R.2) 


3x 4- 4 


O Combine like terms in the numerator 


Set the numerator and denominator equal to O and solve the resulting equations 
to find the values of x where sign changes may occur 


1 3 v - 21 = O 


or 


21 

x =-or 

13 


3\ + 4= 0 

4 

A - - - 
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Use these values to form intervals on the number line, as seen in Figure 18. 


Interi al A | 

[ 

I 

- > 
21 




Interval li 

<2L _±\ 

\ 13 ’ 3 ’ 


Interval C 

(-*-) 


•4 

3 


Uvc an open circle at — y , because 
of the strict inequality, and use an 
open circle at —^ since it causes 
the denominator to equal 0 


Figure 18 

Now choose test values from the intervals in Figure 18. Verify that 
—2 from Interval A makes the inequality true. 

—1.5 from Interval B mukvis liie inequality talse 
0 from Interval C makes the inequality true 
Because of the < symbol, neither endpoint ^ausfies the inequality, so the solu¬ 


tion set is 


(-“■-§) U (-I’ “)■ 


Now Try Exercise 85 


PlPl Exercisers 


Concept Check Match the inequality in each exercise in Column l with its equivalent 
inten'al notation in Column IL 


I 

1. .r < -6 

2. jt s 6 

3. -2<j£6 

4. .r a 0 

5. x ^ —6 

6. 6 :£ .r 

7 - I [ l I I I I I |) | . 

-2 O 6 

8- I C * I I * > I I ) ! ■ 

o \ 

9 ' <i i ^ i i i i i r i i 

/ N. 

-3 0 3 

10 * I I j M I 1 I I I 
— 6 0 


II 

A. (-2,6] 

B. [-2,6) 

C. (-oo T -6] 

D. [6,®) 

E. (-®, -3) U (3. ®) 

F. (-go, -6) 

G. (0.8) 

H. ( — oc, oc) 

I- [-6.®) 

J. (-®.6] 


II* Explain how to determine whether to use a parenthesis or a square bracket when 
graphing the solution set of a linear inequality, 

12. Concept Clu ck The three-part inequality a < a < b means “a is less than .v and .v 
is less than h Which one of the following inequalities is not satisfied bv some real 
number x n 


A. -3 c v < 10 
C. - 3 c a < - i 


B. 0 c v c 6 
D- — 8 c .v < — 1 0 
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s.’/i t « t ii It incqualits Write cmh solution set ut interval notation• See Examples 1 and 2? 


13. —2a + 8 < 16 
15. —2.x - 2 < 1 + x 
17. 3(.v 4* 5) 4- 1 2: 5 4- 3 a 
19. 8x - 3.x + 2 < 2(x 4- 7) 


21 . 


4 v 4- 7 
-3 


S 2x + 5 


i. 


14. — 3.v - 8 < 7 

16. —4a- 4- 3 > —2 -Pa- 

15. 6a - (2a + 3) 4.v - 5 

20. 2 - 4 x + 5(.v - 1) < —6 (a — 2) 


24. 



“6 X + t ( * + 0 


4 

3 


Break-Ei <. n Interval Foul all intervals where each product will at least break even. See 

Example 3. 

25. The cost to produce v units of picture frames is C = 50.x 4- 5000. while the revenue 
is R = 60.x 

26. The cost to produce x units of baseball caps is C — 100a + 6000. while the revenue 
is R — 500.r 

27. The cost to produce x units of coffee cups is C = 105.x -4- 900, while the revenue is 
R = 85a. 

28. The cost to produce x units of briefcases is C = 70 x -+- 500. while the revenue is 
R = 60.x 


Solve each inequality Write each solution set in interval notation. See Example 4. 


29. —5 < 5 + It c 11 

30. -7 < 2 4- 3.x < 5 

31. 10 =£ 2x 4- 4 =£ 16 

32. -6 S bx + 3 ^ 21 

33. — 11 > -3x4- 1 > — 17 

34. 2 > —6a 4- 3 > -3 

3r>. 4 s ^ 

2 

_ x — 3 _ , 

36. :> s 3 SI 

37. -3 =£ - ~ 4 < 4 

— D 

38. 1 s 4 ' T ~ 5 < 9 
—2 

Solve each quadratic inequality- 
a triples 5 and 6. 

Write each solution set in interval notation. See Ex- 

39. x~ — x — 6 > Cl 

40. a 2 - 7x 4- 1 0 > 0 

41. 2.c* — 9x=S 18 

42. 3x 2 + x < 4 

43. - a- - 4x - 6 -3 

44. -x 2 - 6x - 16 > -8 

45. x(x -1)^6 

46. x(x + 1) < 12 

47. x 2 9 

48. A 2 > 16 

49. x J +5x+7<0 

50. 4a 2 4- 3a 4- 1 =2 0 

Sis x 2 — 2x S 1 

52. a 2 4- 4a > - 1 

53. Concept Check Which one of the following inequalities has solution set ( — =*=. *)? 

A. (x — 3) 2 S: 0 

B. (5.x - 6) 2 <0 

C. (6a 4- 4) 2 > 0 

D. (8x 4- 7) 2 < 0 

54. Concept Check Which one of the inequalities in Exercise 53 has solution set 0? 
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Relating Concepts 


For individual or collaborative investigation (Exercises 55 58) 

Inequalities that involve more than two factors, such as 

(3.i - 4 )(.v 4- 2)(.r 4-6) — 0. 

can be solved using an extension of the method show n in Examples 5 and 6. Work 

Exercises 55-5S in order, to see how the method is extended. 

55. Use the zero-factor property to solve (3x — 4)(\ + 2)(x 4- 6) = 0 

56. Plot the three solutions in Exercise 3? on a number line, using closed circles 
because of the nonstnet inequality. ^ 

57. The number line from Exercise 56 should show four intervals formed by the 
three points. For each interval, choose a number from the interval and decide 
whether it satisfies the original inequality. 

58. On a single number line, graph the intervals that satisfy the inequality, includ¬ 
ing endpoints This is the graph of the solution set of the inequality Write the 
solution set in interv al notation. 


Use the technique described in Relating Concepts Exercises 55— 5S to solve each in¬ 
equality Write each solution set in interval notation. 


59. 

(2a - 

- 3) (a 

4- 2) (a - 3) ss 0 

60. 

(a 4- 

5)(3a 

- 4)(a 4 2) > 0 

61. 

4.v - 

A 3 == 

0 

62. 

16.v - 

- A 3 S: 0 

63. 

(.r-h 

1 ) 2 (A 

- 3) < 0 

64. 

(A- 

5) 2 0 

c + 1 ) <0 

65. 

.r 3 4- 

4 .x - - 

9.v 36 

66. 

A 3 + 

3 A 2 - 

- 16a ^ 48 

67. 

A 2 (.T 

4-4) 2 

> 0 

68. 

-v 2 ( 

2-v - 

3) 2 ^ 0 


Solve each rational inequality Write each solution set in interval notation Sec 
Examples S and 9. 


69 . ml s 0 

.V + 5 

72. 6 T > 1 


75. 

78. 


a 4 2 

-4 

1 — .T 
1 

x 4- 2 


5 

3 


„„ 3 —4 

81. > - 

2x — l X 


84. 


70. 

73. 

76. 

79. 

82. 


3.v - 5 
7 


1 


x+2 .t + 2 

-5 ^ 5 

3a 4- 2 x 


x 4- 1 .T 4- 3 


85. 1 

x — 5 


A -4- 1 

A — 4 

> 0 

71. 

1 — .V 

v + 2 

< -1 

3 

< 2 

74. 

3 

< l 

A — 6 

A - 2 

-6 



10 



77. 


80. 


83. 


3 4- 2a 

5 12 


.v 4- I v -I- I 

4 3 

2 - A “ 1 A 


4 - 2 

86. =3 d 

3 4- 2x 


Solve each rational inequality. Write each solution set in interval notation. 

9x - 8 


o-, 2x— 3 

87. 


0 


90. 


.r- 4- 1 

(5.v- 3) 3 
(25 - 8x) 2 


88 . 


4x 2 4- 25 


0 


(5 - 3.v) 2 

® 9 * (2x - 5) 3 > ° 


0 91. gj~ 3)(a y 8) a 0 92. P*T ll)( ?f.- 7) > o 


U - 6) 5 


(3.. - 8)’ 































148 


CHAPTER 1 Equations and Inequalities 


i '/<»./, ling) Solve each problem For Exert ises 95 and 96, see Example 7. 

W. , . \ US movie box office receipts, in billions of dollars, are shown 

in 5-year increments from 1989 to 2009 (Source, www boxofficemojo.com) 


Year 

Receipts 

I9S9 

5.033 

1994 

5 396 

1999 

7.413 

2004 

9.381 

2009 

10.595 



These receipts R are reasonably approximated by the linear model 


R = O 3022.V + 4 542, 

where v = 0 corresponds to 19S9. a = 5 corresponds to 1994, and so on. Using the 
model calculate the year in which the receipts first exceed each amount. 

(a) $6.5 billion <b) S10 billion 

94. Recovery of Solid Waste The percent W of municipal solid waste recovered is 
shown in the bar graph The linear model 


W = 0 68a + 30.6, 

where x = 1 represents 2004. v = 2 represents 2005, and io on. fits the data reason¬ 
ably well. 

<u> Based on this model, when did the percent, of waste recovered first exceed 329b? 
(b) In what years was it between 335E and 34^° 


Municipal Solid Waste Recovered 



Source: US Envurmxncmal Protection Agency 


Height of a Projectile A projectile is fired straight up from ground level. After t 
seconds, its height above the ground is s feet, where 

s = —16 t 2 + 220/. 

For what time period is the projectile at least 624 ft above the ground? 

96. Height of a Baseball A baseball is hit so that its height, s. in feel after / seconds is 

s = —16r 2 + 44r 4- 4. 

For what tune period is the ball at least 32 ft above the ground'’ 

97. Velocity of an Object Suppose the velocity, v. of an object is given by 

v = 2/- — 5/ - 12. 

where / is time in seconds. (Here t can be positive or negative I Find ihe intervals 
where the velocity is negative. 
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98. Velocity of an Object The velocity of an object. v, alter t seconds is given by 

v = 3 1 2 - 18/ + 24 



Find the interval where the velocity is negative 


A student attempted to solve the inequality 


2-r - 3 

.r + 2 


=£ 0 


by multiplying each side by x + 2 to gel 

1( - 3 £ 0 

3 

x - 2* 

He wrote the solution set a* ( — v ] Is his solution correct 7 Explain 

100. A student solved the inequality i 2 — 144 by taking the square root of each side 
to get x as. 12. She wrote the solution set as (— 3C . 12] Is her solution correct 0 

Explain. 



Absolute Value Equations and Inequalities 




a Basic Concepts 

o Absolute Value 
Equations 

n Absolute Value 
Inequalities 

s Special Cases 

□ Absolute Value Models 
for Distance and 
Tolerance 


Basic Concepts Recall from Section R.2 that the absolute value of a 
number a , written \a j, gives the distance from a to 0 on a number line B\ this 

definition, the equation |.r| = 3 can be solved by finding all real numbers at a 
distance of 3 units from 0. As shown in Figure T9, two numbers satisfy this equation. 
3 and —3, so the solution set is {—3, 3}. 


Distance Distance 

# Is 3. Is 3. 

Distance Is i DLilaiiLv Is DUbiWt* Is j Is 

greater than 3» { thnn 3.less than 3, | greater than 3» 

c - ■ . —4 ^ ■ » 

-3 0 3 


Rgure 19 


LOOKING AHEAD TO CALCULUS 

The precise definition of a limit in cal- 
cuius requires writing absolute value 
inequalities. 

A standard problem in calculus ts to 
find the ^interval of convergence" or 
something called a power series by 
solving an inequality of the form 

|.r - <i| < r 

Tins inequality says that i can he 
any number within r units of a on the 
number line, mi its solution set is in¬ 
deed an interval—namely the interval 

I 4l — r. tj r) 


Similarly, |x| < 3 is satisfied by all real numbers whose distances from U 
are less than 3—that is. the interval 

-3<.r<3. or (-3.3). 

See Rgure 19. Finally, |.v J >• 3 is satisfied by all real numbers whose distances 
from 0 are greater than 3. These numbers are less titan —3 or greater than 3, so 
the solution set is 


(-*. -3) U (3. *). 

Notice in Rgure 19 that the union of the solution sets of |.rj — 3, |.r| < 3, and 
|.v| > 3 ts the set of real numbers. 

These observations support the cases for solving absolute vulue equations 
and inequalities summarized in the table on the next page. If the equation or 
inequality fits the form of Case 1. 2. or 3. change it to its equivalent form and 
solve. The solution set and its graph will look similar to those shown. 
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Special Cases The three cases given in this section require the constant Ar to 
be positive When A < 0, use the fact that the absolute value of any expression 
must be nonnegative, and consider the truth of the statement. 


Solving Special Cases 

Solve each equation or inequality. 

(a) 12 — 5.r| > —4 (b) |4.v-7| 


-3 (c) 1 5x + 15 | = 0 


SOLUTION 

(a) Since the absolute value of a number is always nonnegative, the inequality 

|2 — 5.v| ^ —4 is always true. 

The solution set includes *41 real numbers, written (—°°). 

(b) There is no number whose absolute value is less than —3 (or less than any 

negative numberV 

The solution seio£ |4 jc — 7| < —3 is 0. 

tc) The absolute value of a number will be 0 only if that number is 0. There¬ 
fore. 1 5.v + 15) = 0 is equivalent to 

5x + 15 = 0, which has solution set {—3}. 

- HECi Substitute —3 into the original equation. 

5a 4- 15} = 0 Original equation 

i-5( —3) t 15 j 0 Let x = —3. 

0 = 0 / True 


't/f Now Try Exercises55. 57. and S3. 


Absolute Value Models for Distance and Tolerance If a and b represent two 
real numbers, then the absolute value of their difference, 

either | a — b | or \b — a J, (Section IL2) 

represents the distance between them. 

dslng Absolute Value Inequalities to Describe Distances 
Write each statement using an absolute value inequality. 

(a) k is no less than 5 units from 8. (b) n is within 0.001 unit of 6. 

SOLUTION 

(a) Since the distance from k to 8. written 1A — 8 | or 18 - A |. is no less than 5, 
the distance is greater than or equal to 5. This can be written as 

j* — 8| >: 5, or, equivalently. |8 - A*| Sr 5 hither lurm i- .i^epuble 

(b) This statement indicates that the distance between n and 6 is less than 0.00 1 . 

{« — 6| < 0.001. or, equivalently, 6 — n < 0.001 

l/ Now Try Exercises 83 and SS 
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Using Absolute Value to Model Tolerance 

Iu quality control and other applications, vve oltcn wish to keep the dillerence 

between two quantities within some predetermined amount* called the toler¬ 
ance. Suppose v = 2x + 1 and we want v to be within 0 01 unit of 4. For w hat 
values of v will this be true? 

SOLUTION |>* — 4| < 0.01 

[2* + I — 41 < 0.01 

|2x-3| < 0.01 

-0.01 < 2x - 3 <0.01 

2.99 < 2* < 3.01 

1.495 < x < 1.505 

Reversing these steps shows that keeping x in the interval ( 1.495. 1.505 i 
ensures that the difference between y and 4 is within 0 01 unit. 

V' Now Try Exercise 89. 


W rite .in absolute value inequality 
Substitute 2.x — I lor v 
Combine like terms 
Case 2 

Add ' iv each pan 
Do idc each pan b; 2 



Concept Check Match each equation or inequality in Column i with the qraph of its 
solution set in Column II. 

I II 


1. 

1*1 = 7 

A. 

2_ 

\x\ = -7 

B. 

3. 

1*1 > -7 

C. 

4. 

1*1 >7 

D. 

5. 

1*1 < 7 

E. 

6. 

IV 

•4 

F. 

7. 

r- 

VI 

5 

G. 

8. 

U1 *• 7 

H. 


-7 
—b- 


-7 

-t 


-7 


-7 


-7 


-7 

Hr 


-7 


-7 


Solve each equation . See Example I . 

9. 13* - 11 = 2 10. 14* 21 — 5 


12. | 7 - 3* | = 3 
5 


15. 


18. 


* - 3 
2* 4- 3 


= 10 


= I 


13. 


16. 


x - 4 


3 


= 5 


= 4 


0 

-+- 


0 

4- 


o 


0 


3* — 4 
21. [4 - 3*1 = | 2 - 3.x 


2 * - 1 
19. | 2* - 3 1 = | 5* + 4 | 
22. | 3 - 2*| = |5 - 2*| 


7 


7 

7 

■ 4 - 

7 

-*■ 


11. I5-3*| = 3 
a 4- 2 


14. 


17. 


2 

6* 4- 1 


= 7 


= 3 


A* ~ 1 

20. |a 4- 1 | = | 1 - 3*| 
23. 1 5* - 2 I = I 2 - 5* 
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24. The equation |5\ — 6| = cannot have a negative solution. Why? 

25. The equation |7.\ + 3| = —5x cannot have a positive solution. Why? 

26. ;u ( . ( lu ck Determine the solution set of each equation by inspection, 

fa) —|x| m jx| (b) (-a| = |x| (c) |.x 2 | = |x| (d) — |x| = 9 

Solve each inequality Give tin solution set using interval notation. See Example 2. 

29. 1 2x + 51 S: 3 


27. | 2x + 51 3 

30. \3x- 4j > 2 

33i 4|x — 31 > 12 
36. 17 - 3x| > 4 


28. 13.r — 41 < 2 

31. 


1 

< 2 

32. 

3 

— — _r 

— + X 

2 



5 


< 1 


34. 5\x + 11 > 10 
37. 15 — 3.r | < 7 


2 1 

1 

5 1 

—x + — 

s — 40. 


1 3 2 

6 

3 _ 2 X 


2 

9 


35. 15 - 3x| > 7 
38. 17 - 3.r| == 4 

41. 10.0hr 4- 1 | <: 0.01 


42. Explain why the equation |x| = has infinitely many solutions. 

Solve each equation or inequality. See Examples 3 and 4. 

43. |4x+3[ —2= -1 44. J 8 — 3x| — 3 = —2 45. 16 - 2x | + 1 = 3 

46. |4 — 4x | 4-2 = 4 47. |3x 4- 11 — 1 < 2 


49. 


5x + - 
2 


-2<5 


50. 


2x + “1 + 1 <4 


48. j 5x + 2 1 — 2 < 3 
51. 110 — 4x| + I >5 
54. | -5.x + 71 - 4 < —6 

57. (6-3x1 < “ 1 I 
60. 17 + 2.x J = 0 
63. |2x + 1 | 0 

66. 14.x + 31 > 0 



52. 112 — 6xj + 3 > 9 53. |3x — 71 + 1 < —2 

Solve each equation or inequality. See Example 4. 

55. 110 — 4xJ =s —4 56. | 12 — 9x| == —12 

58. I 18 — 3x| < —13 59. [ 8x + 5 | = 0 

61. |4 3x + 9.81 < 0 62. | 1.5x — 141 <: 0 

64. 13x + 21 < 0 65. 13.x + 21 > 0 


Relating Concepts 


For individual or collaborative investigation (Exercises 67-70 J 

To see how to solve an equation that ini olves the absolute value oj a quadratic 
polynomial, such as |.r* XI = 6. work ExerciScs 67—70 in order. 

67. For v — v to have an absolute v alue equal to 6, what are the two possible val¬ 
ues that it may be 1 (Hint One is positive and the other is negative.) 

68. Write an equation slating that v - — x is equal to the positive value you found in 
Exercise 67, and solve it using factoring. 

69. \\ rile an equation stating that ,t : — \ is equal to the negative value you found 
in Exercise 67, and solve u using the quadratic formula. (Hint: The solutions 

are not real numbers.! 

70. Give the complete solution set of j x 2 — xj = 6. using the results from Exer¬ 
cises 68 and 69. 


Use the method described in Relating Concepts Exercises 67—70, if applicable, and 
properties of absolute value to solve each equation or inequality f Hint Exercises 77 and 
78 can be solved by inspection. ) 

71- (3x 2 + x| = 14 72. (2_r 2 - 3xJ = 5 


73. 4\ : - 2^\ - 6 j = O 
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74. \6x 1 + 23x 2 + 7x\ = 0 75. 

1*2+11-12*1 

= 0 76. 

77. I* 4 + 2.<» + 11 < 0 

78. 

|.r- + 10( < 0 

1 X — 4 

79. — >0 

I 3.v + 1 

80. 

9 ~x 

— -— > 0 

7 + 8.t 


81. Concept Check Write an equation involving absolute value that the distance 

between p and q is 2 units. 

82. Concept Check Write an equation involving absolute value that says the distance 
between r and s is 6 units. 

Write each statement as an absolute value equation or inequality See Example 5. 

83. m is no more than 2 units from 7. 84. z is no less than 5 units Irom 4. 

85. p is within 0.0001 unit of 9. 86. k is within 0.0002 unit of 10 

87. r is no less than 1 unit from 29. 88. q is no more than 8 units from 22 

89. Tolerance Suppose that y = 5x + 1 and we want y to be within 0 002 unit of 6 For 

what values of x will this be true? 

90. Tolerance Repeat Exercise 89, but let y = 10.r 4- 2. 

(Modeling) Solve each problem. See Example 6. 

91. Weights of Babies Dr. Tydings has found 
that, over the years, 95% of the babies he 
has delivered weighed x pounds, where 

\x - 8.21 £ IS. 

What range of weights corresponds to this 
inequality? 

92. Temperatures on Mars The temperatures on the surface of Mars in degrees Celsius 
approximately satisfy the inequality | C + 841 :S 56. What range of temperatures 
corresponds to this inequality? 

93. Conversion of Methanol to Gasoline The industrial process that is used to convert 
methanol to gasoline is carried out at a temperature range of 680°F to 780°F. Using 
Fas the variable, write an absolute value inequality that corresponds to this range. 

94. Wind Power Extraction Tests When a model kite was flown in crosswinds in tests 
to determine its limits of power extraction, it attained speeds of 98 to 148 ft per sec 
in winds of 16 to 26 ft per sec. Using x as the variable in each case, write absolute 
value inequalities that correspond to these ranges. 

(Modeling) Carbon Dioxide Emissions When humans breathe, carbon dioxide is 

emitted. In one study, the emission rates of carbon dioxide by college students were 

measured during both lectures and exams. The average individual rate R^ (in grams per 

hour) during a lecture class satisfied the inequality 

| R l - 26.751 s I -42. 

whereas during an exam the rate Rf? satisfied the inequality 

| Re - 38.751 ^ 2.17. 

< Source: Wang. T. C.. ASHRAE Trans.. 81 (Part l), 32.) 

Use this information in Exercises 95—96. 

95. Find the range of values for R L and Rp . 

96. The class had 225 students !i 7/ and 7~£ represent the total amounts of carbon 
dioxide in grams emitted during a one-hour lecture und exam, respectively, write 
inequalities that model the ranges for T t und T t 
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CHAPTER 1 Equations and Inequalities 


Concepts 


Examples 


Absolute Value Equations and Inequalities 

Sohing Absolute \ alue Equations and Inequalities 

For each equation or inequality in Cases 1-3. assume that 
k > 0 


Case I: To solve | \ | — k, use the equivalent form 
•r = k or .r = — k. 


(- a\t 2. To solve : i \ c k, use (lie equivalent form 

-k C x < k. 


Case 3: To solve \x\ > k . use the equivalent form 

< - —k or x > k. 


Solvi 


1 5x — 2 j = 3 


Solve 


Solve. 


— 2 = 3 or 

u 

1 

10 

11 

1 

10 

5.r = 5 or 

5.v = — 1 

,v = 1 or 

1 

5 

5 • 1 } 


1 5x — 21 < 3 


-3 < 5x - 2 < 3 

— 1 < 

5x < 5 

I 

5 < 

x <1 

~^1) 


ISjc- 21 s: 3 


5x — 2 < —3 

or 5x — 2 

5x < -1 

or 5x 

1 

or x 

u [l 

* 30 ) 


3 

5 

1 


i - SI- Tii nffvm ' - iij'H -mi tmm mm M m m g w r -- --- 

U Chapter 1 

Review 

Exercises 


Solve each equation. 


1. lx + 8 = 3x + 2 

3. 5x - 2(jc + 4) = 3(2_r + 1) 
24/ 


2 * { 

4. 9.t — I 1 (A 4- p) = x(a ~ I ) . for .x 


5. A = 


B{p+ 1) 


. for/ (approximate annual interest rate) 


6. Concept Check Which of the following cannot be a correct equation to solve a 
geometry problem, if x represents the measure of a side of a rectangle? ( Hint: Solve 
the equations and consider the solutions.) 

A. 2x +■ 2{x + 2) = 20 B. 2.r + 2(5 + r) = -2 

C. 8(.r + 2) + Ax =16 D. 2x -+- 2(.t — 3) = 10 
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7. Concept Check If x represents the number of pennies in ajar in an applied problem, 
which of the following equations cannot be a correct equation for linding \ ’ (Hint 
Solve the equations and consider the solutions.) 

A. 5.r + 3 = 11 B. 12-r + 6 = —4 

C. IOO.v = 50(.x + 3) D. 6(.v + 4) = .r + 24 

8. Airline Carry-On Baggage Size Carry-on rules lor domestic economy-class tra\el 
differ from one airline to another, as shown in the table 


Airline 

Size (linear inches) 

AirTran 

55 

Alaska/Horizon 

51 

American 

45 

Delta 

45 

Southwest 

50 

United 

45 

USAirways 

45 


Source lndt\idual airline websites 



To determine the number of linear inches for a carry-on. add die length, width, and 
height of the bag. 

(a) One Samsonite rolling bag measures 9 in. by 12 in. by 21 in. Are there an> air¬ 
lines that w ould not allow it as a carry-on 

lb} A Lark wheeled bag measures 10 in. by 14 in by 22 in. On which airlines does 

it qualify as a carry-on? 

Solve each problem. 

9. Dimensions oj a Square if the length of each side of a square is decreased b\ 
4 in., the perimeter of the new square is 10 in. more than half the perimeter of the 

original square What are the dimensions of the originnl square? 

10. L>i lance from a library Becky Anderson can ride her bike to the university libmn. 
in 20 min. The tnp home, which is all uphill, takes her 30 min. If her rate is 8 mph 
faster on her trip there than her trip home, how far does she live from the library ’ 

11. Alcohol Mixture Alan wishes to strengthen a mixture that is 10% alcohol to one drat 
is 30% alcohol. How much pure alcohol should he add to 12 L of the 10% mixture ' 

12. Loan Interest Rates A realtor borrowed $90,000 to develop some property. He en¬ 
able to borrow part of the money at 5.5% interest and the rest at 6%. The annual 
interest on the two loans amounts to $5125. How much was borrowed at each rate? 

13. Speed of an Excursion Boat An excursion boat travels upriver to a landing and 
then returns to its starting point. The trip upriver takes 1.2 hr, and the trip back lakes 
0.9 hr. If the average speed on the return trip is 5 mph foster than on the trip upriver, 
what is the boat’s speed upriver? 

14. Toxic Waste Two chemical plonts are releasing toxic waste into a holding tank. 
Plant 1 releases waste twice as fast as Plant II. Together they fill the tank in 3 hr. 
How long would it take the slower plant to fill the tank w orking alone? 

15. (Modeling) lu'iid Intake As directed by die “Safe Drinking Water Act” of December 
1974. the EPA proposed a maximum lead level in public drinking water of 0 05 mg per 
liter This standard assumed an individual consumption of two liters or water per day. 

(a) If EPA guidelines are followed, write an equation that models the maximum 
amount of lead A ingested in .r years. Assume that there are 365.25 days in a year. 

(b) If the average life expectancy is 72 yr. find the EPA maximum lead intake from 
water over a lifetime 














Inequalities 


16. ( Onlun R< rail s.//t s ITojecicd e-commcrce sales (in billions of dollars; 

lor the years 2007-2012 can be modeled by the equnlion 

\ = 32.13a + 172.59. 

where .r= 0 corresponds to 2007, x = 1 corresponds to 2008, and so on. Based 
on this model, what would you expect the retail e-commerce sales to be in 201 2? 
C Source : Forrester Research, Inc.) 

17. (Modeling) Minimum Wage Some values of the U.S. minimum hourly wage, in 
dollars, for selected years from 1956 to 2009 are shown in the table. The linear 
model 

y = 0.1132ar+ 0.4609 

approximates the minimum wage during this time period, where .r is the number of 
years after 1956 and y is the minimum wage in dollars. 


i ear 

Minimum 

Wage 

\ car 

Minimum 

Wage 

iV56 

1.00 

1996 

L 

4.75 

1963 

1 25 

1997 

5.15 

1975 

2.10 

2007 

5.85 

1981 

335 

2008 

6.55 

1990 

3.80 

2009 

7.25 


Source- Bureau of Labor SLausucs 



(a) Use the model to approximate the minimum wage in 1990. How does it compare 
to the data in the table? 

(b) Use the model to approximate the year in which the minimum wage was S5.85 
How does your answer compare to the data in the table? 

18. (Modeling) Mobility of the U.S. Population The U S. population, in millions, is 
given in the table. The figures are for the midyear of each decade from the 1960s 
through the 2000s. If we let the midyear shown in the table represent each decade, 
we can use the population figures of people moving with the data given in the graph 


Year 

Population 

1965 

194 

1975 

216 

1985 

238 

1995 

263 

2005 

296 


Source US Census 
Bureau 


Less Mobile Americans 


at 

a 

fil 


30 


20 


lO 


19.7 


U+fAUL 
18 2 - T7 9 ~ 


16 7 


fcfc 


15.8 


1960 * 1970 * 1980 * 1990 * 2000 * 

Decade 

Srtun'r t. S Census Bureau 


(a) Find the number of Americans, to the nearest tenth of a million. mo\ mg in each 
year given in the table 

^ (b) The percents given in the graph decrease each decade while the populations 
given in the table increase each decade From sour answers to pan la), is the 
number of Americans moving each decade increasing or decreasing * livplain. 
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Perform each operation and write answers in standard form 


19. (6 - /) + (7 - 2/) 
21. 15/ - (3 + 2/) - 11 
23. ( 5 -/)(3 + 4/) 

25. (5-1l/)(5 + 11/) 

28. 4/(2 ■+* 5i) (2 - /) 

Find each power of i. 

31- /“ 32. i 60 

Solve each equation . 

37. (a + 7 ) 2 = 5 


26. (4 - 3 /) 2 

-12-i 


29 


-2 - 5/ 


20. (-11 + 2/) - (8 - 7/) 
22. -6 + 4/ - ( 8 / - 2) 

24. (-8 + 2/)( —1 + /) 

27. -5/(3 - i)~ 
-7 + / 


30. 


-1 - i 


33. / 


lOOl 


34. / 


no 


35. / 


-27 


36 * 7n 


38. (2 - 3.r ) 2 = 8 


39. 2a 2 + a - 15 = 0 


40. 12x 2 = 8a* - I 
43. (2a + I )(a — 4) = x 
45. x 2 - V5 a -1=0 


41. —2.r 2 4- I l.r = -21 

44. V 2 .v 2 


42. -a(3a + 2) = 5 
4a + V5 = 0 


46. (a + 4) (a + 2) = 2a* 


47. Concept Check Which one of the following equations has two real, distinct solu¬ 
tions? Do not actually solve. 

A. (3a - 4 ) 2 = -9 B. (4 - 7x ) 2 = 0 

C. (5a - 9) (5a - 9) = 0 D. (7a + 4 ) 2 = 11 


48. Concept Check Which equations in Exercise 47 have only one distinct, real solu¬ 
tion? 


49. Concept Check Which one of the equations in Exercise 47 has two nonreal com 
pi ex solutions? 


Evaluate the discriminant for each equation, and then use it to predict the number and 
type of solutions. 

50. 8a 2 = — 2x - 6 51. —6 a 2 + 2a = —3 52. 16a 2 + 3 = -26 v 

53. -Sx 2 4- 10a = 7 54. 25a 2 4- 1 10a 4- 121 = 0 55. x(9x + 6) = -1 

06 . Explain how the discriminant of ax~ + bx 4- c — 0 (a ^ 0) is used to determine the 
number and type of solutions. 

Solve each problem . 

57. (Modeling) Height of a Projectile A projectile is fired straight up from ground 
level. After t seconds its height .v, in feet above the ground, is given by 

s = 220/ - 16/ 2 . 


At what times is the projectile exactly 750 ft above the ground? 


08 . Oimensinns of a Picture Frame Zach Levy went into a frame-il-yourself shop. 
He wanted a frame 3 in. longer than it was wide. The frame he chose extended 
1.5 in beyond the picture on each side. Find the outside dimensions of the frame if 
the area of the unframed picture is 70 in. 2 . 


^9. Kitchen !■ louring Paula Story plans to replace 
the vinyl floor covering in her 10 -ft by 12 -lt 
kitchen She wants to ha\c a border of even 
width of a special material She can afford onlv 
21 ft* of this material How wide a border cun 
she have'* 




12 ti 


I 



U) f t 
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60. t Modeling i \ir/thtm Landing Speed To deiermirie ihe appropriate landing speed of 
a small airplane, the formula 

D = 0,1 v 2 - 3s + 22 

used, where j the miiial landing speed in Icet per second and D is the length of 
the runway in feeL If the landing speed is too fast, the pilot may run out of runway. 
If the speed is too slow, the plane may stall. If the runway is 800 ft long, what is the 
appropriate landing speed** Round to the nearest tenth. 

61. (A /«■//< ling) U.S. Government Spending on Medical Care The amount spent in bil¬ 
lions of dollars by the U S. government on medical care during the period 1990— 
2010 can be approximated by the equation 

y = 1.717x 2 + 0.8179x + 167.3, 

where x = 0 corresponds to 1990, x = 1 corresponds to 1991, and so on. According 
to this model, about how much was spent by the U.S. government on medical cane 
in 2005? Round to the nearest tenth of a billion. ( Source : U.S. Office of Management 
and Budget ) 

62. Dimensions oj a Right Triangle The lengths of the sides of a right triangle are such 
that the shortest side is 7 in. shorter than the middle side, while the longest side (the 
hypotenuse) is I in. longer than the middle side. Find the lengths of the sides. 



Solve each equation. 


63. 4x* + 3x 2 —1 =0 64. x 2 — 2x 4 = 0 


65. 


i-f-. + f 


66 . 2 


5 = 3_ 
-r x 2 



69. 


x 

x 4- 2 



2 

x 2 4- 2x 


71- (2x -t- 3)*> + (2x + 3) 1/3 -6 = 0 

73. V4x- 2 = V3x+ 1 

75. Vx 4- 2 - x = 2 

77. Vx + 3 - V3x + 10 = 1 

79. Vx 2 3x -2 = 0 

81. V6x + 2 - "VSx = 0 


—!— 68 . = - 

1 — X x 2 + 10 X 

2 1_4_ 

x 2 x 4* 4 x 2 + 6x + 8 

72. (x + 3)-^ - 2(x + 3)“ ,/3 = 3 

74. V2.r + 3 = x + 2 

76. Vi - Vx 4- 3 = -1 

78. V5x - 15 - Vx 4- 1 = 2 

80. V2x = V3.v 4- 2 

82. (x - 2) 2/3 = x m 


Solve each inequality. Write each solution set using inter\‘al notation. 


83. —9x 4- 3 < 4x 4- 10 

84. 

I lx 2 2(.r - 4) 

85. —5x -4 2: 3(2x - 5) 

86. 

7x - 2(.v -3) ^ 5(2 

87. 5 £ 2x - 3 7 

88. 

— 8 > 3v — 5 > —12 

89. x 2 + 3x - 4 £ 0 

90. 

v 2 + 4.V-2I > 0 

91. 6x 2 - llx < 10 

92. 

v 2 - \x 2: 5 

93. x 3 - 16.r =£ 0 

94. 

2-t 1 - 3.i 2 - 5\ < 0 

3x 4- 6 

95. -— > 0 

x — 5 

96. 

A ~t~ 7 

-I ^ n 

2v ^ I 


v) 
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97. 

3.r ~ 2 

-4 > 0 

.r 

98. 

5x + 2 

< I 

X 

99. 

3 _ 5 

100. 

3 2 

.r — 1 .r 4- 3 

x + 2 x — 4 


(Modeling) Solve each problem. 

101. Ozone Concentration Guideline levels for indoor ozone are less than 50 parts per 
billion (ppb). In a scientific study, a Purafil air filter was used to reduce an initial 
ozone concentration of 140 ppb. The filter removed 43% of the ozone. (Source: 
Parmar and Grosjean, Removal of Air Pollutants from Museum Display Cases, 
Getty Conservation Institute, Marina del Rey, CA.) 

(a) What is the ozone concentration after the Purafil air filter is used? 

(b) What is the maximum initial concentration of ozone that this filter will reduce 
to an acceptable level? 

102. Break-Even Interval A company produces earbuds. The revenue from the sale 
of x units of these earbuds is R = Sx. The cost to produce x units of earbuds is 
C = 3.r ■+• 1500. In what interval will the company at least break even? 

103. Height of a Projectile A projectile is launched upward from the ground. Its height s 
in feet above the ground after t seconds is given by 

s = 320r - \6t~. 

(a) After how many seconds in the air will it hit the ground^ 

(b) During what time interval is the projectile more than 576 ft above the ground? 

104. Social Security The total amount paid by the U S. government to individuals 
for Social Security retirement and disability insurance benefits during the period 
2000-2010 can be approximated by the linear model 

y = 29.4.v + 391.2. 

where .r = 0 corresponds to 2000, .r = 1 corresponds to 2001. and so on. The 
variable y is in billions of dollars. Based on this model, during what year did the 
amount paid by the government first exceed S600 billion? Round your answer to 
the nearest year. Compare your answer to the bar graph. 


Social Security Retirement and 
Disability Insurance Benefits 



Siturrr U S Office of Management and Budget 


Ezj 10r> ‘ Without actually solving the inequality, explain why 3 cannot be in the solution set 


of 


\ - 'V 


o 


JZl Without actually solving the inequality, explain why —4 must be in the solution set 


of 1 


it ♦ I 


> 0 
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Rewrite the numerical part of each statement as an inequality using the indicated 

variable . 

107. Teacher Retirement A teacher in the Public School Retirement System of 
Missouri can retire at any age with at least 30 yr of credit. (Source: Public School 
Retirement System of Missouri.) Let c represent the number of years of credit that 
a retiree has earned. 

108. Honor Roll To make the honor list for the 2010 fall semester, students at Missouri 
University of Science and Technology had to carry a minimum of 12 credit hours 
and have a grade point average of 3.2 or above. ( Source: Warren County Record .) 
Let h represent the number of credit hours, and let g represent the grade point aver¬ 
age of a student on the honor list. 

109. Blood Donation Severe winter weather throughout much of the eastern half of the 
United States caused the cancellation of more than 14,000 blood and platelet dona¬ 
tions through the American Red Cross. ( Source: O’Fallon Community News .) Let .r 
represent the number of donation cancellations. 

110. Blood Donation Blood is perishable and has no substitute. Red blood cells have a 
shelf life of 42 days, and platelets have a shelf life of just 5 days. ( Source: O ’Fallon 
Community News.) Let d represent the number of days that red blood cells may be 
stored prior to use. Let p represent the number of days that platelets may be stored 
pnor to use. 


Solve each equation or inequality. 
111. 1jc + 4j = 7 
7 


113. 


-9 = 0 


2 - 3x 
115. |5.r — 1 1 = |2x + 3j 
117. 1 2x 4- 91 =s 3 

119. 1 7jc — 31 > 4 

121. | 3jc + 71 - 5 = 0 
123. | Ax - 121 > -3 
125. |.r 2 -+• 4x| ^ 0 


112 . 

114. 

116. 

118. 


12 - .v | - 3 = 0 

Sx - 1 = 

3x + 2 

\x+ 101 = |x — 11| 
I 8 - 5.r | 2 


120 . 



< 3 


122. |7x -+- 8 | — 6 > -3 
124. 17 - 2-r | < -9 
126. |x 2 + 4x| > 0 


Write as an absolute value equation or inequality. 

127. k is 12 units from 6 on the number line. 

128. p is at least 3 units from I on the number line. 

129. t is no less than 0.01 unit from 5 

130. s is no more than 0.001 unit from 100 



Solve each equation. 


1. 3U - 4) - 5(x ■+■ 2) = 2 - (.x + 24) 



- 4 ) = i - 4 


3- 6.V" — I 1.x — 7 = O 


4. ( 3 X ~r 1 | : = «S 
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5. 

3x 2 + 2x = -2 

6. 

x 2 — 9 x — 3 x + 3 

7. 

4x 3 -6 

+ - 

8. 

V3x + 4 + 5 = 2x + I 


x — 2 -r x~ — 2x 



9. 

V~2x + 3 + Vx + 3 = 3 

10. 

^/3x - 8 = \^9.r + 4 

It. 

x 4 - 17x 2 +16 = 0 

12. 

(x + 3) 2 ' 3 + (x + 3) ,/3 -6 = 0 

13. 

|4x + 3| = 7 

14. 

l2x+ 1| = J5 -x| 


15. Surface Area of a Rectangular Solid The formula for the surface area of a rectan¬ 
gular solid is 

S = 2 HW + 2LAV + 2LH, 


where 5. H, W, and L represent surface area, height, width, and length, respectively. 
Solve this formula for \V. 

16. Perform each operation. Give the answer in standard form. 

(a) (9 - 3/) - (4 + 5/) (b) (4 + 3i)(-5 4- 30 

<c) (8 + 30* M> TTJT 

17. Simplify each power of /. 

(a) i 42 (b) i“ 31 (c) 


Solve each problem. 

18. (Modeling) Water Consumption for 
Snowmaking Ski resorts require large 
amounts of water in order to make snow. 

Snowmass Ski Area in Colorado plans 
to pump between 1 120 and 1900 gal 
of water per minute at least 12 hr per 
day from Snowmass Creek between 
mid-October and late December. 

(Source: York Snow Incorporated.) 

(a) Determine an equation that will 
calculate the minimum amount of 
water A (in gallons) pumped after x days during mid-October to late December. 

(b) Find the minimum amount of water pumped in 30 days. 

(c) Suppose the water being pumped from Snowmass Creek was used to fill 
swimming pools The average backyard swimming pool holds 20.000 gal of 
water. Determine an equation that will give the minimum number of pools P 
that could be filled after x days. How many pools could be filled each day? 

(d) In how many days could a minimum of 1000 pools be filled? 

19. Dimensions of a Rectangle The perimeter of a rectangle is 620 m. The length is 
20 m less than m ice the width. What are the length and width? 

20. .\ut .Mixture To make a special mix, the owner of a fruit and nut stand wants to 
combine cashews that sell for S7 00 per lb with walnuts that sell for S5.50 per lb to 
obtain 35 lb of a mixture that sells for S6.50 per lb. How many pounds of each type 
of nut should be used in the mixture? 

21. Speed of a Plane Mary Lynn left by plane to visit her mother in Louisiana. 420 km 
a\\a\ Fifteen minutes later, her mother left to meet her at the airport. She drove the 
20 km to the airport at 40 km per hr. arriving just as the plune taxied in. What was 
the speed of ihe plane? 
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22. (Modeling i / feight of a Projectile A projee 
level with an initial velocity of 96 ft per sd 
given by the equation 


prUJCLUH- IUO..V,—- C’ 

sec. Its height in feet, a. 


alter r second* 


s = —16/* + 96/. 


(a) At what time(s) will it reach a height of 80 It? 

(b) After how many seconds will it return to the ground. 


23. {Modeling) L.S. Airline Passengers The num- Year i 

A ' 

•* ; 

C 

her of fliers on scheduled flighls of U S airline - 

companies was approximately 548 million 0 

562 

547.8 

544 5 

in 1995. 739 million in 2005. and 704 million J() 

688 8 

738.6 

726 9 

in 2009. (Source Air transport Associiiuun - 

America.) Here are three possible models for 14 

739.5 

703.9 

708 5 


these data, where v = 0 corresponds to the 
year 1995 

A. y = 12 68 v + 562.0 

B. v = -1.98Tv 2 + 38 91 v + 547 8 

C. v = - 1 632.V 2 4- 34 56v + 544 5 

The table shows each equation evaluated at the years 1995. 2004. and 2009 Decide 
which equation most closely models the data for these years 


Solve each inequality Cne the answer using interval notation. 

1 

24. — 2(a — 1 I — 12 - 2(v+ 1 ) — 3 — + 


26. 2v*- i s 3 


27. 


v + I 
V - 3 


5 


28. 12 a - 5 | < 9 


29. 1 2.v 4* 1 | — 11 — 0 


30. | 3.v + 71 ^ 0 


















The mirror image of the left and right 
sides of this cat's face is an example 
of symmetry, a phenomenon found 
throughout nature and interpreted 
mathematically in this chapter. 




2.3 Functions 


2.4- ] Linear Functions 
Chapter 2 Quiz 

2.5 Equations of Lines and 
Linear Models 

Summary Exercises on Graphs, 
Circles, Functions, and Equations 

2.6 Graphs of Basic Functions 

2.7 t Graphing Techniques 
Chapter 2 Quiz 


Function Operations 
and Composition 
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CHAPTER 2 Graphs and Functions 



( tfncf/ji Check Decide whether each statement in Exercises 1—5 is true or ialstx If the 
statement is false, fell why. 

1. The point ( — 1,3) lies in quadrant III of the rectangular coordinate system 

2. The distance from P(x\. yi) to Q(x 2 , _V 2 ) is given by 


d(P. (?) = V(.t, - yi+ (x 2 - y 2 ) 2 


3. The distance from die origin to the point (a. b ) is \ a 2 + b 2 

4. The midpoint of the segment joining (a, b) and (3«. —3b) has coordinates (2d, — b*). 

5. The graph of v = 2.r + 4 has .v-intercept —2 and v-intercept 4 
|h.| 6. In your own words, list the steps for graphing an equation. 


In Exercises ~—10, gi \e three ordered pairs from each table See Example 1. 


X 

y 

S. x 

y 

2 

—5 

3 

3 

- 1 

7 

—5 

-21 

3 

-9 

8 

IS 

5 

-17 

4 

6 

6 

-21 

0 

-6 


9. Percent of High School 10. \ umber of U.S . I iewers of *he 

Students Who Smoke Super Howl 


Year 

Percent 

Year 

Viewers (millions) 

1997 

36 

1998 

90 0 

1999 

35 

2000 

88 5 

2001 

29 

2002 

86 S 

2003 

22 

2004 

89 8 

2005 

23 

2006 

90 7 

2007 

20 

2008 

974 

S 'UfxtLL (LtLUUXa lor 

DiiesiseCoriLr* nnci 

2010 

106.5 


Prevention Source www.tvbythenumbcfs com 


For the points P and Q.Jind (a) the distance d(P. (?) and (b) the coordinates of the mid¬ 
point of the segment PQ. See Examples 2 and 5(a). 

11. P(-5, -7). G(-13. 1) 12. p( —4. 3), Q(2. -5) 

13. P(8.2), 0(3.5) 14. P(- 8.4). <2(3. -5) 

IS. P(—6, -5). 0(6. 10) 16. P( 6 . -2). 0(4. 6) 

1:7, p(3V2.4\/5), q(V 2, -Vs) 18. p(-V 7. 8 V 3 ). q( 5\Zl. ~v5) 

Determine whether the three points are the vertices of a right triangle . See Example 3 » 
19. (-6.-4). (0.-2). (-10.8) 20. (-2.-8), (0.-4). (-4.-7) 

21. (-4.1), (1.4). (-6,-1) 22. (-2.-5). (1.7). (3.15) 

23. (-4.3). (2.5). (-1,-6) 24. (-7.4). (6.-2). (0.-15) 
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Determine whether the three points are collincar See lixantple 4. 


25. (0. -7). (-3.5). (2. -15) 
27. (0.9). (-3. -7). (2. 19) 

29. (-7.4). (6. -2). (-1. I) 


26. (-1.4). (-2,-1). (1. 14) 

28. (-1. -3), (-5. 12). (1,-11) 

30. (-4.3). (2,5). (-1.4) 


Find the coordinates of the other endpoint of each segment, given its midpoint and one 
endpoint Sec Example 5(h). 

31. midpoint (5.8), endpoint (13. 10) 32. midpoint ( — 7. 6), endpoint (—9,9) 

33. midpoint (12. 6), endpoint (19. 16) 34. midpoint ( 9. 8), endpoint ( 16,9) 

35. midpoint (a, b), endpoint ( p . q) 

36. midpoint (endpoint ( b.d ) 


Solve each problem See Example 6. 

37. liachelvr's Degree \ttaimnent The graph 

shows a straight line that approximates 
the percentage ol* Americans 25 years and 
older who had earned bachelor’s degrees 
or higher for the years 1990—2008. Use 
the midpoint formula and the two given 
points to estimate the percent in 1999 
Compare your answer with the actual 
percent of 25 2. 


Percent of Bachelor’s Degrees 
or Higher 



38. Temporary Assistance for Veerf) Eamillt s 

7 I N/ The graph shows an idealized 
linear relationship for the average monthly 
payment per recipient to needy families in 

the TANF program. Based on tins infor¬ 
mation. what was the average payment to 
families in 2004? 


Average Montlil\ Payment to 
TANF Program Recipients 



Sources U.3. Department ii and 

Human Services. 


39. Poverty l^evel Income Cutoffs The table lists 
how poverty level income cutoffs (in dollars) 
for a family of four have changed over time. 
Use the midpoint formula to approximate the 
poverty level cutoff in 2006 to the nearest dollar. 


Year 

Income (in dollars) 

1980 

8414 

1990 

1 3.359 

2000 

17.604 

2(XU 

19.307 

2008 

22.025 


Source U-S* Census Bureau. 
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40. Public College Enrollment Enrollments inj public 
colleges lor receni years are shown in the table 
Assuming a linear relationship, estimate the enroll¬ 
ments for U*> 2002 und (b) 2006. Give answers to 
the nearest tenth of thousands if applicable. 



Enrollment 

Year 

(in thousands) 

2000 

1 1.753 

2004 

12.980 

2008 

1 3.972 


Source: U.S. Census Bureau. 


41. Show that if M is the midpoint of the line segment with endpoints / > (xi, y»j) and 
0(*2._V2). then d{P, M) 4- d(M, Q ) = d{P, Q) and d(P, M) = d(M, Q ). 

42. Write the distance formula d — ">/(x 2 — jcj) 2 4- (y 2 — y i ) 2 using a rational exponent. 


For each equation, (a) give a table with at least three ordered pairs that are solutions, 
and (b) graph the equation. See Examples 7 and 8. 


43. y = ^ x -2 

46. 3x-2y = 6 
49. y = Vx- 3 

52. y= -Jar-*-41 


44. y = —x 4- 3 

47. y = x 2 

50. y = Vx - 3 

53. y = x 3 


45. 2x 4- 3y = 5 

48. y = x 2 4- 2 
51. y=\x~2\ 

54. y = —x 3 


Concept Check Answer the following. 

55. If a vertical line is drawn through the point (4, 3), at what point will it intersect the 
x-axis? 

56. If a horizontal line is drawn through the point (4, 3), at what point will it intersect 
they-axis? 

57. If the potnL-(a. 6). is in the second quadrant, in what quadrant is (a, —b)7 (—a, 
(-a,-b)7 (b t a)? 

58. Show that the points (—2, 2), (13. 10). (21, —5), and (6, -13) are the vertices of a 
rhombus (all sides equal in length). 

59. Are the points A(l, 1), B( 5. 2), C(3.4). and Z>(—1, 3) the vertices of a parallelo¬ 
gram (opposite sides equal id length)? of a rhombus (all sides equal in length)? 

60. Find the coordinates of the points that divide the line segment joining (4. 5) and 
(10, 14) into three equal parts. 



Circles 



n Center-Radius Form 
o General Form 
n An Application 


y 



Cffnter-Rarftijs Form By definition, a circle is the set of all points in a plane 
that lie a given distance from a given point. The given distance is the radius of 
the circle, and the given point is the center. 

We can find the equation of a circle from its definition by using the distance 
formula. Suppose that the point (It, (■) is the center and the circle has radius r, 
where r > 0. Let (x, y) represent any point on the circle. See Figure 13 . 

v\ *2 “ -*! ) 2 + (>'2 - Vj ) 2 = r D istancc Jnnuul.i (Section 2 1) 

V(x - /i) 2 4- (v - A) 2 = r i H.J 

(x — h) 2 + ( v — A*) 2 = r 2 


Rgure 13 


Squ.irc each 'iJ. (Section 1 6) 
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Center-Radius Form of the Equation of a Circle 

A circle with cenier (/;. k) and radius r has equation 

(x - h)- + O' - k)- = r-, 

which is the center- rad ins form ol the equation ol the circle. As a special 
case, a circle with center (0, 0) and radius r has the following equation 

X 2 + y2 = r 2 


fr fi Finding the Center-Radius Form 
Find the center-radius form of the equation of each circle described. 

(a) center at (—3,4), radius 6 (b) center at (0,0), radius 3 

SOLUTION 

(a) (.V — /i) 2 4- (y — it) 2 — r 2 Center-radius form 
[„T — (— 3) ] 2 4- (y — 4) 2 = 6 2 Substitute Let (/r, L) = (—3. 4) and r = 6 

--- r (,r 4- 3) 2 4- (y - 4) 2 = 36 Simplify 

(b) The center is the origin and r = 3. 

x 2 4- 3' 2 = r 2 Special case of the center-radius form 
.r 2 4- y 2 = 3 2 Let r = 3. 

-T 2 + y’ 2 = 9 Apply the exponent 

V' Now Try Exercises 1(a) and 7(a). 

Graphing Circles 

Graph each circle discussed in Example 1. 

(a) (x 4- 3) 2 4- (y - 4) 2 = 36 (b) x 2 4- y 2 = 9 

SOLUTION 

(a) Writing the given equation in center-radius form 

[x- (-3)] 2 4- (v-4) 2 = 6 2 

gives (—3. 4) as the center and 6 as the radius. See Figure 14. 


LOOKING AHEAD TO CALCULUS 

The circle x 2 4- y 3 — 1 is colled the 
unit circle. It is important in interpreting 
the trigonometric or circular functions 
that appear in the study of calculus. 




(b) The graph with center (0. 0) and radius 3 ts shown in Figure 15. 

Now Try Exercises 1th) and 7(b). 
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Determining Whether a Graph Is a Point or Nonexistent 

The graph ot the equation \ I n v - \ - 4v + 33 = 0 either is a point or is 

nonexistent. Which is it? 

SOLUTION 

v 1 + 10a + v 2 — 4v + 33 = 0 

v 2 + 10a* + y 2 — 4y = —33 Subtract 33 


Think: ^(10) J =25 and 4)"j =4 

(a: 2 + 10a: + 25) + O 2 - 4y - 4 ) = -33 + 25 +4 

(a* + 5) 2 + (y - 2) 2 = —4 

Since —4 < 0, there are no ordered pairs (.t, y), with x and y both real num¬ 
bers, satisfying the equation. The graph of the given equation is nonexistent-it 

contains no points. Of the constant on the right side were 0, the graph would 
consist of the single point (—5, 2).) 

S' Now Try Exercise 25 


Prepare to complete the 
square for both x and \. 

Complete the square 
Factor on the left, and add 


Seismologists can locate the epicenter of an earthquake by 
determining the intersection of three circles. The radii of these circles represent 
the distances from the epicenter to each of three receiving stations. The centers 
of the circles represent the receiving stations. 




Locating the Epicenter of an Earthquake 


Suppose receiving stations A , Z?, and C are lo¬ 
cated on a coordinate plane at the points (1, 4), 
( 3* 1)» and (5, 2). Let the distances from the 

earthquake epicenter to these stations be 2 units, 
5 units, and 4 units, respectively. Where on the 
coordinate plane is the epicenter located? 

SOLUTION Graph the three circles as shown 
in Figure 18. From the graph it appears that the 
epicenter is located at (1, 2). To check this alge¬ 
braically, determine the equation for each circle 
and substitute x — I and y — 2. 



Station At 

(x — 1 ) 2 + (y - 4) 2 = 4 
(1 - l) 2 + (2 - 4) 2 ^ 4 
0 + 4 — 4 
4 = 4 


Station B: 

(.r + 3) 2 + (y + 1 ) 2 = 25 
(1 + 3) 2 + (2 + l) 2 2= 25 
16 + 9 — 25 
25 = 25 


Station C: 

(a -5) 2 + (y- 2) 2 = 16 
(I — 5) 2 + (2 - 2) 2 ^ 16 
16 + 0— 16 
16 = 16 


The point (1.2) lies on all three graphs Thus, we can conclude that ihe epicenter 
of the earthquake is at (1.2). 


i/ Now Try Exercise 41. 
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Exercises 


In Exercises I-J2, {a) find the center-radius form of the equation of each circle, and 

(b) graph it. See Examples I and 2. 

1. cenier (0, 0), radius 6 2. center (0, 0), radius 9 3. center (2, 0), radius 

4. center (3, 0), radius 3 5. center ^0.4^, radius 4 6. center (0, 3). radius 

7. center (-2. 5). radius 4 8. center (4, 3), radius 5 

9. center (5. -4), radius 7 10. center (-3, -2). radius 6 

11. center (V5, V5), radius V2 12. center (-V3, - V 3). radius V3 


Connecting Graphs with Equations In Exercises 13—16, use each graph to determine 
the equation of the circle in (a) center-radius form and (b) general form 

13. y 14. > 





17. Concept Check Which one of the two screens is the correct graph of the circle with 
center (— 3, 5) and radius 4? 

A. 10 b. in 



.c 

j 





When the equation of a circle is written in the form 


(.r — h) 2 4- (v — k) 2 = rn. 

how does the value of m indicate whether the graph is a circle, is a point, or is 
nonexistent? 


Decide whether or not each equation has a circle as its graph. If it does, give the center 
and the radius. If it does nor, describe the graph . See Examples 3-5. 

19. -T- 4 v- ■+■ 6.\ + 8v + 9 = 0 20. .t 2 4 v 2 4- 8.v — 6v 4-16 = 0 

21. -v- 4 v- - 4.t 4 1 2v = -4 22. 4 y 2 - 12.V 4- 10y = -25 

23. As 2 + 4v 2 + 4.t- 1- 19 = 0 24. 9.v 2 4 9v 2 4 12.\ - 18v — 23 = 0 
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25. v- + v 2 + 2a - 6v + 14 = 0 
27. x 2 + v 2 - 6.v - 6y + IS = 0 
29. 9.v 2 + 9v 2 - 6x + 6v - 23 = 0 


26. v 2 + y 2 + 4 v - 8v + 32 — 0 
28. v* + V" + 4.v 4- 4y + 8 = 0 
30. 4 v~ + 4y 2 + 4.v — 4y — 7 — 0 


Relating Concepts 


For individual or collaborative investigation (Exercises 31-36) 

The distance formula, the midpoint formula, and the 
center-radius form of the equation of a circle are 
closely related in the follow mg problem 

+ circle has a diameter with endpoints ( — 1. 3) 
and (5, —9). Find the center-radius form of the 
equation of this circle 

M orh Exercises 31—36 in order to see the relation¬ 
ships among these concepts 

31. To find the center-rudius form, we must find both the radius and the coordi¬ 
nates of the center Find the coordinates of the center using the midpoint 
formula (The center of the circle must be the midpoint of the diameter.) 

32. There are several ways to Find the radius of the circle One way is to find 
the distance between the center and the point ( — 1.3). Use your result from 
Exercise 31 and the distance formula to find the radius 

33. Another way to Find the radius is to repeat Exercise 32, but use the point 
I 5, —9 ) rather than ( — 1 . 3). Do this to obtain the same answer you found in 
ExercLse 32. 



34. There is yet another way to Find the radius Because the radius is half the 
diameter it can be found by finding half the length of the diameter. Using the 
endpoints of the diameter given in the problem, rind the radius in this manner 
'i fu should once again obtain the same answer you found in Exercise 32. 

3^* Using the center found in Exercise 31 and the radius found in Exercises 32—34. 
give the center-radius form of the equation of the circle. 

36. Use the method described in Exercises 31—35 to Find the center-radius lonn ot 
the equation of the circle with diameter ha\ mg endpoints (3. —5) and (— 7. 33 


Find the center-radius form of the circle described or graphed. (Sec Relating Concepts 
Exercises 31—36.) 

37. a circle having a diameter with endpoints (—1.2) and (11.7) 

38. a circle having a diameter with endpoints (5. 4) and ( — 3. -2) 

39. y 40. 
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Epicenter of an Earthquake Solve each problem. To visualize the situation, use graph 

paper and a pair of compasses to carefully draw the graphs of the circles. See Example 6. 

41. Suppose that receiving stations X. Y, and Z are located on a coordinate plane at the 
points (7. 4), (-9. -4), and (-3. 9), respectively. The epicenter of an earthquake 
is determined to be 5 units from X, 13 units from Y, and 10 units from Z. Where on 
the coordinate plane is the epicenter located? 

42. Suppose that receiving stations P, Q, and R are located on a coordinate plane at the 
points (3, 1). (5, —4). and (—1. 4), respectively. The epicenter of an earthquake is 

determined to be "\/5 units from P, 6 units from Q, and 2~\/10 units from R. Where 
on the coordinate plane is the epicenter located? 

43. The locations of three receiving stations and the distances to the epicenter of an earth¬ 
quake are contained in the following three equations: (.r 2) 2 + (y 1)" = 25, 

(,r -4- 2) 2 + (y — 2) 2 =16, and (.r — 1 ) 2 -f (y + 2) 2 = 9. Determine the location of 
the epicenter. 

44. The locations of three receiving stations and the distances to the epicenter of an earth¬ 
quake are contained in the following three equations: (.r — 2) 2 -+• (y — 4) 2 = 25, 
(.r — i) 2 + ()' + 3) 2 = 25, and ( x + 3) 2 4- (y + 6) 2 = 100. Determine the location 
of the epicenter 


Concept Check Work each of the following. 

45. Find the center-radius form of the equation of a circle with center (3, 2) and tangent 
to the.r-axis. (Hint: A line tangent to a circle touches it at exactly one point.) 

46. Find the equation of a circle with center at (—4, 3), passing through the point 
(5, 8). Write it in center-radius form. 

47. Find all points (.v,y) with x — y that are 4 units from ( 1, 3). 

48. Find all points satisfying a* 4- y = 0 that are S units from (—2, 3). 

49. Find the coordinates of alt points whose distance from (1,0) is \/To and whose 
distance from (5,4) is \/k). 

50. Find the equation of the circle of least radius that contains the points (1.4) and 
(—3, 2) within or on its boundary. 

51. Find all values of y such that the distance between (3, y) and ( — 2. 9) is 12. 

52. Suppose that a circle is tangent to both axes, is in the third quadrant, and has radius 
\/2. Find the center-radius form of its equation. 

a3. Find the shortest distance from the origin to the graph of the circle with equation 
.v 2 - 16.v + v 2 - 14y + 88 = 0 


54. Find the coordinates of the points of intersection of the line v = l and the circle 
centered at (3. 0) with radius 2. 


£j55. Phlash Phelps is the morning radio personality on 
SiriusXM Satellite Radio's Sixties on Six Decades 
channel. Phlash is an expert on U.S. geography and 
loves traveling around the country to strange, out-of- 
the-way locations The photo shows Curt Gilchrist 
(standing) and Phlash (seated) visiting a small Arizona 
settlement called Nothing (Nothing is so small that it's 
not named on current maps ) The sign indicates thut 
Nothing is 50 mi from Wickenburg. AZ. 75 mi from 
Kingman. AZ, 105 mi from Phoenix. AZ. and 180 mi 
from Las Vegas, NV Discuss how the concepts of 
Example 6 can he used to locate Nothing. AZ. on a 
map of Arizona and southern Nevada 
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Mill 1 - 4 I I 1 1 ! ■ j 
-2 '* I 3 


Figure 29 


It is not incorrect to sa\ that /(.v) = v : + 4 is increasing on (0, there 

are infinitely many intervals over which it increases. However, we generally 
give the largest possible interval when determining where a function increases 
or decreases. (Source Stewart J., Calculus, Fourth Edition, Brooks/Cole 
Publishing Company, p. 21.) 



Determining Intervals over Which a Function Is Increasing, 
Decreasing, or Constant 


Figure 29 shows the graph of a function Determine the intervals over which the 
function is increasing, decreasing, or constant. 

SOLUTION We should ask. “What is happening to the y-values as the v- values 
are getting larger 0 ** "Moving from left to right on the graph, we see the following: 

° On the interval ( — 1), the y-values are decreasing 

• On the interval [ 1, 3 ], the v-values are increasing. 

• On the interval [3, ), ihe y-values are constant land equal to 6) 

Therefore, the function is decreasing on ( — ^,1), increasing on [ 1, 3], and 
constant on [3. ^ ). 

Now Try Exercise 77. 


Interpreting a Graph 

Figure 30 shows the relationship between the 

number of gallons. £»(/). of water in a small 
swimming pool and time in hours, t . By look¬ 
ing at this graph of the function, we can answer 
questions about the water level in the pool 
at various times. For example, at time 0 the 
pool is empty. The water level then increases, 
stays constant for a while, decreases, and then 
becomes constant again. Use the graph to 
respond to the following. 

(a) What is the maximum number of gallons 
of water in the pool? When is the maxi¬ 
mum water level first reached? 

(b) For how long is the water level increasing? decreasing? constant? 

(c) How many gallons of water are in the pool after 90 hr? 

(d) Describe a series of events that could account for the water level changes 
shown in the graph. 

SOLUTION 

(a) The maximum range value is 3000, as indicated by the horizontal line seg¬ 
ment for the hours 25 to 50. This maximum number of gallons. 3000. is first 
reached at / — 25 hr. 

(b) The water level is increasing for 25 — 0 = 25 hr and is decreasing for 
75 — 50 — 25 hr. It is constant for 

(50 - 25) + (100 - 75) - 25 + 25. or 50 hr 

(c) When t — 90, y = 5(90) = 2000. There are 2000 gal after 90 hr. 


S" imming Pool 
Water Level 

y = * 0 ) 
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(d) Looking at the graph in Figure 30, we might write the following description 

The pool is empty at the beginning and then is filled to a level of 3000 gal 
during the first 25 hr. For the next 25 hr„ the water level remains the 
same. At 50 hr, the pool starts to be drained, and this draining lasts for 
25 hr, until only 2000 gal remain. For the next 25 hr. the water level is 
unchanged. 

k/ Now Tty Exercise 83 




Exercises 


Decide whether each relation defines a Junction. See Example 1. 


1. {(5, 1), (3, 2), (4, 9), (7, 8)} 
3. {( 2 , 4 ), ( 0 . 2 ). ( 2 , 6 )} 

5. {(-3. 1).(4. l).(-2,7)} 


2. {(8,0). (5.7). (9.3). (3. 8)} 
4. {(9,-2). (-3.5), (9. 1)} 

6. {(-12.5). L- 10,3). (8. 3)} 


7. x 

y 8. x 

y 

3 

-4 -4 

V 2 

7 

10 


V5 


4 

V 2 


Decide whether each relation defines a function and give the domain and range Sec 
Examples 1 — 4. 

9. {(1, 1).(!,-!), (0.0), (2.4), (2, -4)} 10. {(2. 5), (3. 7), (3, 9). (5, 11)} 


LI. 


13. X 

y 

14. X 

y 

0 

0 

0 

0 

-1 

1 

1 

-1 

_2 

2 

2 

-2 



15. Sumber of Visits to U.S. Sational 
Parks 


Year (x) 

Number «r Visits < v> 
(millions) 

2005 

63.5 

2006 

60.4 

2007 

62 3 

2008 

61.2 


Soun e National Park Service 


16. Attendance at XCAA Women's 
College Basketball Games 


Season* 

<-r> 

Attendance 

O') 

2006 

10.878.322 

2007 

1 1.120.822 

2008 

11,160.293 

2009 

i 1,134.738 

Source* NCAA. 

•Each season overlap* ihe starting 


year (given) with the following year 
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Decide whether each relation defines y as a function of x. Give the domain and range* 
See Example 5. 


23. 

y = x 2 

24. v = 

.r 3 

25. 

.r = y 6 

26. 

II 

v 

27. 

v = 2.v — 5 

28. y = 

—6.r 4- 4 

29. 

x -by C 3 

30. 

.X — y < 4 

31. 

y = \/x 

II 

>\ 

ri 

n 

— Vx 

33. 

ary = 2 

34. 

.rv = —6 

35. 

v = V 4.r 4- l 

36. v = 

V7 - 2.x 

37. 

*7 

38. 

— 7 


x — 3 

i—5 


39. Concept Check Choose the correct ansvv er For function /. the notation /( 3) means 

A. the variable / urnes 3. or 3/. 

B. the value of the dependent variable w hen die independent variable is 3. 

C. the value of the independent v ariable when the dependent variable is 3. 

D. / equals 3 

40. ( cm i’pi C/uck Give an example oi a function from everyday life. (Hint: Fill in the 

blanks -depends on_, so_is a function of_.) 


*' x ^ rr " arut *(*) x 2 4- 4x 4- 1 . Find and simplify each of the following. 
See Example C. 


41 . JXO) 


45. 



49. f(p) 

53. /(x 4- 2) 


42. /(—3) 

* '(-i) 

50. g(k) 

54. f(a 4-4) 


43. g(-2) 

47 - g (?) 
si. y( x) 

55. f(2m — 3) 


44. g(10) 

48. ,(-i) 

s2. g( .t) 

56. f(3r - 2) 


For each function, find (a) /(2) and (b) /(-l ). See Example 7. 

S 7 - f= ((—1*3). (4.7). (0. 6). (2, 2)} 58. / = {(2, 5). (3.9). (-I. 1 I). (5. 3) } 
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61. 




An equation that defines y as a function of x is given, (a) Solve for \ m tr mis of x and 
replace y with the function notation /(.v) (h) Find /(3 ) See Example S. 

63. .t + 3y =12 64. x 4v = 8 6c>. y + —* 3 x 

66. v — 3x 2 = 2 ■+■ x 67. 4.v 3y = 8 68. —x ■+• 9 

Concept Check Answer each question. 

69. If (3,4) is on the araph of y = f(x). which one of the following must be true 
/( 3) = 4 or f(4) = 3° 

70. The figure shows a portion of the graph of f(x) = 

a- 2 4- 3r 4- 1 and a rectangle with its base on the v-axis 
and a vertex on the graph.What is the area of the rect¬ 
angle 0 (Hint f (0 2} is the height.) 


V 



71. The graph of Yj = /(X) is shown 72. The graph of Y t = /(X) is shown 

with a display at the bottom What is with a display at the bottom What is 

f T3)? /(-2>? 



• In Exercises 73-76, use the graph of y = /(or) to find each function value (a) /( - 2) 
(b) /(0). (c) /(l). and (d) /(4). See Example 7(d). 



74. 



76. > 


4 

• 

* ; 2 

* 

-2 -i y 

i 2 y 4 



—4 

-4 

* ■ | 
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Determine the intervals oj the domain for which eat h function is (a) increasing. 
(/>) decreasing, and (c) constant Sec Example 9. 


77. 



■f 





Solve each problem. See Example 10. 

83. Electricity Usage The graph shows 

the daily megawatts of electricity used 

on a record-breaking summer day in 

Sacramento. California. 

(a) Is this the graph of a function? 

(b) What is the domain? 

(c) Estimate the number of megawatts 
used at 8 a.m. 

(d) At what time was the most electric¬ 
ity used? the least electricity? 

(e) Call this funcuon /. What is /(12)? 
Interpret your answer. 

(f) During what time intervals is electric¬ 
ity usage increasing? decreasing' 7 


Electricity Use 


y 



Hours 

Stntrcr Sacramento Municipal Utility District 


84. Height of a Ball A ball is thrown straight 
up into the air. The function defined by 
y = /i(f) in the graph gives the height of 
the ball (in feet) at t seconds. (Note. The 
graph does not show the path of the ball. 
The ball is rising straight up and then fall¬ 
ing straight down.) 

(a) What is the height of the ball at 2 sec? 

(b) When will the height be 192 ft? 

(c) During what time intervals is the ball 
going up* 7 down? 

(d) How high docs the ball go. and when 
does the ball reach its maximum height' 7 

(e) After how many seconds does the ball 
hit the ground? 


Height or a Thrown Ball 


% 
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85. Temperature The graph shows temper¬ 
atures on a given day in Bratcnahl, Ohio. 

(a) At what times during the day was the 
temperature over 55°? 

(b) When was the temperature below 
40° ? 

(c) Greenville, South Carolina, js 500 mi 
south of Bratenohl, Ohio, and its 
temperature is 7° higher ail day long. 
At what time was the temperature in 
Greenville the same as the tempera¬ 
ture at noon in Bratenahl 9 

(d) Use the graph to give a word descrip¬ 
tion of the 24-hr period in Bratcnahl. 


Temperature In Bratcnahl, Ohio 

> 



Hours 


86. Drug Levels in the Bloodstream When a 
drug is taken orally, the amount of the drug 
in the bloodstream after t hours is given by 
the function defined by y = f(r ), as shown 
in the graph. 

(a) How many units of the drug are in the 
bloodstream at S hr? 

(b) During what time interval is the drug level 
in the bloodstream increasing? decreasing? 

(c) When does the level of the drug in the 
bloodstream reach its maximum value, 
and how many units arc in the blood¬ 
stream at that time? 

(d) When the drug reaches its maximum 
level in the bloodstream, how many 
additional hours are required for the level 
to drop to 16 units? 

(e) Use the graph to give a word description of the 12-hr period. 


Drug Levels In the Bloodstream 




Linear Functions 



Graphing Linear Functions 

Standard Form 
Ax + By = C 

Slope 

Average Rato of Change 
Linear Models 


---^ 

Graphing Linear Functions 

ing at linear functions. 


We begin our study of specific functions by look- 


Ltnear Function 

A function / is a linear function if 

f(x) — ajc + b, 

for real numbers a and 6. If o # 0, the domain and the range of a linear 
function are both (— a=). 


in Section 2.1, we graphed lines by finding ordered pairs and plotting them. 
Although only two points arc necessary' to graph a linear function, we usually 
plot a third point as a check The intercepts are often good points to choose for 
graphing lines. 
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The revenue function for selling a product depends on the price per item p 
and the number of items sold x . It is given by the following function. 

R(x) = px Revenue function 

Profit is found by subtracting cost from revenue and is described by the profit 
function. 

P(x) = R(x) - C(x) Profit function 


«<tr. Writing Linear Cost Revenue, and Profit Functions 

Assume that the cost to produce an item is a linear function and all items pro¬ 
duced are sold. The fixed cost is $1500, the variable cost per item is $100, and 
the item sells for $125. Write linear functions to model 

(a) cost, (b) revenue, and (c) profit¬ 

ed) How many items must be sold for the company to make a profit? 

SOLUTION 

(a) Since the cost function is linear, it will have the following form. 

C(jc) = nix + b Cost function 


C(.r) = 100-1- + 1500 Let m = 100 and h = 1500. 

(b) The revenue function is defined by the product of 125 and x. 

/?(.x) = px Revenue function 
/?(.x) = 125.x: Let p = 125 

(c) The profit function is found by subtracting the cost function from the 
revenue function. 


P{x) = R{x) - C(x) 

= 125 .r - ( 100.V 4- 1500) 


A 


Use parentheses 
here. 


) 


— 125.X— 100.x— 1500 Distributn e property 
P(.x) = 25 JC - 1500 Combine like terms 


ALGEBRAIC SOLUTION 

(d) To make a profit, P(.x) must be positive. 

P(x) — 25.X — 1500 Profit function from part (cj 
Set P(x) > 0 and solve. 

P{\) > 0 

25 r - 1500 > 0 P(x) = 25 x - 1500 

25.X > 1500 Add 1500 to each side 

(Section 1.7) 

,x > 60 Di\ ide by 25 

Since the number of items must be a whole num¬ 
ber, at least 61 items must be sold for the company 
to make a profiL 


GRAPHING CALCULATOR SOLUTION 

(d) Define Y! as 25X — 1500 and graph the line. 
Use the capability of your calculator to locate the 
.x-iniercept. See Figure 42. As the graph shows, 
v-values for.x less than 60 are negative, and y-'values 
for.x greater than 60 are positive, so at least 61 items 
must be sold for the company to make a profit. 



Figure 42 


iS Now Try Exercise 87. 
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Exercises 


Concept Check Match the description in Column I with the correct response in Colunui II. 
Some choices may not be used. 


I 

1* a linear function whose graph has ^'-intercept 6 
xS 2. a vertical line 
C 3. a constant function 

Qr, 4. a linear function whose graph has .v-intercept 
—2 and v-intercept 4 

-v a linear function whpse graph passes 
through the origin [ 0 ' 


^\^6. a funcuon that is not linear 


n 

X- f(x) = 5?- t, 
JS. f?x) = 3.v + 6 ' 
f(x) = -S 
/(•*) = -v 2 
E. -v + v = —6 
/(*) = 3r -?4 
J&<-2x-x-= j4 - 
A =9- 


Craph each linear function. Identify any constant functions Give the domain and range. 
See Examples I and 2. 


7. f(x) = x - 4 


8. /(x) = —a- + 4 


9. f(x) = jx - 6 


10. /(.y) = j .y + 2 
13. /(.r) = -4 . 


11. /(a) = 3.y 
14. /(.y) = 3 


12. /(.y) = —2a 


Graph each line. Give the domain and range. See Examples 3 and 4, 


15. -4.y + 3v = 12 
17. 3v - 4x = 0 

19. 

-V 

2H 2x + 4 = 0 "if * 
23. -.y + 5 Y' 


16. 2x + 5v = 10 
18. 3 a + 2y = 0 
20. a = -4 

\ v / 

22. -3a -4-6 = 0 
24. 3 + .v = 0 


blotch each equation with the sketch that most closely resembles its graph. See Exam¬ 
ples 2 and 3. 


25. v = 5 


26. v = -5 


27. a = 5 


28. v = -5 


A. 

> 

B. 

1 

V 

1 

c. 

i i 

D. 

1 1 

i i 

V 




u 


() 

u 

-- * u 


-1 




Use a graphing calculator to graph each equation in the standard viewing window See 
Examples /, 2, and 4. 


29. v = 3 i 4- 4 
31. 3.1 4- 4i = 6 


30. v = -2-v + 3 
32. — 2 \ 4- = |0 
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33. 


Concept Check If a walkway rises 2.5 ft 
for every 10 ft on the horizontal, which of 
the following express its slope (or grade)? 
(There are several correct choices.) 

25 


A. 0.25 

E. i 
4 


B. 4 

F 


10 

25 


C - .0 

G. 4009b 


D. 25% 
H. 2.5% 


34. Concept Check If the pitch of a roof is 
how many feet in the horizontal direction 
correspond to a rise of 4 ft? 




1 ' 

Find the slope of the line satisfying the given conditions. See Example 5. 


35. through (2, —1) and (—3, —3) 
37. through (5. 8) and (3. 12) 

39. through (5.9) and (—2,9) 

41. horizontal, through (5, 1) 

43. vertical, through (4, —7) 


36. through (—3,4) and (2, —8) 
38. through (5, —3) and (1, —7) 
40. through (—2,4) and (6,4) 
42. horizontal, through (3, 5 ) 

44. vertical, through (—8,5) 


For each line, (a) find the slope and (b) sketch the graph. See Examples 6 and 7. 

45. y — 3x 4- 5 46. y = lx — 4 47. 2 y = -3x 

48. —4 y = 5x 49. 5x - 2y = 10 50. 4x + 3 y= 12 

Graph the line passing through the given point and having the indicated slope. Plot r»vo 
points on the line : See Example 7. 


51. through ( — 1, 3), m = | 

53. through (3, —4), m = — j 

55. through (— 5 , 4 ). m = 0 

57. through (— f, 3 ). undefined slope 


52. through (—2, 8). m = | 

54. through (—2, —3), m = — § 

56. through ( §, 2 ) . m = 0 

58. through ( j, 2), undefined slope 


Concept Check For each given slope in Exercises 59-64. identify the line in A—F that 
could have this slope. 


59.1 

A. 


60. -3 


61. 0 


62.- 

3 


63. 3 


64. undefined 


B. 


) 

4 


C. 


D. 


























SECTION 2.4 Linear Functions 


213 


Concept Check Find and interpret the average rate of change illustrated in each 
graph. 


65. 



Year 


66 . 



Month 


67. 


O 



8 

6 

4 


x 

0 12 3 4 


68 . 


o 

& 


:s 

cr 

rs 

o 

E 

5 


V 

n 

20 

15 

I0n—• 

5 

0 1 


m X 

3 


Year 


Year 


69. Concept Check For a constant function, is the average rate of change positive, neg¬ 
ative, or zero? (Choose one,) 


Solve each problem. See Example 5. 

70. (Modeling) Olympic Times for 5000-Afetcr Run The graph shows the winning 
times (in minutes) at the Olympic Games for the men’s 5000-m run, together with a 
linear approximation of the data. 


Olympic Times for 5000>Meter Run 
(in minutes) 



(a) An equation for the linear model, based on data from 1912-2008 (where x 
represents the year), ts 


v = —0.0193.V + 51.73. 

Determine the slope (Sec Example 6.) What does the slope or this line 
represent'* Why ts the slope negative? 

(b) Can you think of any reason why there are no data points for the years 1916 
1940. and 1944'* 

(c) The winning time for the 1996 Olympic Games was 13 13 min. What docs the 
model predict * How far is the prediction from the actual value * 
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71. (Modeling) U.S. Radio Stations The graph shows the number of U.S. radio stations 
on the air, along with the graph of a linear function that models the data. 

U.S. Radio Stations 


trt 

C 

JO 

w 

s 

in 

o 

fc_ 

at 

-O 

E 


14,000 

13.000 

12.000 

11,000 

10,000 

9000 

8000 

7000 

6000 

5000 

4000 

3000 



Year 


Sourre National Association of Broadcasters. 



(a) Discuss the predictive accuracy of the linear function. 

(b) Use the two data points (1950, 2773) and (2007, 13.977) to find the approxi¬ 
mate slope of the line shown. Interpret this number. 


72. Cellular Telephone Subscribers The table 
gives the number of cellular telephone 
subscribers in the U.S. (in thousands) from 
2004 through 2009. 

(a) Find the change in subscribers for 
2004—2005. 2005-2006, and so on. 

(b) Are the changes in successive years 
approximately the same? If the or¬ 
dered pairs in the tabic were plotted, 
could an approximately straight line be 
drawn through them? 


Year Subscribers fin thousands! 


2004 

182,140 

2005 

207,896 

2006 

233,041 

2007 

255,396 

2008 

270,334 

2009 

285,646 


Source. CTIA-Thc Wireless Association. 


73. Mobile Hornes The graph provides a good approximation of the number of mobile 
homes (in thousands) placed in use in the United States from 1999 through 2009 


Mobile Homes Placed in Use 


y 



Sparer U-S Census Bureau 
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(a) Use the given ordered pairs to find the average rate of change in the number of 
mobile homes per year during this period. 

(b) Interpret what a negative slope means in this situation. 

74. Olympic Times for 5000-Mctcr Run Exercise 70 showed the winning limes for the 
Olympic men’s 5000-m run. Find and interpret the average rale of change for the 
following periods. 

(a) The winning time in 1912 was 14.6 min. In 1996 it was 13.1 min. 

(b) The winning time in 1912 was 14.6 min. In 2008 it was 13.0 min. 

75. High School Dropouts In 1980. the number of high school dropouts in the United 
States was 5212 thousand. By 2008, this number had decreased to 3118 thousand. 
Find and interpret the average rate of change per year in the number of high school 
dropouts. ( Source: U.S. Census Bureau.) 

76. Plasma Flat-Panel T\' Sales The total amount spent on plasma flat-panel TVs in 
the United States changed from S5302 million in 2006 to S2907 million in 2009. 
Find and interpret the average rate of change in sales, in millions of dollars per 
year. Round your answer to the nearest hundredth. (Source: Consumer Electronics 
Association.) 



For individual or collaborative investigation (Exercises 77-861 

The table shows several points on the graph of a linear function 

Work Exercises 77—86 in order , to see connections between the 

slope formula , the distance formula . the midpoint formula . and linear 

functions 

77. Use the first two points in the table to find the slope of the line 

78. Use the second and third points in the table to find the slope 
of the line 

79. Make a conjecture by filling in the blank If we use any two points on a line to 

find its slope, we find that the slope is_in all cases 

SO. Find the distance between the first two points in the table (Hint. Use the dis¬ 
tance formula.) 

81. Find the distance between the second and fourth points in the luble. 

52. Find the distance between the first and fourth points in the table 

53. Add the results in !• \erciscs SO and 81. and compare the sum to the answer vou 
found in Exercise 82. What do you notice? 

54. Fill in the tollowing blanks, basing your answers on your observations in 
Exercises 80—83: If points A. Zl, and C lie on a line in that order, then the 

distance between A and D added to the distance between _and _ 

is equal to the distance betw een_and_ 

85. Find the midpoint of the segment joining ( 0, —6) and (6 12) Compare youi 
answer to the middle entry in the table. What do you notice? 

86. If the table were set up to show an r-value of 4.5. w hat would be the corre¬ 
sponding y-valuc? 


X 

y 

0 

-6 

i 

-3 

2 

0 

3 

3 

4 

6 

5 

9 

6 

12 
















216 


CHAPTER 2 Graphs and Functions 


(Modeling) Cost, Revenue, and Profit Analysis A Jinn will break even (no profit and no 
loss) as Ions as revenue just equals cost. The value ofx (the number of items produced 
and sold) where C(.t) = fl(.v) is called the break-even point. Assume that each of the 
following can be expressed as a linearfunction. Find 

(a) the cost function. (b) the revenue function, and (c) the profit function. 

(d) Find the break-even point and decide whether the product should be produced, 
given the restrictions on sales. 

See Example 9 . 


Fixed Cost 

\ ariahlc Cost 

Price of Item 

S 500 

S 10 

$ 35 No more Ulan 18 units can he cold 

S2700 

S150 

S280 No more than 25 units can be cold 

S16S0 

S400 

S305 All units produced can be sold 

S 180 

S 11 

S 20 No more than 30 units can he sold 


(Modeling) Break-Even Point The manager of a small company that produces roof tile 
has determined that the total cost in dollars. C(.r), ofproducing x units of tile is given try 

C(x) = 200x + 1000. 

while the revenue in dollars, R(. r), from the sale of x units of tile is given by 

R(x) = 240.r. 

91. Find the break-even point and the cost and revenue at the break-even point. 

92. Suppose the variable cost is actually S220 per unit, instead of S200. How does this 
affect the break-even point? Is the manager better off or not? 



p---:_ 

|| Chapter 2 ) Cotufi 


-s 

r ; 


1. For A( —4, 2) and B(— 8. —3). find d(A, B ). the distance between A and B. 


2. Two-Year College Enrollment Enrollments 
in two-year colleges for selected years are 
shown in the tabic. Use the midpoint formula 
to estimate the enrollments for 2002 and 
2006 


Year 1 

1 Enrollment (In million*?! 

2000 

5.95 

2004 

6 55 

2008 

6 97 

Source L 

! S Center fur Education 

Statistics 



3. Sketch the graph of y = —x 2 + 4 by plotting points 

4. Sketch the graph of x* v* = 16. 

5. Determine the radius and the coordinates of the center of ihe circle u ith equation 

x 2 + y 2 — 4x ■+■ 8v + 3 = 0 
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For Exercises 6—8. refer to the graph of f(x) — J.r + 31. 

6. Find /(-l). 

7. Give the domain and the range of /. 

8. Give the largest interval over which the function / is 
(a) decreasing, (b) increasing, (c) constant. 



9. Find the slope of the line through the given points. 

(a) (1,5) and (5. II) (b) (-7, 4) and (-1.4) (c) (6. 12) and (6.-4) 

10. Motor Vehicle Sales The graph shows a straight line segment that approximates new 
motor vehicle sales in the United States from 2005 to 2009. Determine the average rate 
of change from 2005 to 2009, and interpret the results. 


New Vehicle Sales 



G 


JS 

E 

3 

z 


\ 




Equations of Lines and Linear IVlodels 




a Point-Slope Form 
a Slope-Intercept Form 

a Vertical and Horizontal 
Lines 

Q Parallel and 

Perpendicular Lines 

a Modeling Data 

B Solving Linear Equations 
in One Variable by 
Graphing 





Hotnt-Slnne Form The graph of a linear function is a straight line. We now 
develop various forms for the equation of a line. 

Figure 43 shows the line passing through the fixed point (.r,,y,) having 
slope m. (Assuming that the line has a slope guarantees that it is not vertical.) Let 
(.v, v) be any other point on the line. Since the line is not vertical, x — .t, 0. 

Now use the definition of slope. 

y - .vi 

m — ~ “ slope formula (Section 2.4) 

A A | 

M, (-T A'i) ~ V _>'i Multiply ejwh side b\ \ 

or y Vi = Wl(.V Aj) Interchange sides 

This result is the point-slope form of the equation of a line. 


Point-Slope Form 

The point-slope form of the equation of the line with slope m passing 
through the point (.r,, V|) is 

y ~ y i = m(x — xj). 


Rgure 43 
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C'onc pt Cheek 

i. y = 7-t + 2 

4 


Match each equation in Exercises 1—4 to the correct graph in A—O 

2. 4.v + 3>'= 12 


3. y-(-1) = |(jc- 1) 


4. y = 4 




D. y 



In Exercises 5—26. write an equation for the line described . Give answers in standard 
form for Exercises 5—14 and in slope-intercept form (if possible) for Exercises 15—26. 
See Examples 1—4. 


5. through (1.3). m — —2 
7. through (—5,4), m = — § 

9. through (—8,4), undefined slope 
11. through (5, —8). m — 0 
13. through ( — 1,3) and (3,4) 

15. .r-intercept 3, y-intercept —2 
17. vertical, through (—6, 4) 

19. horizontal, through (—7,4) 

21. m = 5, b = 15 
23. through (—2,5) having slope —4 
25. slope 0. y-intercept § 

27. Concept Check 
has .r-intercept 

The slope of this line is 

It 

this line is- 


6. through (2,4), m— — 1 
8. through (—4, 3), m — | 

10. through (5, 1), undefined slope 
12. through ( — 3. 12), m = 0 
14. through (2, 3) and ( —1, 2) 

16. .r-intercept —4, y-intercept 3 
18. vertical, through (2, 7) 

20. horizontal, through (—8, —2) 

22. m = -2. b = 12 

24. through (4, —7) having slope —2 

26. slope 0. y-mtcrcept — f 


Fill in each blank with the appropriate response The line x ■+■ 2 = O 

- It__have a v-interccpt. 

(does/docs not) 

- The line 4v = 2 has i-intercept 


(0/undefincd) 
(docs/docs not) 


have an v-intercepl The slope of 


< 0/undefined) 
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28. Concept Check Match each equation with the line that would most closely resem¬ 
ble its graph. {Hint: Consider the signs of m and h in the slope-intercept form.) 


(a) y = 3.r + 2 
A. > 


(b) y = — 3x + 2 
B. > 




(c) y = 3.r — 2 
C. y 


(d) y = —3x - 2 

D. y 




Give the slope and y-intercept of each tine, and graph it. See Example 3. 


29. y — 3x — 1 

32. 2.V + 3v = 16 

35. x + 2y — —4 


30. y = — 2.r + 7 

33. Ay = -3x 

36. x + 3y = —9 


31. 4x — y — 7 

34. 2y = -r 

37. y - ~.r - 1 = 0 


38. Concept Check The table represents a linear function /. 

(a) Find the slope of the line defined by y = /(.r). 

(b) Find the y-intercept of the line. 

(c) Find the equation for this line in slope-intercept form. 


X 

y 

— 2 

-li 

-1 

-8 

0 

-5 

1 

—2 

2 

1 

3 

4 


Connecting Graphs with Equations The graph of a linear function f is shown, (a) Iden¬ 
tify the slope , y-intercept, and x-intercept. (b) Write the equation that defines f. See 


Example 5. 
39. y 



i 





40. 



43. 




-30Cf 

— —too 

V — 

-3 -10 

l\ 3 

. _ . 

_ _ \ 

-300 



41. 



44. 


J 



- 150 

- / 


. 8 

i 



TN 

O 

7 

/ 5 10 


Exercises -45 52, write an equation (a) in standard form and (b) in slope-intercept 
form for the line described. See Example 6 . 

45. through (—1,4), parallel to .x 4- 3y = 5 

46. through (3. —2), parallel to 2.v — y = 5 

47. through ( 1.6). perpendicular to 3\ + 5v = l 

48. through (—2.0). perpendicular to 8a — 3v — 7 










































Functions 


49. through (4 I), parallel to v = — 5 SO. through (—2, —2), parallel to v = 3 

51. through (-5,6). perpendicular to x — —2 

52. through (4, —4), perpendicular to x = 4 

53. Find k so that the line through (4, — 1) and (Jk, 2) is 

(a) parallel to 3y 4- 2.r = 6; (b) perpendicular to 2 y — 5x — 1. 

54. Find r so that the line through (2, 6) and (—4, r) is 

(a) parallel to 2 .t — 3v — 4; (b) perpendicular to x + 2y = 1. 


(Modeling) Solve each problem. See Example 7. 

s5. Annual Tuition and Fees Use the data points (0, 5492) and (4, 7050) to find a 
linear equation that models the data shown in the table accompanying Figure 49 in 
Example 7. Then use it to predict the average annual tuition and fees for in-statc 
students at public four-year colleges in 2010. How does the result compare to the 
actual figure given in the table, S76057 


56. Annual Tuition and Fees Repeat Exercise 55 using the data points for the years 
2006 and 2008 to predict the average annual tuition and fees for 2010. How does the 
result compare to the actual figure given in the table, 57605? 


57. Cost of Private College Education The table lists 
the average annual cost (in dollars) of tuition and 
fees at pnvate four-year colleges for selected years. 

(a) Determine a linear function /(.r) = ntx 4* b that 
models the data, where x = 0 represents 1996. 
x = 1 represents 1997, and so on. Use the points 
(0.12,881) and (12,22,449) to graph / and a 
scatter diagram of the data on the same coordi¬ 
nate axes. (You may wish to use a graphing cal¬ 
culator.) What does the slope of the graph of / 
indicate? 

(b) Use this function to approximate tuition and fees 
in 2007. Compare your approximation to the ac¬ 
tual value of S21,979. 

(c) Use the linear regression feature of a graphing cal¬ 
culator to find the equation of the line of best fit. 


Year 

Tuition and Fees 
(in dollars) 

1996 

12,881 

1998 

13,973 

2000 

15,470 

2002 

16.826 

2004 

18,604 

2006 

20,517 

2008 

22.449 


Source: The College Board. 
Annual Survey of Colleges 


58. Distances and Velocities of Galaxies The table lists the distances (in megaparsecs, 
1 megaparsec = 3.085 X 10 24 cm, and 1 megaparsec = 3.26 million light-years) and 
vclociues (in kilometers pier second) of four galaxies moving rapidly away from Earth. 


Galaxy 

Distance • 

Velocity 

V irgu 

15 

1600 

Ursa Minor 

200 

15.000 

Corona Borealis 

290 

24,000 

Bootes 

520 

40.000 


Source Acker. A., and C. Jaschek. Astronomical 
Methods and Calculations. John Wiley and Sons 
Kurtlunen. H. (editor). Fundamental Astronomy. 
Springer-Verlag. 



(a) Plot the data using distances for the .r-valucs and velocities for the v-values. 
What type of relationship seems to hold between the data’’ 

(b) Find a linear equation in the form v = mx that models these data using the points 
(520. 40,000) and (0. 0). Graph your equation w ith the data on the same coor¬ 
dinate axes. 
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(c) The galaxy Hydra has a velocity of 60,000 km per sec. How far away is it accord¬ 
ing to the model in part (b)? 

(d) The value of m is called the Hubble constant. The Hubble constant can be used 
to estimate the age of the universe A (in years) using the formula 

9.5 X 10 1 * 

A --. 

m 

Approximate A using your value of m. 

(e) Astronomers currently place the value of the Hubble constant between 50 and 
100. What is the range for the age of the universe A? 

59. Celsius and Fahrenheit Temperatures When the Celsius temperature is 0°, the 
corresponding Fahrenheit temperature is 32°. When the Celsius temperature is 
100°, the corresponding Fahrenheit temperature is 212°. Let C represent the Celsius 
temperature and F the Fahrenheit temperature. 

(a) Express F as an exact linear function of C. 

(b) Solve the equation in part (a) for C. thus expressing C as a function of F. 

(c) For what temperature is F = C a true statement? 

60. "Water Pressure on a Diver The pressure p of water on a diver’s body is a linear 
function of the diver’s depth, x. At the water’s surface, the pressure is I atmosphere. 
At a depth of 100 ft, the pressure is about 3.92 atmospheres. 

(a) Find the linear function that relates p to .r. 

(b) Compute the pressure at a depth of 10 fathoms (60 ft). 

61. Consumption Expenditures In Keynesian macroeconomic theory, total consump¬ 
tion expenditure on goods and services, C, is assumed to be a linear function of 
national personal income, /.The table gives the values of C and / for 2004 and 2009 
in the United States (in billions of dollars). 


Year 

2004 

2009 

Total consumption (C) 

$8285 

$10,089 

National income (/) 

S9937 

$12,026 


Source: U S. Bureau of Economic Analysis 


(a) Find the formula for C as a function of/. 

(b) The slope of the linear function is called the marginal propensity’ to consume. 
What is the marginal propensity to consume for the United States from 
2004-2009? 



Use a graphing calculator to solve each 


linear equation. See Example 8, 


62. lx + 1 ~ x = Ax - 2 


63. 7.v — 2.v 4-4 — 5 = 3.v 4- 1 


64. 3(lv+ 1) - 2(.r - 2) = 5 


65. 4.v - 3(4 - 2 .t) = 2(.r - 3) 4- 6.v 4- 2 


66. The graph of v = /(.r) is shown in the standard 
viewing window. Which is the only value of .t 
that could possibly be the solution of the equation 
fix) = 0? 

A. -15 B. 0 C. 5 D. 15 


10 



67- (®) Solve —2(.v 5) = ,t 2 using the methods of Chupter 1. 

Explain why the standard viewing window of a graphing calculator cannot 
graphically support die solution found in part (a). What minimum and maximum 
x-valucs would make it possible for the solution to be seen? 

68. Using a graphing calculator, try to solve -3(2.\ 4- 6) = -4a 4- 8 - 2\ Explain 
what happens What is the solution set? 
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Relating Concepts 


For individual or collaborative investigation (Exercises 69-75) 

In tins sa non we state that two lines, neither of 
which is vertical, are perpendicular if and only if 
their slopes have a product of —I. In Exercises 
69—75, ire outline a partial proof of this for the 
case where the two lines intersect at the origin. 
tV ark these exercises in order, and refer to the fig¬ 
ure as needed. 

By the converse of the Pythagorean theorem, if 

[d(0. P)] 2 + [d(0, (?)]- = [d(P, (?)]-. 

then tnangle POQ is a right triangle with right angle at O. 

69. Find an expression for the distance d(0. P) . 

70. Find an expression for the distance d(0. Q). 

71. Find an expression for the distance d(P, Q ) 

72. Use your results from Exercises 69—71. and substitute into the equation from 
the Pythagorean theorem Simplify to show that this leads to the equation 

— 2ni\ni2X]X2 ~ —ti.v; = 0. 

73. Factor -2.Vi.ri from the Final form of the equation in Exercise 72. 

74. Use the property that if ab — 0 then a = 0 or b = 0 to solve the equation in 
Exercise 73, showing that mpiiz = —1 

75. State your conclusion based on Exercises 69—74. 


\ 



76. Refer to Example 4 in Section 2.1, and prove that the three points are collinear by 
taking them two at a lime and showing that in ail three cases, the slope is the same. 

Determine whether the three points are collinear by using slopes as in Exercise 76 . 
(Note: These problems were first seen in Exercises 25—28 in Section 2,1.) 

77. (-1,4). (-2,-1). (1. 14) 78. (0,-7), (-3,5). (2,-15) 

79. (-1,-3), (-5.12). (1. —II) 80. (0,9). (-3.-7). (2,19) 


---—---■ ~ S 

Summary Exercises on Graphs, Circles, Functions, 
and Equations 

These summary exercises provide practice with some of the concepts front Sec¬ 
tions 2.1—2.5. 

For the points P and Q, find (a) the distance d(P. Q), (b) the coordinates of the 
midpoint of the segment PQ. and (c) an equation for the line through the tw o points . 
Write the equation in slope-intercept form if possible 

1. P{3, 5). 0(2, -3) 2. P(-l. 0). C?(4.-2) 

3. P(- 2. 2). <2( 3. 2) 4. Pi 2\ 2. \ 2 ). Q{ \ 2. 3\ 2 ) 












SECTION 2.6 Graphs of Basic Functions 1 231 

5. P(5. — I), Q(5, I) 6. /’(IJ), -3) 

7. p( 2\/3.3\/5), e(6\/3. 3\/5) 8. P(0.-4). 0(3. I) 

lVh'fc on equation for each of the following, and sketch the graph. 

9. the line through (-2, 1) and (4, -1) 10. the horizontal line through (2, 3) 

11. the circle with center (2. — 1) and radius 3 

12. the circle with center (0, 2) and tangent to the x-axis 

13. the line through (3, —5) with slope — f 

14. the line through the origin and perpendicular to the line 3x — 4y = 2 

15. the line through (—3, 2) and parallel to the line 2x + 3y = 6 

16. the vertical line through (—4, 3) 

Decide whether or not each equation has a circle as its graph. If it does, give the center 
and the radius. 

17. x 2 + y 2 — 4x + 2v = 4 18. x 2 + y 2 + 6x + lOy 4- 36 = 0 

19. x 2 + y 2 - 12x + 20 — 0 20. x 2 + y 2 + 2x + 16y = -61 

21. x 2 + y 2 - 2x + 10 = 0 22. x 2 -F y 2 — 8y — 9 = 0 

23. Find the coordinates of the points of intersection of the line y — 2 and the circle 
with center at (4. 5) and radius 4. 

24. Find the shortest distance from the ongin to the graph of the circle with equation 

x 2 4- y 2 — lOx — 24y 4- 144 = 0. 

For each relation, (a) find the domain and range, and (b) if the relation defines y as a func¬ 
tion f of x, rewrite the relation using function notation and find /( —2). 

25. x — 4y — —6 26. y 2 — x = 5 

27. (x 4- 2) 2 + y 2 = 25 28. x 2 - 2y = 3 



Graphs of Basic Functions 


N 


q Continuity 

a The Identity. Squaring, 
and Cubing Functions 

a The Square Root and 
Cube Root Functions 

a The Absolute Value 
Function 

a Piccewise-Defincd 
Functions 

b The Relation x = y 3 


Continuity Earlier in this chapter we graphed linear functions. The graph of 
a linear function, a straight line, may be drawn by hand over any interval of its 
domain without picking the pencil up from the paper. In mathematics we say that 
a function with this property is continuous over any interval. The formal defini¬ 
tion of continuity requires concepts from calculus, but we can give an informal 
definition at the college algebra level. 


Continuity (Informal Definition) 

A function is continuous over an interval of its domain if its hand-drawn 
graph over that interval can be sketched without lifting the pencil from the 
papier. 
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If we plot the points front the tnble and join them with a smooth curve, 
we find that the graph ol \ = y 2 is a parabola opening to the right with vertex 
(0, 0). See Figure 67(a). The domain is [0, °o) and the range is ( — oo, oo ). 


Selected Ordered Pnirs 
Tor x — y 2 


X 

y 

0 

0 

t 

±i. 

4 

±2- 

9 

±3' 


Then: are two 
different v-vulues 
for the same 
.t-\alue 



Figure 67 



To use a calculator in function mode to graph the relation jc = y\ we 
graph the two functions y\ = Vx (to generate the top half of the parabola) and 
)*2 = -Vr (to generate the bottom half). See Figure 67(b). ■ 



Concept Check For Exercises 1—10. refer to the following basic graphs. 





1. Which one is the graph of y = .r 2 ? What is its domain 0 

2. Which one is the graph of v = J.t [? On what interval is it increasing 0 

3. Which one is the graph of y = .r 3 4 5 ? What is its range 0 

4. Which one is not the graph of a function? What is its equation’ 

5. Which one is the identity function? What is its equation 0 
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6. Which one is the graph of y = (jrJ? What is the value of >• when at =15? 

7. Which one is the graph of v = ^x? Is there any interval over which the function is 
decreasing? 

8. Which one is the graph of y = Vx? What is its domain? 

9. Which one is discontinuous at many points? What is its range? 

10. Which graphs of functions decrease over part of the domain and increase over the 
rest of the domain? On what intervals do they increase 9 decrease? 


Determine the intervals of the domain over which each function is continuous. See 
Example J. 

11. > 12. > 13. > 



For each piecewise-definedJunction, find (a) /(— 5). (b) /( — l). (c) /(0). and (d) /(3). 
Sec Example 2. 


17. /(x) 


= {^ 
lx - 1 


ifx -I 
if jc > —1 


18. f(x) = {* 2 l [ X 

15 — x if x 


< 3 

Sr 3 


{ 2 + x if x < —4' 

-x if -4 :=s x =s 2 

3x ifx > 2 


20. f(x) = 


f -2x irx 
= < 3x - 1 if - 
l — 4x ifx 


< -3 
3 < x 
> 2 


Graph each piecewise-defined function. See Example 2. 

. Jx — 1 ifx =2 3 
2K /(t > = \2 if.. > 3 

,/ v /4 — x ifx < 2 

/w \ > + 2 ., ,r, ^ 2 

2s./(,) = {ij'*; 

l — 1 if x > 1 


s 3 
> 3 


;;; 
;;;;; 


26. /(x) = {“ 2 ,fjfaSl 
12 ifx > 1 


r 2 -h x ifx < -4 
27. /(x) = < —x if —4 s x S 5 
k. 3x ifx >■ 5 


28. /(x) = < 




2.X 


ifx < -3 


3x - 1 if -3 s x =s 2 
k —4x ifx > 2 


29. fix) = < 


— “T* + 2 if a s 2 


—x 

V — 


if x > 2 


3o. /,,, = {>' t 5 s ° 

l — V- if V > 0 

















Functions 


31. /(a) = 


33. /(a) = 


2a 

if-5 

—2 

ir — i 

a 2 -2 

if 0 

A 3 + 3 

if 

A + 3 

if 

4 + x — 

a 2 if 


a* < — I r 0.5 a 2 

a < 0 32. f(x ) — < x 

x s 2 L a 2 — 4 


0 < a < 1 34. /(a) 

1 < a < 3 


= < 


—2a 

A 2 + I 

1 


—A 3 + 
12 


if—4 £ a < —2 
if -2 < a < 2 
if 2 ^ a < 4 

if —3 — a < — 1 
if — 1 £ a < 2 

if 2 < a — 3 


Connecting Graphs with Equations Give a rule for each piecewise-defined function. 
Also give the domain and range. 



37. 




Graph each function. Give the domain and range. See Example 3. 


43. /(a) = 0—aJ 
45. /(a) = 02a 0 


44. /(a) = - Is } 

46- g(x) — 02a - 1 1 


(Modeling) Solve each problem. See Example 4 . 

47. Postage Charges Assume that postage rates are S0.44 for the first ounce, plus SO.20 
for each additional ounce, and that each letter carries one SO 44 stamp and as many 
S0.20 stamps as necessary. Graph the function / that models the number of stamps 
on a letter weighing a ounces over the interval (0. 5 ] 

48. Airport Parking Charges The cost of parking a car at an airport hourly parking lot 
is S3 for the first half-hour and S2 for each additional half-hour or fraction of a half- 
hour. Graph the function f that models the cost of parking a car for.i hours over the 
interval (0, 2 ] 

49. Water in a Tank Sketch a graph that depicts the amount of water in a 100-gal tank. 
The tank is initially empty and then filled at a rate of 5 gal per minute Immediately 
after it is full, a pump is used to empty the tank at 2 gal per minute 
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50. Distance from Home Sketch a graph showing the distance a person is from home 
after .t hours if he or she drives on a straight road at 40 mph to a park 20 mi away, 
remains at the park for 2 hr, and then returns home at a speed of 20 mph. 


51. Pickup Truck Market Share The light ve¬ 
hicle market share (in percent) in the United 
States for pickup trucks is shown in the 
graph. Let x — 0 represent 1995, .r=4 rep¬ 
resent 1999, and so on. 

(a) Use the points on the graph to write 
equations for the line segments in the 
intervals [0, 4] and (4,8]. 

(b) Define this graph as a piecewise-defined 
function /. 


Pickup Truck Market Share 



Sourvc Bureau of Transportation Statistics 


52. Flow Rates A water tank has an inlet pipe 
with a flow rate of 5 gal per minute and 
an outlet pipe with a flow rate of 3 gal per 
minute. A pipe can be either closed or com¬ 
pletely open. The graph shows the number 
of gallons of water in the tank after x min¬ 
utes. Use the concept of slope to interpret 
each piece of this graph. 


Water In a Tank 



53. Swimming Pool Levels The graph of 
y = /(.t) represents the amount of water in 
thousands of gallons remaining in a swim¬ 
ming pool after x days. 

(a) Estimate the initial and final amounts of 
water contained in the pool. 

(b) When did the amount of water in the 
pool remain constant? 

(c) Approximate /(2) and /(4). 

(d) At what rate was water being drained 
from the pool when 1 £ ,v ^ 3? 


54. Gasoline Usage The graph shows the gallons 
of gasoline v in the gas tank of a car after 
.v hours. 

(a) Estimate how much gasoline was in the 
gas tank when x — 3 . 

(b) When did the car bum gasoline at the 
greatest rale? 


Water in a Swimming Pool 


V 



Gasoline Use 


V 



I line l in Ilnurs » 
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55. Lumber Costs Lumber that is used to frame walls of houses is frequently sold in 
multiples of 2 ft. If the length of a board is not exactly a multiple of 2 ft, there is 
often no charge for the additional length. For example, if a board measures at least 
8 ft, but less thnn 10 ft, then the consumer is charged for only 8 ft. 

(n) Suppose that the cost of lumber is S0.80 every 2 ft. Find a formula for a function 
/ that computes the cost of a board x feet long for 6 ^ x :£ 18. 

(b) Determine the costs of boards with lengths of 8.5 ft and 15.2 ft. 

56. Snow Depth The snow depth in Michigan's Isle Royale National Park varies 
throughout the winter. In a typical winter, the snow depth in inches is approximated 
by the following function. 


6.5.r 


/(-*) = < 


—5.5x 4- 48 
-30x4 195 


if 0 < x < 4 
if 4 < x < 6 
if 6 < .r S 6.5 


Here, x represents the time in months with x = 0 representing the beginning of 
October, x = 1 representing the beginning of November, and so on. 

(a) Graph y = /(x). 

(b) In what month is the snow deepest? What is the deepest snow depth? 

(c) In what months does the snow begin and end 9 



Graphing Techniques 



H Stretching and Shrinking 

□ Reflecting 

□ Symmetry 

□ Even dnd Odd Functions 
b Translations 


Graphing techniques presented in this section show how to graph functions that 
are defined by altering the equation of a basic function. 


Stretching and Shrinking We begin by considering how the graphs of 

y and y = /(ax) compare to the graph of y = /(.x), where a > 0. 

■4 i v * f- — Stretching or Shrinking a Graph 

Graph each function. 

(a) g(x) = 2jxJ (b) /,(x) = j|x| <c) k(x) = |2x| 

SOLUTION 

(a) Comparing the tables of values for /(x) = jx| and g(.x) = 2|x| in Figure 68, 
we see that for corresponding x-values. the v-values of g are each twice 
those of/. The graph of /(x) = |x| is vertically stretched. The graph of 
g(.r)» shown in blue in Figure 68, is narrower than that of /(x), shown in 
red for comparison. 



Figure 68 
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(b) The graph of /*(,xr) = £|x [ is also ihe same general shape as that of f(x), but 

here the coefficient 4 is between 0 and I and causes a vertical shrink . The 
graph of h{x) is wider than the graph of /(.r), as we see by comparing the 
tables of values. See Figure 69. 


y 



Vertical stretching 
a > I 


> 



Vertical shrinking 
0 < a < 1 


Figure 70 



Horizontal stretching 
0 < a < 1 



Horizontal shrinking 
a > 1 

Figure 71 



(c) Use Property 2 of absolute value (| ab | = | a | * | b ] ) to rewrite 1 2x |. 

*(.r) = | 2.v | = | 2 | - |.vi = 2|.v| Property 2 (Section R.2) 

Therefore, the graph of k(x) = 12.v| is the same as the graph of g(x) = 2j.v| 
in part (a). This is a horizontal shrink of the graph of f{x ) = 1 x |. See Figure 68 
on the previous page. 

%/ Now Try Exercises 7 and 9 


Vertical Stretching or Shrinking of the Graph of a Function 

Suppose that a > 0. If a point (x. y) lies on the graph of y = /(.r), then 
the point (x, ay) lies on the graph of y = af(x), 

(a) If a > 1, then the graph of y = a/(.v) is a vertical stretching: of the 
graph of y = /(.v). 

(b) If 0 < a C 1, then the graph of y — af(x) is a vertical shrinking of 
the graph of y = /(.r). 


Figure 70 shows graphical interpretations of vertical stretching and shrink¬ 
ing. Notice that in both cases, the .v-intercepts of the graph remain the same but 
the y-intercepts are affected. 

Graphs of functions can also be stretched and shrunk horizontally. 


Horizontal Stretching or Shrinking of the Graph of a Function 

Suppose that a > 0. If a point (.r, y) lies on the graph of y — /(.v), then 
the point (f. y ) lies on the graph of y = /(or). 

(a) If 0 < a < 1 , then the graph of y — /(a.r) is a horizontal stretching 
of the graph of y = /(.v). 

(b) If a > 1, then the graph of v = f(ax) is a horizontal shrinking of the 
graph of y = /(. r). 


See Figure 71 for graphical interpretations of horizontal stretching and 
shrinking. Nonce that in both cases, the ^-intercept remains the same but the 
.v-intercepls arc affected. 






















Functions 


Reflecting Forming the mirror image of a graph across a line is called 
reflecting the graph across Hie line* 


.... 


PLE2 


Reflecting a Graph across an Axis 


Graph each function. 

(a) g(x) = — Vx (b) /i(x) = y/—x 

SOLUTION 


(a) The tables of values for g(x) = — \/x and f(x) = V*x are shown with 
their graphs in Figure 72. As the tables suggest, every 3 *-value of the graph of 

g(x) = — Vx is the negative of the corresponding 3 »-value of /(x) — ~\/x. 
This has the effect of reflecting the graph across the x-axis. 



(b) The domain of //(x) — V— x is x ^ 0. while the domain of /(. r) = Vr 
* s x — 0* Choosing x-values for /i(x) that are negatives of those used 
f° r We see that corresponding y-values are the same. The graph of 

h is a reflection of the graph of f across the 3 *-axis. See Figure 73. 



The graphs in Example 2 suggest the following generalizations. 

Reflecting across an Axis 

The graph of y = — f{x) is the same as the graph of y = f(x) reflected 
across the x-axis. (If a point (x,y) lies on the graph of y = /(x), then 
(x, —v) lies on this reflection.) 

The graph of y = —x) is the same as the graph of y = f(x) reflected 

across the 3 ’-axis. (If a point (x,y) lies on the graph of v = /(x), then 
(— x,y) lies on this reflection.) 
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>• 



(a) 


y 



(b) 

Rgure 74 


Symmetry The graph of / shown in Rgure 74(a) is cut in half by the y-axis 
with each half the mirror image of the other half. Such a graph is symmetric 
with respect to the y-axis. The point (—x,y) is on the graph whenever the 
point (x,y) is on the graph. 

Similarly, if the graph in Rgure 74(b) were folded in half along the x-axis, 
the portion at the top would exactly match the portion at the bottom. Such a 
graph is symmetric with respect to the x-axis. The point (x, y) is on the 
graph whenever the point (x,y) is on the graph. 


Symmetry with Respect to an Axis 

The graph of an equation is symmetric with respect to the y-axis if the 
replacement of x with —*x results in an equivalent equation 
The graph of an equation is symmetric with respect to the x-axis it the 
replacement of y with —y results in an equivalent equation. 


In Section 2.6 we introduced graphs of basic functions. The squaring func¬ 
tion and the absolute value function are examples of functions that are symmetric 
with respect to the y-axis. 


Testing fo r Symmetry with Respe ct to an Axis 


Test for symmetry with respect to the x-axis and the y-axis. 


(a) y = x 2 + 4 (b) x = y 2 — 3 (c) x 2 4- y 2 =16 

SOLUTION 


(d) 2x + y = 4 


(a) In y = x 2 + 4, replace x with —x. 


c 


Use parentheses 
around —x 



Equt\ diunt 


The result is the same as the original equation, so the graph, shown in 
Rgure 75, is symmetric with respect to the y-axis. Substituting —y for y 
does not result in an equivalent equation, and thus the graph is not symmetric 
with respect to the x-axis. 


y 



Rgure 75 


y 



Rgure 76 


(b) In x = v 2 — 3. replace y with — y. 

x ~ ) 3 = \ 3 Same as the ongin.il equation 

The graph is symmetric with respect to the x-axis. as shown in Rgure 76. It 
is not symmetric with respect to the v-axis. 























Functions 


•<> Graphing Translations of a Given Graph 

A graph of a function defined by y = fix) is shown 
in Figure 90. Use this graph to sketch each of the fol¬ 
lowing graphs. 

(a) g(.v) = f{x) + 3 (b) /i(.v) = /(.v + 3) 

(c) A:(.v) = f{x - 2) + 3 

SOLUTION In each pan, pay close attention to how 
the plotted points in Figure 90 are translated. 

(a) The graph of g(.v) = fix) + 3 is the same as 
the graph in Figure 90, translated 3 units up. See 
Figure 91(a). 


y 



(b) To get the graph of ft(x) = /(.v 4- 3). the graph of y = /(.t) must be trans¬ 
lated 3 units to the left since x + 3 = 0 if x = —3. See Figure 91(b). 





(c) The graph of kix) — fix — 2) + 3 will look like the graph of f(x) trans¬ 
lated 2 units to the right and 3 units up, as shown in Figure 91(c). 

Now Try Exercise 77. 


Summary of Graphing Techniques 

In the descriptions that follow, assume that a > 0, h > 0, and k > 0. In 
comparison with the graph of y = fix): 

1. The graph of y = f{x) 4- k is translated k units up. 

2. The graph of y — fix) — k is translated k units down. 

3. The graph of y — fix 4* h) is translated h units to the left. 

4- The graph of y = fix ft) is translated h units to the right. 

5. The graph of y = afix) is a vertical stretching of the graph of y = fix) 
if a > 1. It is a vertical shrinking if 0 < a < 1. 

6. The graph of y = fiax) is a horizontal stretching of the graph of y = fix) 
if 0 < a < I. It is a horizontal shrinking if fl > I. 

7. The graph of y = — fix) is reflected across the .r-axis. 

8. The graph of y — fi~~x) is reflected across the v-axis. 
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Exercises 



1. Concept Check Match each equation in Column I with a description of its graph 
from Column II as it relates to the graph of y — .r 2 . 

i n 


(a) y = (.r — 7) 2 

(b) y = x 2 — 7 

(c) y = 7.r 2 

(d) y=(x + 7) 2 

(e) y = .v 2 4- 7 


A. a translation 7 units to the left 

B. a translation 7 units to the right 

C. a translation 7 units up 

D. a translation 7 units down 

E. a vertical stretching by a factor of 7 


2. Concept Check Match each equation in Column I with a description of its graph 
from Column II as it relates to the graph of y — >34. 


I 

(a) y = 4>34 

(b) y = ->34 

(c) y = >3 4x 

(d) >• = >34-4 

(e) y — >34 — 4 


II 

A. a translation 4 units to the right 

B. a translation 4 units down 

C. a reflection across the .r-axis 

D. a reflection across the y-axis 

E. a vertical stretching by a factor of 4 


3. Concept Check Match each equation in ports (a)-(i) with the sketch of its graph. 


(a) y«jt a + 2 
(d) y = (x - 2) 2 
(S) 3 = 4- 2)- + 1 



(b) y = x 2 - 2 

(e) y = 2x 2 

(h) y = (x + 2) 2 + l 


/• 



(c) y = (x + 2) 2 

(0 y = -x 2 

(i) y = (x 4- 2) 2 — 1 



I. r 

xl 

t-2. -1) 
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4. Check Match each equation in parts (a)-(i) with the sketch of its graph, 

(o) y * Vv + 3 (b) y — Vr — 3 (c) y = Vv + 3 

(c) 3 ' = - Vv 
(h) v = V.v + 3 + 2 
B. > 


(d) 3' = 3 Vv 
(g) 3' ~ Vv — 3 + 2 

Am V 





s. Concept Check Match each equation in parts (a)—(i) with the sketch of its graph, 
(a) 3' = |* - 2| (b) ;>> = |x| - 2 (c) 3 ' = M + 2 

(e)3-=-I*I (f) 3* = |-r! 

(h) y = Jx - 2| + 2 (!) v = |.v + 2\ - 2 

B. 3 c. 3 


(d) >• = 2 |xj 
(g) y — — 2j.v| 
A. y 



D. 




H. 





F. 



I. 
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6. (a) Suppose the equation y = F(x) is changed to y — c * ^(x), for some constant c. 
What is the effect on the graph of y = F(x)? Discuss the effect depending on 
whether c > 0 or c < 0, and on whether |c|> I or Jc| < 1. 

(b) Suppose y = F(x) is changed to y = F(x + h ). How are the graphs of these equa¬ 
tions related? Is the graph of y — F(x) + It the same as the graph of y = F(x 4- /i)? 
If not, how do they differ? 


Graph each function. See Examples 1 and 2. 
7. y = 3|.rj 8. y = 4|x| 


11. y = 2x- 
IS. y = - 


12. y — 3x 2 


16. y= - jx 2 


9. y = fM 
13. y = 


10. y = -\x\ 
14. y = yx 2 


I 


o x 


19. y = 

22. y = V9^ 


1 




20. y = 

23. v = -V-r 


17. y = — 31-V1 18. y - -2\x\ 

21. y = V4x 
24. y = ~\~x\ 


Concept Check In Exercises 25—25. suppose the point (8, 12) is on the graph of 
y = /(x). Find a point on the graph of each function. 


25. (a) y = /(.r 4- 4) 
(b) y = /(x) 4- 4 


1 


26. (a) y = -/(x) 


27. (a) y = /(4x) 
(b) v = /(j.v) 

28. (a) the reflection of the graph of y = /(.r) across the x-axis 


(b) v = 4/(x) 


(b) the reflection of the graph of v = /(x) across the y-axis 


Concept Check Plot each point, and then plot the points that are symmetric to the given 
point with respect to the (a) x-axis, (b) y-axis, and (c) origin. 

29. (5.-3) 30. (-6.1) 31. (-4.-2) 32. (-8.0) 

33. Concept Check The graph of y = |x — 2| is symmetric with respect to a vertical 
line. What is the equation of that line? 

34. Concept Check Repeat Exercise 33 for y = — |x 4- 11. 


Without graphing, determine whether each equation has a graph that ts symmetric with 
respect to the x-axis, the y-axis, the origin, or none of these. See Examples 3 and 4. 

35. v = x 2 4- 5 36. y = 2x 4 — 3 37. x 2 4- y 2 = 12 38. y 2 — x 2 = —6 

39. y = —4x 3 4- x 40. y = x 3 - x 41. y = x 2 - x 4- 8 42. v - x 4- 15 


Determine whether each function is even, odd, or neither. Sec Example 5. 

,3 


43. 

II 

-x 3 4- 2x 




44. 

fix) 

= x 5 - 

45. 

II 

J* 

'W' 

**>> 

0.5x 4 - 2.x 2 

4- 6 



46. 

fix) 

= 0.75x 

47. 

fix) = 

x 3 — X 4- 9 




48. 

f(x) 

= x 4 - 

Graph each function. See Examples 6—8 . 





49. 

ri 

> 

II 

- 1 

50. 

y — x 2 — 

2 



51. 

52. 

v = .r- 

4- 3 

53. 

v = (x - 

4 

) 2 


54. 

55. 

V = (X 

+ 2) 2 

56. 

V = (X 4- 

3 

) 2 


57. 

58. 

y = lx 

4-3| + 2 

59. 

V = -(x 

■+■ 

1 )• 


60. 


X 2 4- 2 
(t - 2) 2 

M- i 
(a - w 
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61. y ~ Zv 2 — 1 

62. 

y = 3x 2 - 2 

63. fix) = 2(.v - 2) 2 - 4 

64. fix) = —3(x - 2) 2 + 1 

65. 

/(.*) = Vx + 2 

66. fix) = Vx — 3 

67. f{x) = - Vx 

68. 

SIx) = VJ - 2 

69. fix) = 2Vx + 1 

70. y = 3 Vx - 2 

71. 

y = -‘.i- 1 — 4 

72. y = -x 3 + 2 

2 

73. y = (x + 3) 3 

74. 

,• = <.t - 2) 3 

75. y = |(.r - 2) 3 


76. Concept Cheek What is the relationship between the graphs of fix) = |x| and 
$(-*) = I ~v|? 


For Exercises 77 and 78, see Example 9. 

77. Given the graph of y = g(x) in the figure, sketch ihe 
graph of each function, and explain how it is obtained 
from the graph of y — g(x). 

(a) 3* = g(~x) 

(b) y = g(x — 2) 

(c) y = — g(x) + 2 


78. Given the graph of y = fix) in the figure, sketch the 
graph of each function, and explain how it is obtained 
from the graph of y = fix). 

(a) y = 

(b) y = 2 fix) 

(c) y = /(—x) 



Connecting Graphs with Equations Each of the following graphs is obtained from 

the graph of fix) = jx| or g(x) — Vx by applying several of the transformations dis¬ 
cussed in this section. Describe the transformations and give the equation for the graph. 



80. 




82. 
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Concept Cheek Suppose that for a function f. f{ 3) = 6. For the given assumptions in 
Exercises S5—90, find another function value. 

85. The graph of y = f(x) is symmetric with respect to the origin. 

86. The graph of y — f(x) is symmetric with respect to the y-axis. 

87. The graph of y = f(x) is symmetric with respect to the line x = 6. 

88. For all ,r, /( —x) — f(x). 

89. For all .r. /( -r) = -f(x). 


90. / is an odd function. 

91. Find the function g(jc) = ax + b whose graph can be obtained by translating the 
graph of f(x) = 2x + 5 up 2 units and to the left 3 units. 

92. Find the function g(„r) = ax +• b whose graph can be obtained by translating the 
graph of /(.r) = 3 — .r down 2 units and to the right 3 units. 


93. Concept Check Complete the left half of the graph of 
y = /(.r) in the figure for each condition. 

(a) /(-t) =/(.t) (b) f(-x) = -/(. x) 


V 



94. Concept Check Complete the right half of the graph of 
y = /(.r) in the figure for each condition. 

(a) / is odd. (b) / is even. 


V 



Chapter 2 



1. For the line passing through the points (-3.5) and (- 1.9) . find the following: 

(a) the slopc-intcrccpt form of its equation (b) its v-intervept 

2. Find the slope-intercept form of the equation of the line passing through the point 
(—6. 4) and perpendicular to the graph of 3.v — 2v = 6 


3. Suppose that P has coordinates (-8.5) Find the equation of the line through P that is 
(a) vertical (b) horizontal 
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4. For each basic function graphed, give the name of the function, the domain, the 
range, and intervals over which it is decreasing, increasing, or constant. 

(a) > (b) y (c) y 



5, (Modeling) Long-Distance Call Charges A certain long-distance carrier provides 
service between Podunk and Nowheresville. If .r represents the number of minutes 
for the call, where .* > 0, then the function 

fix) = 0.40H-c! + 0.75 

gives the total cost of the call in dollars. Find the cost of a 5.5-min call. 


Graph each function. 



VTx 

2x + 3 


if .r Sr 0 
if.r < 0 


7. f(x) = -x 3 + 1 


8. /(.r) = 2|.r - I I + 3 


9. Connecting Graphs with Equations The func¬ 
tion graphed here is obtained by stretching, 
shrinking, reflecting, and/or translating the 

graph of fix) = Vx. Give the equation that 
defines this function. 


y 



10. Determine whether each function is even, odd, or neither. 

(a) fix) = x 2 - 7 (b) fix) = * 3 - .r - 1 (c) fix) = .r‘°‘ - x" 



Function Operations and Composition 




n Arithmetic Operations on 
Functions 

c The Difference Quotient 

□ Composition of Functions 
and Domain 


Arithmetic Oneratfons on Functions Figure 92 shows the situation for a com¬ 
pany that manufactures DVDs. The two lines are the graphs of the linear func¬ 
tions for revenue /?(x) = 168x and cost C(x) = 118x + 800, where x is the 
number of DVDs produced and sold, and x, /?(x), and C(x) are given in thou¬ 
sands. When 30,000 (that is, 30 thousand) DVDs are produced and sold, profit is 
found as follows. 



Pi v) — R(x) C(-v) Profit function (Section 2.4) 

Pi 30) = /?(30) - C(30) Let x = 30 


= 5040 — 4340 ATI 30) = IfiKi 30) C t "Ml) = I IS| til) + NOO 


P{30) = 700 Subtract 


Thus, the profit from the sale of 30,000 DVDs is S700.000. 

The profit function is found by subtracting the cost function from the rev¬ 
enue function. New functions can be formed by using other operations as well. 


Figure 92 
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Operations on Functions and Domains 


Given two functions f and g . then for nil values of \ ior which both /( x } 
and g (.v) are defined, the functions / + g, f — g, fg , and 7 are defined as 
follows 


(/ + £)(-r) = f( x ) + si x ) Sum 

(/ “ g)(*) = f( x ) ~ s( x ) Difference 

(fg)( x ) = f(. x ) * g( x ) Product 

(£)(•»-') = sW * ° ,,cnl 

The domains of f + g* f — g, and fg include all real numbers in the 
intersection of the domains of f and g, while the domain of £ includes 
thoseTcal numbers in the intersection of the domains of / and g for which 

g(xj 96 0. 


NOTE The condition g(x) ^ 0 in the definition of the quotient means 
that the domain of (^)(.r) is restricted to all values of x for which g(.v) is 
not 0. The condition does not mean that g(x) is a function that is never 0. 


U sing Operations on Functions 

Let f(x) — x 2 + 1 and g(.v) = 3x + 5. Find each of the following. 

00 (/ + «)(!) OO (f-sH-3) (c) (fg)(5) (d) (j)(0) 

SOLUTION 

(a) First determine /(1) — 2 and g( 1) = 8. Then use the definition. 


(/ + S)(l) = /CO + 5(1) (/ + .V)( V) = /{A) 4- lf(.v) 


= 2 + 8 

/( 1 ) = 1 

l.fi(I)»3(l) + 5 

= 10 

Add. 



I 

u» 

II 

1 

U> 

1 

OQ 

1 

OJ 

(/ “ #?)( v) = /{ v) - \) 


= 10- (-4) 

/(-3) = 

(-3F -i- Ljb(-3) = 

31—31 + 5 

= 14 

Subtract 



= /(5) -g( 5) 

»(£ 

)( 0 ) = /(0) 

' } g( 0 ) 


= (5 2 + 1)(3 • 5 + 5 ) 


0 2 + 1 

ft X) = 4 1 

= 26 * 20 


3(0) + 5 

V t 1 ) = 3 1 4 *> 

= 520 


1 




~~ 5 

SuupillN 


Noiv Try Exercises 1, X 5. and 7. 
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As Example 8 shows, it is not always true that f ° g = g °f. In fact, the 
composite functions f ° g and g ° f are equal only for a special class of func¬ 
tions, discussed in Section 4.1. 

In calculus it is sometimes necessary to treat a function as a composition of 
two functions. The next example shows how this can be done. 


Finding Functions That Form a Given Composite 

Find functions / and g such that 

(/ • g)(x) = (-V 2 - 5) 3 - 4(.r 2 - 5) 4- 3. 

SOLUTION Note the repeated quantity a 2 — 5. If we choose g{x) = x- — 5 and 
/(a) = .r 3 — 4.r 4- 3, then we have the following. 

(/ ° s)(- x ) ~ f(g{- x )) By definition 

= /(a 2 — 5) S'(t) = t 2 - 5 

= ( x 2 - 5) 3 — 4( v 2 -5)4-3 Use the rule for /. 

There are other pairs of functions / and g that also satisfy these conditions. Here 
is another such pair. 

/(- r ) = (a — 5) 3 — 4(x -5)4-3 and g(.r) = x 2 

Now Try Exercise 89. 



Let /(a) — x 2 4* 3 and #(x) = —2x 4- 6 . Find each of the following. See Example 1. 

1. (/ + *)(3) 2. (f + s X-5) 3. (/-g)(-1) 4. (/-*)(4) 

5- (/«)(4) 6. (/g)(-3) 7. (0(-l) 8. (^)(5) 

For the pair of functions defined, find (/ 4- £)(.r), (/ - g)(x), ifg){.x). and (£) (a). 
Give the domain of each. See Example 2. 

9. /(a) - 3x 4- 4. g(x) = 2x - 5 10. f(x) =6- 3*. 5 (x) = -4.r 4- 1 

11. f{x) = 2x 2 - 3.r. 5 (x) = x 2 - x 4- 3 12. /(x) = 4 a 2 4- 2x. s(x) = x 2 - 3 .r + 2 

13. fix) = V4x - I, g(x) = j 14. fix) = V5x - 4. s (.t) = - ^ 

Associate's Degrees Earned The graph shows 
the number of associate's degrees earned (in 
thousands) in the United States from 2000 
through 2008. Mix) gives the number of degrees 
earned by mates. Fix) gives the number earned 
by females, and 7(x) gives the total number for 
both groups. Use the graph in Exercises 15-JS. 

15. Estimate 3/(2004) and 7(2004), and use 
your results to estimate 7(2004) 

16. Estimate 3/(2008) and 7(2008). and use 
your results to esumate 7(2008) 


Associate's Degrees Earned 


5 



S<uirrr l S National Center for 
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17. Use the slopes of the line segments to decide in which period (2000—2004 or 
2004-2008) the total number of associate’s degrees earned increased more rapidly. 

18. Concept Check Refer to the graph of Associate’s Degrees Earned on the previous 

page. If 2000 £ k ^ 2008, T(k) = r, and F(k) = s, then M(k) =- 


Science and Spacc/T<cchnology Spending The graph sflows dollars (in billions) spent 
for general science and for space/other technologies in selected years. G(x) represents 
the dollars spent for general science, and S(x) represents the dollars spent for space 
and other technologies. T(x) represents the total expenditures for these two categories. 
Use the graph in Exercises 19—22. 


Science and Space Spending 

y 



Source- \JS. Office of Management and Budget. 

19. Estimate (T — S)(2000). What does this function represent? 

20. Estimate (7*— G)(20I0). What does this function represent? 

21. In which of the categories was spending almost static for several years? In which 
years did this occur? 

22. In which period and which category does spending for G(.r) or 5(.v) increase most? 


Use the graph to ex'aluate each expression. See Example 3(a) 

23. (a) (/+fi)(2) (b) (/ —g)(l) 24.(: 

(<=) (/«)(o) <d) (0(1) (, 


3* 



(/ + £)( 0) 

(b) (/- 

(fsK i) 

J 

<d) (f) 

V 


~ /T] 

——T— 4 

rfrl 3 

V) =/Tr) 

y «= gtxyf 
/ 1 


r 3 r?/ / 

§ M 

. I\2 3 

% 


1j_ V i _ 


25. (a) (/ + g)(-l) (b) (/-g)(-2) 26. (a) (/ + g )(l) (b) (/-$)(0) 


(c) (/£)(0) 


(d) 


(£) (2! 


<C> </«)(-1) <d) 


(f) 


0) 
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in Exercises 27 and 2S, use the tabte to evaluate each expression in parts (a)—(d), if 
possible. See Example 3(b). 

<«> U+sX2) (b) (/-s)(4) (c) (/fi)(-2) (d) (j)(0) 


X 

/(v) 

A’(0 

28. 

A' 

/(-v) 


_2 

0 

6 

_2 

-4 

2 

0 

5 

0 

0 

8 

-i 


7 

—2 

2 

5 

4 

4 

10 

5 

4 

0 

0 


Use the table in Exercise 27 to complete the following table. 


X 

a + g)<.x) 

if ~ ff)(-v) 

— 1 

t fg)(x) 

({)W 

— 2 





0 





2 





4 






30. Use the table in Exercise 28 to complete the following table. 


X 

(/ + fi)0r) 

(/ - S)(x) 


({)(*) 

-2 





0 





2 





4 






[jrj 31. How is the difference quotient related to slope? 

jj=] 32. Refer to Figure 93. How is the secant line PQ related to the tangent line to a curve at 
point PI 


For each of the functions in Exercises 33 — 46, find (a) f(x + /i), (h) f(x + h) — f (-V). 
f(x + /i) — fix) 

and (c) ---. See Example 4 . 


33. f(x) = 2 - .r 

36. f(x) =4x+ 11 

I 

39. f(x) = j 

42. f(x) = -j: 2 

45. /(.r) = x~ 4 3.r + 1 


34. /( x) = l - x 

37. /(.r) = -2x 4 5 

40. f(x) = 

43. f(x) = 1 — x 2 

46. /(.v) 


35. f(x) = 6.r 4 2 

38. f{x) = -4.v 4- 2 

41. f(x) = .v 2 

44. fix) = I + 2r 
.v* -4.r+2 


t .f t f(x) = 2x — 3 and (.v) = —.r 4 3. Find each function value See Example 5. 

47. (f°g)( 4) 48. (/ ° g)(2) 49. (/« .c)(-2) 50. ( t ?»/)(3) 

51. (g ° f) (0) 52. (jf t> /)(-2) 53. (/<*/)(2) 54. (.e®if)( — -) 
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Concept Check The tables give some selected ordered pairs forfunctions f and g. 


X 

3 

4 

6 x 

jJ 

b 

b 

9 

A*) 

1 

3 

9 g(x) 

Jj 

I 6 

o 

12 


Find each of the following. 

55. (/«g)(2) 56. ( f°g)(l) 57. (r/)(3) 

58. (/>«/)(6) 59. (/°/)(4) 60. (fi»s)(l) 

61. Concept Check Why can you not determine (/ ° g)( 1) given the information in the 
tables for Exercises 55—607 

62. Concept Check Extend the concept of composition of functions to evaluate 
(l # (/°s))(7) using the tables for Exercises 55—60. 


Given functions f and g.find (a) (/ ° g)(x) and its domain , and (b) (g ° /) (x) and its 


domain. See Examples 6 and 7. 

63. /(x) = -6x + 9, g{x) = Sx + 7 

65. /(.t) = Vx, g(x) — x + 3 

67. f(x) = x\ g(x) = x 2 + 3x - 1 

69. /(.r) = Vx - 1, g(x) = 3.r 

71. /(.r) = j. g(x) = x + I 


64. /(x) = 8x + 12, g(x) = 3x - 1 
66. /(.v) = Vx, g(x) = x — 1 
68. /(x) = x + 2, g(x) = x 4 + x 2 - 4 
70. /(.v) - V.v - 2. S (.t) = Zr 

72. /(.i) = i fi (.r) = x + 4 


73. f(x) = Vx+2, g(x) = -j 
75. /(x) = Vx, g(x) = * 

X *r J 

77. /(x) = — , g(x) = -- 


74. /(x) 

76. /(x) — Vx, g(x) = 
78. f(x) 


= VxTa. s(-v) = -j 


x + 6 


1 ,, ' 


79. Concept Check Fill in the missing entries in the 
table. 

X 

/(*) 

aV) 

s(f( x )) 

1 

3 

2 

7 

2 

1 

5 


3 

2 



80. Concept Check Suppose /(x) is 
an odd function and g(x) is an 


2 

- 1 

1 

0 

| 

1 

2 

even function. Fill in the missing fix) 



0 

— 2 


CUU IL.3 111 lllC U1U1C, 

s(-v) 

0 

2 

1 



(/ ° 


i 

—2 




81. Show that (/° g)(x) is not equivalent to (g <= /)(.v) Tor 

/(x) = 3.v - 2 and g(x) = 2x - 3. 

|- 82. Describe the steps required to find the composite function / c g. given 

/(-»') = 2.i — 5 and = .v 2 -+- 3 









































Functions 


For certain pairs of functions f anti g, (/° g)(x) = x anti (g ° f)(x) = x. Show that 
this is true for each pair in Exercises 83-S6, 


83. f(x) = 4.v + 2. £(.x) = ^-(.v - 2) 


84. f(x) = — 3.v, g{x) = -j.x 


85. /(.v) — \^5x -+• 4. g (a* ) = —.v 3 — — 86. fix) = >Xv + 1, six) = .x 3 — I 


Find functions f and g such that (/ ° g)(.x) = /i(.x). (There are many possible ways to 
do this.) Sec Example 9. 


87. /i(.x) = (6.x - 2) 2 
90. = (2.x - 3) 3 


88. /i(.v) = (11.x 2 -t- 12.x) 2 

91. /i(.x) = \/6x + 12 


89. /i(.x) = V.x 2 - 1 

92. /i(.v) = 'Ylx + 3 - 4 


Solve each problem. 


93. Relationship of Measurement Units The function defined by fix) = 12.x com¬ 
putes the number of inches in .r feel, and the function defined by g(.x) = 5280.r 
computes the number of feet in x miles. What does (/ ® g)(.x) compute? 

54. Perimeter of a Square The perimeter .r of a square with side of _ s _ 

length s is given by the formula .x = 4s. 

(a) Solve for s in terms of ,x. s s 

(b) If v represents the area of this square, write y as a function of 

the perimeter .x. *- -- *— 

(c) Use the composite function of part (b) to find the area of a 
square with perimeter 6 


95. Area of an Equilateral Triangle The area of an equilateral tri¬ 
angle with sides of length .x is given by the function defined by 

- x2 

(a) Find -?J(2.x), the function representing the area of an equilateral 
tnangle with sides of length twice the original length 

(b) Find the area of an equilateral mangle with side length 16. Use 
the formula al(2x) found in part (a). 



.r 


96. Software Author Royalties A software author invests his royalties in two accounts 
for l yr. 

(a) The first account pays 4% simple interest. If he invests .x dollars in this account, 
write an expression for yi in terms of x, where v t represents the amount of inter¬ 
est earned. 

(b) He invests in a second account S500 more than he invested in the first account. 
This second account pays 2.5% simple interest. Write an expression for \z. 
where }'z represents the amount of interest earned. 

(c) What does y t + yz represent? 

(d) How much interest will he receive if S250 is invested in the first account? 


97. Oil ix ak An oil well off the Gulf Coa_st 
is leaking, with the leak spreading oil 
over the water’s surface as a circle At 
any lime t . in minutes, after the begin¬ 
ning of the leak, the radius of the circu¬ 
lar oil slick on the surface is r(t ) = 4/ 
feet. Let s-l(r) = ~r~ represent the area 
of a circle of radius r 

(n) Find (^i c r){t) 

(b) Interpret ("I ° 0(0 

(c) What is the area of the oil slick after 
3 min 9 
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98. Emission of Pollutants When a thermal inversion layer is over a city (as happens 
in Los Angeles), pollutants cannot rise vertically but are trapped below the layer 
and must disperse horizontally. Assume that a factory smokestack begins emitting 
a pollutant at 8 a.m. Assume that the pollutant disperses horizontally over a circular 
area. If t represents the time, in hours, since the factory began emitting pollutants 
(/ = 0 represents 8 a.m.), assume that the radius of the circle of potlutants at time t 
is r(t) = 2t miles. Let stl(r) = irr 2 represent the area of a circle of radius r. 

(a) Find (si ° r)(/). (b) Interpret (sd ° r)(t). 

(c) What is the area of the circular region covered by the layer at noon? 

99. (Modeling) Catering Cost The cost to hire a caterer for a party depends on the 
number of guests attending. If 100 people attend, the cost per person will be S20. 
For each person less than 100. the cost will increase by S5. Assume that no more 
than 100 people will attend. Let x represent the number less than 100 who do not 
attend. For example, if 95 attend, .v = 5. 

(a) Write a function defined by N{x) giving the number of guests. 

(b) Write a function defined by G(.r) giving the cost per guest 

(c) Write a function defined by Af(.v) * G(.r) for the total cost. C(jt). 

(d) What is the total cost if 80 people attend? 

100. Area of a Square The area of a square is .r 2 square inches. Suppose that 3 in. is 
added to one dimension and I in. is subtracted from the other dimension. Express 
the area sl(x) of the resulting rectangle as a product of two functions. 
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Key Terms 


2.1 ordered pair 
origin 
.v-axis 
y-axis 

rectangular (Cartesian) 
coordinate system 
coordinate plane 
(.\y-plane) 
quadrants 
coordinates 
collincar 

graph of an equation 
a- intercept 
\ -intercept 


2.2 circle 
radius 

center of a circle 

2.3 dependent variable 
independent variable 
relation 

function 

domain 

range 

function notation 
increasing function 
decreasing function 
constant function 
2.4- linear function 


standard form 
relatively prime 
change in .v 
change in y 
slope. 

average rate of change 
linear cost function 
cost 

fixed cost 
revenue function 
profit function 

2.5 point-slope form 

slope-intercept form 
scatter diagram 


2.6 continuous function 
parabola 

vertex 

piecewise-defined 
function 
step function 

2.7 symmetry 
even function 
odd function 
vertical translation 
horizontal translation 

2.8 difference quotient 
composite function 

(composition) 


New Symbols 


ordered pair 

X(x) function / evaluated at t (read “/ of x" *) 
Aj r change in i 

Ay change in \ 


m slope 

| j ] the greatest integer less than or equal to a 

S ° f composite function 


f < onnntictfi 
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Concepts 


Graphs of Basic Functions 

Basic Functions 

Identity Function /(x) = x 

Squanng Function f(x) — .v 2 
Cubing Function /(x) = x 3 
Square Root Function /(x) = Vx 
Cube Root Function /(x) = 

Absolute Value Function /(*) = |*| 
Greatest Integer Function /(x) = [x] 


Graphing Techniques 
Stretching and Shrinking 

If > 1, then the graph of y = af( jr) is a vertical stretch¬ 
ing of the graph of y = /(x). If 0 < a < 1, then the 
graph of y = of{x) is a vertical shrinking of the graph of 

v = f(r) 

If 0 < a < 1, then the graph of y — /(ox) is a horizon¬ 
tal stretching of the graph of y = /(x). If a > I. then 
die graph of )• = /(or) is a horizontal shrinking of the 
graph of y = /(x). 

Reflection Across an Axis 

The graph of y = —/(x) is the same as the graph of 
y = f{x) reflected across the x-axis. 

The graph of y — /(—x) is the same as the graph of 
y = /(.x) reflected across the y-axis 


Examples 


Refer to the function boxes in Section 2.6. Graphs of the 
basic functions are also shown on the back inside cover. 


The graph of y = —2 Vx is 
the graph of y — Vx 
stretched vertically by a fac¬ 
tor of 2 and reflected across 
the x-axis. 





Symmetry’ 

The graph of an equation is symmetric with respect to the 
y-axis if the replacement of x with — x results in an equiva¬ 
lent equation. 

The graph of an equation is symmetric with respect to the 
x-axis if the replacement of y with —y results in an equiva¬ 
lent equation. 

The graph of an equation is symmetric with respect to the 
origin if the replacement of both x with —x and y with — y 
at the same time results m an equivalent equation. 

Translations 

Let / be a function and c be a positive number 



Shift the Graph of 

To Graph: 

v = T(x) by c L nits: 

v = fix) + c 

up 

V = fix) - c 

down 

V — ft r -*• c ) 

left 

V fix — c ) 

right 


y 



The graph of x 2 + y 2 = 36 
is symmetric with respect to 
the y-axis, the x-axis, and the 
origin. 



The graph of 

v = ( v - I)'+ 2 

is the graph of v = a ' trans¬ 
lated 1 unit to the right and 
2 units up 
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Concepts 


Examples 



Function Operations and Composition 


Operations on Functions 

Given two functions / and g , then for all values of x for 
which both /(.v) and g(.x) are defined, the following opera¬ 
tions are defined. 


(/ + =/(*) + g(*) Sum 

(/ — ff)(x) = /(x) — g(x) Difference 

C/£)(x) = f(*) * £(*) Product 

£(*) * 0 Quotient 


Difference Quotient 

The line joining P(x, /(x)) and Q(x + /i, f(x 4- h)) has slope 


m 


f(x + h ) — /(x) 


h gt 0. 


Let /(x) = 2x — 4 and g(x) = Vx. 

1 
t 

(/ + g)(*) 

i (f>> 


Refer to Example 4 in Section 2.8. 

i 



Tlic domain 
is (0 * ) 


2x - 4 


The domain 
is (0. *) 


Composition of Functions 

If / and g are functions, then the composite function, or com¬ 
position, of g and / is defined by 

(g °/)(*) = g(f(*))- 

The domain of g °f is the set of all x in the domain of / 
such that /(x) is in the domain of g. 


Using / and g as defined above, 

(S ° /)(-*) = Vlr - 4. 

The domain is all .v such that 2.r — 4 ^ 0. Solving 
this inequality gives the interval [2, “). 



Chapter 2 

Review 

* 

e 

L rvS8 

-> 

ses 


Find the distance between each pair of points, and give the coordinates of the midpoint 
of the segment joining them. 

1. P(3,-l). Q(—4.5) 2. A/(-8,2),AT(3.-7) 3. A{-6. 3). B{-6. 8) 

4. Are the points (5, 7), (3. 9). and (6, 8) the vertices of a right triangle? If so. at what 
point is the right angle? 

5. Determine the coordinates of B for segment AB. given that A has coordinates 
(—6. 10) and the coordinates of its midpoint M are (8. 2). 

6. Use the distance formula to determine whether the points (-2. -5). (1.7). and 
(3, 15) are collinear 

Find the center-radius form of the equation for each circle described. 

7. center (-2, 3). radius 15 8. center (Vs. - V 7 ?). radius V3 

9. center (-8. 1). passing through (0, 16) 10. center (3. -6). tangent to the \-u\is 
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< itinuiiitit; (intphs with Iquations Use each graph to determine the equation of the 

i trcle in center-radius form. 




Find the center and radius of each circle. 
15. -r 2 + v 2 - 4x + 6y+ 12 = 0 
17. 2-r 2 + 2y 2 + 14.r + 6v + 2 = 0 
19. Find all possible values of x so that the 




16. a- 2 + y 2 - 6x - lOy + 30 = 0 
18. 3 .t 2 + 3y 2 + 33x - 15y = 0 
distance between (jc. —9) and (3, —5) is 6 


For each graph , determine whether y is a function of x. Give the domain and range of 
each relation. 



23. > 24. 



y 



y 



Determine whether each equation defines y as a function of x 
26. r = j>* 2 27. y = 6 - r- 28. v = - ± 


29. v = ± >/.v - 2 


Gtve the domain of each function. 

30. f(x) = -4 + l-v| 31. f(x) = 


8 - r 


32. fix) = \ 6 - 3v 
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33. For the function graphed in Exercise 22 , give the largest interval over which it is 
(a) increasing, (b) decreasing, and (c) constant. 

34. Suppose the graph in Exercise 24 is that of y = /(a). What is /(0)? 


Given /(a) = —2a 2 + 3x — 6, find each function value or expression. 

35. /(3) 36. /(-0.5) 37. f(k) 


Graph each equation. 

38. 3x + 7v = 14 39. 2 a - 5y = 5 

41. 2a 4- 5y = 20 42. a - 4y = 8 


40. 3 y = x 
43. /(.r) = x 


44. /(.r) = 3 45. a = -5 46. y+ 2 = 0 

47. Concept Check The equation of the line that lies along the A-axis is_ 


Graph the line satisfying the given conditions. 

48. through (2, —4), m = j 49. through (0, 5), m = — § 


Find the slope for each line , provided that it has a slope. 

50. through (8.7) and ( 5 , —2) 51. through (2, —2) and (3, —4) 


52. through (5, 6 ) and (5. — 2 ) 
54. 9a - Ay = 2 
56. a — 5y = 0 


53. through (0, —7) and (3, —7) 
55. 1 1a 4- 2y = 3 
57. a - 2 = 0 


58. (Modeling) Job Market The figure shows 
the number of jobs gained or lost in a recent 
period from September to May. 

(n) Is this the graph of a function? 

(b) In what month were the most jobs lost? 
the most gained? 

(c) What was the largest number of jobs 
lost? of jobs gained? 

(d) Do these data show an upward or a 
downward trend? If so, which is it? 


Job Market Trends 


10.000 - - 


— 5000 - - 


- 10.000 


1 


4—1—i—1—1—1—1—f- 


SONDJ F M A M 
Month 


59. f Modeling > Distance from Home The graph 
depicts the distance v that a person driving a car 
on a straight road is from home after a hours. 
Interpret the graph. At what speeds did the car 
travel? 


Distance from Home 


v 



60. Family Income Family income in the United States has steadily increased for many 
years In 1980 the median family income was about S21.000 per year In 2008 it was 
about S61.500 per year. Find the average annual rate of change of median family 
income to the nearest dollar over that period (Source. U S Census Bureau > 
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<*l. Mod t/i.’.’c 1 ! -l iluii; Tax l\ titans The percent of inx returns filed electronically in 

- ( M * I " • hi 2009, ilie liguie was 67.2%. ( Source: Internal Revenue Service.) 

(a) Use the information given for the years 2001 and 2009, letting x = 0 represent 
2001, x = 8 represent 2009, and y represent the percent of returns filed elec¬ 
tronically, to find n linear equation that models the data. Write the equation in 
slope-intercept form. Interpret the slope of the graph of this equation. 

(b) Use your equation from part (a) to approximate the percent of tax returns that 
were filed electronically in 2007. 


Tor each tine described, write the equation in (a) slope-intercept form, if possible, and 
(b) standard form. 


62. through (—2,4) and (1.3) 

64. x-intercept —3, y-intercept 5 

66 . through (0,5), perpendicular to 
8 -v + 5y = 3 

68 . through (3, —5). parallel to y — 4 
Graph each function. 


63. through (3, —5) with slope —2 

65. through (2, — 1), parallel to 3x — y = 1 

67. through (2, —10), perpendicular to a 
line with undefined slope 

69. through (—7,4), perpendicular to 
>* — 8 


70. /(x) = ~\x\ 71. f(x) = jx| - 3 72. /(x) = - - 2 

73. f(x) = -(x + 1 y- + 3 74. fix) = 2\K.r + 1 - 2 


75. fix) = |[jc-3| 


77. 



—4x 2 
3x- 5 


if x =£ 1 
ifx > 1 


76. 


78. 


/to - { 

/w = { 


x 2 + 3 
—x + 4 

M 

6 — x 


ifx < 2 
ifx > 2 

ifx < 3 
ifx s 3 


79. Concept Check If x represents an integer, then what is the simplest form of the 
expression 


11x5 + x*> 


Concept Check Decide whether each statement is true or false If false, tell why. 

80. The graph of a nonzero function cannot be symmetric with respect to the x-axis. 

81. The graph of an even function is symmetric with respect to the y-axis. 

82. The graph of an odd function is symmetric with respect to the ongin. 

83. If (o, b) is on the graph of an even function, so is (a. —b). 

84. If (a, b) is on the graph of an odd function, so is (—a, b). 

85. The constant function /(x) = 0 is both even and odd. 


Decide whether each equation has a graph that is symmetric with respect to the x-axis, 
the y-axis, the origin, or none of these. 

86 . 5v 2 + 5x 2 = 30 87. x + v 2 =10 88. v’-i + 4 

89. x 2 = v 3 90. | v | = -x 91. 6.\ + v = 4 


92. 1 x I = I v 1 


93. > = 1 


94. x 2 - i- = 0 


Describe how the graph of each function can be obtained from the graph of /( v) = [x |. 
95. #(x) = —lx) 96. /i(x) =1x1- 2 97. 4{ i) = 2 \ - 4 | 
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Let /(a) = 3.r — 4. Find an equation for each reflection of the graph of f(x). 

98. across the x-axis 99. across the y-axis 

101. Concept Check The graph of a function / 
is shown in the figure. Sketch the graph of 
each function defined as follows. 

(a) y = f(x) + 3 

(b) = f(x - 2) 

(c) y = f(x + 3 ) -2 

(d) >' = !/(*) | 

Let /(jc) = 3 . 1 - — 4 and g(x) = x 2 — 3.r — 4. Find each of the following. 

103. (/«)(*) 104. (/-S)(4) 

106. (f+g)(2k) 107. (£)(3) 

109. the domain of (fg)(x) 110. the domain of (^)(x) 

111 . Which of the following is not equivalent to (/°g)(x) for f(x) = j and 
g(x) = x 2 + 1? {Hint: There may be more than one.) 

A. f(g(x)) B. C. L D. (go /)(.r) 


102 . (f + g)(x) 
105. (/ + «)(-4) 

, 08 . (|)(-.) 


100. across the origin 


> 



f(x + h) — f(.v) 

For eachfunction, find and simplify ---, h ^ 0. 


112. /(.r) =lr + 9 


113. f(x) = x 2 -Sx+3 


Let f(x) = Vi — 2 and g(x) ~ x 2 . Find each of the following, if possible. 

114. ( f°g){x) 115. (g°/)(x) 116. (/°g)(-6) 

117. (g °/)(3) 118. (g°/)( — !) 119. the domain of f°g 


Use the table to evaluate each expression, if possible. 


120 . 

(/ + s)( I) 

X 

/to 


121 . 

(/-S)(3) 

-l 

3 

_ 

122 . 

(/«)(-!) 

0 

5 

0 

123. 

(f)( 0 ) 

l 

7 

1 


\S/ 

/ r\ 

3 

9 

9 


124. (f)(3) 


Tables for f and g are given. Use them to evaluate the expressions in Exercises 125 
and 126. 


125. (g°/)(-2) 

f{*) x 

#r(*> 

126. (/°g)(3) _ 2 

1 1 

2 

0 

4 2 

4 

2 

3 3 

— 2 

4 

2 4 

0 
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< </’/ t lu «/» 77ie* graphs of two functions f t uni t> arc shown in the figure*, 

127. Find (f°g)(2). , > 



JT 


Solve each problem. 


bitionship of \ t easurement Units There are 36 In. in 1 yd, and there are 
1 60 ^d in I nu. Express the number of inches in x miles by forming two functions 
and then considering their composition. 

130. i Modeling) Perimeter of a Rectangle Suppose the length of 
u rectangle is twice its width. Letar represent the width of the 
rectangle. Write a formula for the perimeter P of the rectangle J 

in terms of x alone. Then use P(jr) notation to describe it as a 
function. What type of function is this? 



131. (Modeling) Volume of a Sphere The formula for the volume 
of a sphere is V(r) = jTrr 5 , where r represents the radius of 
the sphere. Construct a model function V representing the 
amount of volume gained when the radius r (in inches) of a 
sphere is increased by 3 in. 

132. ( Modeling) Dimensions of a Cylinder A cylindrical can makes 
the most efficient use of materials when its height is the same os 
the diameter of its top. 

(a) Express the volume V of such a can as a function of the 
diameter d of its top. 

(b) Express the surface area S of such a can as a function of the 
diameter d of its top. (Hint: The curved side is made from 
a rectangle whose length is the circumference of the top of 
the can.) 





fP~ Chapter 2 

*_’ t 

u 


1. Match the set described in Column I with the correct interval notation from 
Column IL Choices in Column II may be used once, more than once, or not at all 



I 

11 

(a) 

Domain of f(x) = Vr 4- 3 

A. [-3, *) 

(b) 

Range of f(x) = Vr — 3 

B. [3. -) 

(c) 

Domain of f(x) = x 2 — 3 

c. (-*.*; 

D. [0. *) 

<d) 

Range of f(x) — x 2 4- 3 

(e) 

Domain of f(x) = v.v — 3 

(0 

Range of /(.r) = ~^/x + 3 

E. (-*. 3) 

(s) 

Domain of f(x) = l-r[ — 3 

F. (-*.3] 

(h) 

Range of /(-*) = | x 4- 31 

G. (3. =c) 

(i) 

Domain of .r = y 2 

H. (-*,0] 

(j) 

r 4 

II 

H 

<— 

0 

0 
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The graph shows ihc line that passes through the points (~2, ]) and (3,4). Refer to it 
to answer Exercises 2—6. 


2 . 


3. 


4. 


5. 


6 . 


7. 


8 . 


9. 


10 . 


11 . 


12 . 


Whai is the slope of the line? 

What is the distance between the two points shown? 

What are the coordinates of the midpoint of the segment 
joining the two points? 

Find the standard form of the equation of the line. 

Write the linear function /(.r) — ax + b that has this 
line as its graph. 


y 



Connecting Graphs with Equations Use each graph to determine the equation of 
the circle. Express in center-radius form. 


(a) > 




Graph the circle with equation .v 2 ■+■ v 2 + 4.r — 1 Oy + 13 = 0. 

In each case, determine whether y is a function of x. Give the domain and range. If it 
is a function, give the intervals where it is increasing, decreasing, or constant. 




Suppose point A has coordinates (5, —3). 

(a) What is the equation of the vertical line through A? 
fb) What is the equation of the horizontal line through A? 


Find the slope-intercept form of the equation of the line passing through (2. 3) and 
(n) parallel to the graph of v = —3.v + 2 ; 


(b) perpendicular to the graph of v = — 3 .v + 2 . 


Consider the graph of the function shown here. Give the 
interval(s) over which the function is 

(n) increasing. 

(b) decreasing. 

(c) constant, 

(d) continuous. 

(e) What is the domain of this function? 

(f) What is the range of this function? 





Graph each function. 
13. v = |.r- 2 | - 1 


i4. /(.v) = a 
















Functions 


15. f(x) = ( 3 . ,fv < “ 2 

l 2 ~ 2-V if a S -2 


16. The graph of y — /(.v) is shown here. Sketch the graph 
of each of the following. Use ordered pairs to indicate 
three points on the graph. 

(a) 3’ = /(-v) + 2 (b) y = /(.v + 2) 

(c) y=-/(.v) (d) y = /(-v) 

(e) y = 2/(.v) 


y 



17. Describe how the graph of y- 2\/a + 2 — 3 can be obtained from the graph of 

v — Va 


18. Determine whether the graph of 3.x 2 — 2v 2 = 3 is symmetric with respect to 
(a) the -X-axts, (b) the y-axis. and (c) the origin. 


In Exercises 19 and 20. given f{x) = 2x- - 3a + 2 and g(x) = -2x + 1 , find each of 
the following. Simplify the expressions when possible. 


19. (a) (/- g )( a) 

(c) the domain of — 

8 

20 . (a) {f + g)( 1) 


(b) 


(d) 


/(a 4- /,) - /(a) 


(/» =* 0) 


(b) (/g)(2) 


(O (/°S)(0) 


In Exercises 21 and 22, let /(a) = V'a + I and g(.v) = 2.x — 7. 

21 . Find (/ « g)(.x) and give its domain. 

22. Find (g o /)( x) and give its domain. 

23. (Modeling) Cell Phone Charges A cell phone service provides communication 
between two cities. If a represents the number of minutes for the call, where a > O. 
then the function 


/(a) = 0 75Ha| + 1.50 

gives the total cost of the call in dollars. Find the cost of a 7.5-min call 

24. (Modeling) Cost. Revenue, and Profit Analysis Dotty McGinnis starts up a small 
business manufacturing bobble-head figures of famous soccer players. Her initial 
cost is S3300. Each figure costs S4.50 to manufacture 

(a) Write a cost function C, where a represents the number of figures manufactured. 

(b) Find the revenue function R if each figure in part (a) sells for S10 50. 

(c) Give the profit function P 

(d) How- many figures must be produced and sold for Dotty to eam a profit ‘ 7 








Polynomial and Rational 
Functions 



Polynomial functions are used as 
models in many practical applications 
including the height of a thrown ball, 
the volume of a box, and, as seen 
in the photo here, the trajectories of 
water spouts. 
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In the table on the preceding page, 95 represents 1995, 100 represents 2000, and 
so on, and the number of outpatient visits is given in millions 

(n) Prepare a scatter diagram, and determine a quadratic model for these data. 

(b) Use the model from part (a) to predict the number of visits in 2012. 

SOLUTION 


(a) 






(c) 

Figure 15 


taj In Section 2.5 we used linear regression to determine linear equations that 
modeled data. With a graphing calculator, we can use quadratic regression 
to find quadratic equations that model data. 

The scatter diagram in Figure 15(a) suggests that a quadratic function 
with a negative value of a (so the graph opens down) would be a reasonable 
model for the data. Using quadratic regression, the quadratic function 

/(*) = -0.6861.x 2 4- 157.0.x - 8249 

approximates the data well. See Figure 15(b). The quadratic regression values 
of a, 6, and c are displayed in Figure 15(c). 

^ The year 2012 corresponds to x = 112. The model predicts that there will 
be 729 million visits in 2012. 

/(-0 = —0.686 lx 2 + 157.0-v - 8249 
/(112) = -0.6861(112) 2 + 157.0(112) - 8249 
~ 729 million 

V' Now Try Exercise 65. 



to Exercises 1 — 4, you are given an equation and the graph of a quadratic function . Do 
each of the following. See Examples 1—4. 


(a) Give the domain and range, 
(c) Give the equation of the axis, 
(e) Find the x-intercepts. 

1. y 




(b) Give the coordinates of the vertex, 
(d) Find the y~intercept. 



4. 
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Concept Check Calculator graphs of the functions in Exercises 5—8 are shown in 
Figures A—D. Match each function with its graph without actually entering it into your 
calculator. Then, after you have completed the exercises, check your answers with your 
calculator. Use the standard viewing window. 


5 . f{x) = (x — 4) 2 - 3 6 . /(x) = ~(x - 4 ) 2 + 3 

7. /(.r) = (.r 4 4 ) 2 - 3 8 . /(x) = -(x 4 4 ) 2 4 3 



9. Graph the following on the same coordinate system. 

(a) y = x 2 (b) y = 3x 2 (c) y = jx 2 

(d) How does the coefficient of x 2 affect the shape of the graph? 


10. Graph the following on the same coordinate system. 

(a) y — x 2 (b) y = x 2 — 2 (c) v = x 2 4 2 

(d) How do the graphs in parts (b) and (c) differ from the graph of y = .r 2 ? 

11. Graph the following on the same coordinate system. 

(a) y = (x - 2) 2 (b) y = (x 4 1 ) 2 (c) y = (x 4 3) 2 

(d) How do these graphs differ from the graph of y = x 2 ? 


12. Concept Check Match each equation with the description of the parabola that is its 
graph. 


(a) v = (x 4 4 ) 2 4- 2 

(b) y = (x 4 2 ) 2 4 4 

(c) y — —(x 4 4 ) 2 4 2 

(d) y = (x 4 2 ) 2 4 4 


A. vertex (—2, 4), opens up 

B. vertex (—2, 4), opens down 

C. vertex (—4, 2 ), opens up 

D. vertex (—4, 2), opens down 


Graph each quadratic function. Give the (a) vertex, (b) axis , (c) domain, and (d) range. 
Then determine (e) the interv’al of the domain for which the function is increasing and 
(f) the interval for which the function is decreasing. See Examples 1—4. 


13. /(x) = (x - 2) 2 

14. 

15. /(x) = (x 4 3 ) 2 - 4 

16. 

17. /(x)=-~(x+ l) ! -3 

18. 

19. /(.t) = - 2* + 3 

20 . 

21. /(.v) = x 2 - 10.r 4 21 

22 . 

23. /(a) = - 2 x 2 - 12a - 16 

24. 

25. /(a) = - “A 2 - 3a - ^ 

26. 


/(x) = (.v 4 4 ) 2 
/(x) = (x - 5 ) 2 - 4 

/(x) = — 3(x - 2)= 4 1 


/(x) = X 2 4 6.t 4 5 
f(x) = 2x 2 — 4.r 4 5 
/(.t) = -3.r : 4 24.t - 46 


/(•t) 



8 5 

— — A -4- — 

3 3 
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C onccpt Check The figure shows the graph of a quadratic 
function y = f(x). Use it to work Exercises 27-30. 

27. VVhai is the minimum value of /(.r)? 

28. For what value of .t is f(x) as small as possible? 

29. How many real solutions are there to the equation 
fix) =1? 

30. How many real solutions are there to the equation 
fix) = 4? 


y 



Concept C/ieck Several possible graphs of the quadratic function 

fix) = ax 2 + bx + c 

are shown below. For the restrictions on a, b, and c given in Exercises 31—36. select the 
corresponding graph from choices A—F. (Hint. Use the discriminant. See Section 1.4 if 


necessary.) 

31. a < 0; b 2 — Aac — 0 
33. a < 0; b 2 — 4ac < 0 
35. a > 0; b 2 — Aac > 0 


A. > 



32. a > 0; b 2 
34. a < 0; b 2 
36. a > 0; b 2 


b. y 



Aac < 0 
Aac > 0 
Aac = 0 

c. y 



Connecting Graphs with Equations In Exercises 37—40, find a quadratic function f 
whose graph matches the one in the figure. (Hint: See the Note following Example 3.) 





40. 
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(Modeling) In each scatter diagram , tell whether a linear or a quadratic model is ap¬ 
propriate for the data. If linear, tell whether the slope should be positive or negative . If 
quadratic, tell whether the leading coefficient of x 2 should be positive or negative. 


41. number of shopping 
centers as a function 
of time 


42. growth in science 

centers/museums as a 
function of time 


43. value of U.S. salmon 
catch as a function of 
time 


44. height of an object 45. Social Security assets 46. newborns with AIDS 

projected upward as as a function of time as a function of time 

a function of time 



Solve each problem. 

47. Sum and Product of Two Numbers Find two numbers whose sum is 20 and whose 
product is the maximum possible value. (Hint: Let x be one number. Then 20 — x is 
the other number. Form a quadratic function by multiplying them , and then find the 
maximum value of the fiinction .) 

48. Sum and Product of Two Numbers Find two numbers whose sum is 32 and whose 
product is the maximum possible value. 

49. Minimum Cost Brigette Cole has a taco stand. She has found that her daily costs are 
approximated by 

C(x) = .v 2 - 40x 4-610, 

where C(x) is the cost, in dollars, to sell x units of tacos. Find the number of units of 
tacos she should sell to minimize her costs. What is the minimum cost? 

50. Maximum Revenue The revenue of a charter bus company depends on the number 
of unsold seats. If the revenue in dollars, /?(x). is given by 

/?(x) = —x 2 4- 50x 4- 5000, 

where x is the number of unsold scats, find the number of unsold scats that produce 
maximum revenue. What is the maximum revenue? 

51. Maximum Number of Mosquitos The number of mosquitos, A/(.v), in millions, in 
a certain area of Florida depends on the June rainfall, x. in inches. The function 

A/(x) = lO.v - x 2 

models this phenomenon. Find the amount of rainfall that will maximize the number 
of mosquitos. What is the maximum number of mosquitos? 

52. Height of an Object If an object is projected upward from ground level with an 
initial velocity of 32 ft per sec. then its height in feet after t seconds is given by 

s(r) = — 16r 2 4- 32/ 

Find the number of seconds it will take to reach its maximum height. What is this 
maximum height? 

































and Rational Functions 


(Modeling) Solve each problem. See Example 5. 


53. Height aj a Toy Rocket A toy rocket (not internally powered) is launched straight 
up from the top of a building 50 ft tall at an initial velocity of 200 ft per sec. 

(n) Give the function thnt describes the height of the rocket in terms of time /. 

(b) Determine the time at which the rocket reaches its maximum height and the 
maximum height in feet. 

(c) For what time interval will the rocket be more than 300 ft above ground level? 

(d) After how many seconds will it hit the ground? 


54. Height of a Projected Rock A rock is projected directly upward from ground level 
with an initial velocity of 90 ft per sec. 

(a) Give the function that describes the height of the rock in terms of time t. 

(b) Determine the time at which the rock reaches its maximum height and the maxi¬ 
mum height in feet 

(c) For what time interval will die rock be more than 120 ft above ground level? 

(d) After how many seconds will it return to the ground 7 


^5. Area of a Parking I~ot One campus 
of Houston Community College has 
plans to construct a rectangular park¬ 
ing lot on land bordered on one side by 
a highway There are 640 ft of fencing 
available to fence the other three sides. 

Let .r represent the length of each of 
the two parallel sides of fencing. 

(a) Express the length of the remain¬ 
ing side to be fenced in terms of x. 

(b) What are the restrictions on x° 

(c) Determine a function ztl that represents the area of the parking lot in terms of .r. 

(d) Determine the values of x that will give an area between 30,000 and 40.000 ft 2 . 

(e) What dimensions will give a maximum area, and what will this area be? 



56. Area of a Rectangular Region A farmer 

wishes to enclose a rectangular region bor- / 

dering a river with fencing, as shown in 
the diagram. Suppose that x represents the 
length of each of the three parallel pieces 
of fencing. She has 600 ft of fencing 
available. 

(n) What is the length of the remaining 
piece of fencing in terms of xl 

(b) Determine a function al that repre¬ 
sents the total area of the enclosed 
region. Give any restrictions on x. 

(c) What dimensions for the total enclosed region would give an area of 22,500 ft 2 ? 

(d) What is the maximum area that can be enclosed? 



57. Volume of a Box A piece of cardboard is twice ' _|2 71 ^--i 

as long as it is wide. It is to be made mio a box !~ 

with an open top by cutting 2-in. squares from r 

each comer and folding up the sides Let .r repre- ; | 

sent the width (in inches) of the original piece of ... 

cardboard. 

(a) Represent the length of the original piece of cardboard in terms of v 

(b) What will be the dimensions of the bottom rectangular base of the box * Give the 
restrictions on x. 

(c) Determine a function Fthat represents the volume of the box m terms o! \ 

(d) For what dimensions of the bottom of the box will the volume be ?20 in ' "* 

<e) Find the values of x (to the nearest tenth of an inch) if sueh a box t*. lo have a 
volume between 400 and 500 in ‘ 
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58. Volume of a Box A piece of sheet metal is 2.5 times 
as long as it is wide. It is to be made into a box 
with an open top by cutting 3-in. squares from each 
comer and folding up the sides. Let x represent the 
width (in inches) of the original piece. 

(a) Represent the length of the original piece of 
sheet metal in terms of x. 

What are the restrictions on x ? 


(b) 

(c) 
<d) 


p-n 


3< 


3 | 


42-1, 


Determine a function V that represents the volume of the box in terms of x. 

For what values of x (that is, original widths) will the volume of the box be 
between 600 and 800 in. 3 ? Give values to the nearest tenth of an inch. 


59. Shooting a Free Throw If a person shoots 
a free throw from a position 8 ft above the 
floor, then the path of the ball may be mod¬ 
eled by the parabola 


— 16x 2 
0.434v 2 + 


l.I5x + 8, 


where v is the initial velocity of the boll in 
feet per second, as illustrated in the figure. 
(Source: RisL, C., “The Physics of Foul 
Shots,” Discover.) 



(a) If the basketball hoop is 10 ft high and located 15 ft away, what initial velocity v 
should the basketball have? 

(b) What is the maximum height of the basketball? 


60. Shooting a Free Throw See Exercise 59. 
If a person shoots a free throw from an 
underhand position 3 ft above the floor, the 
path of the ball may be modeled by 


— 16x 2 
y ~ 0.117v 2 


+ 2-75-r + 3. 


Repeat parts (a) and (b) from Exercise 59. 
Then compare the paths for the overhand 
shot and the underhand shot. 



(Modeling) Solve each problem . See Example 6. 

61. Births to Unmarried H omen The percent of births to unmarried women in the 
United States from 1996 to 2007 arc shown in the table. The data arc modeled by the 
quadratic function 

/(x) = 0.0773* 2 - 0.2115* + 32.64, 

where * = 0 corresponds to 1996 and /(*) is the percent. If this model continues to 
apply, what would it predict for the percent of these births in 2012? 


1 

Year 

Percent 

Year 

Percent 

1996 

32.4 

2002 

34.0 

1997 

32.4 

2003 

34.6 

1998 

32.8 

2004 

35.8 

1999 

33.0 

2005 

36.9 

2000 

33.2 

2006 

38.5 

2001 

33.5 

2007 

39 7 


Source Naunruil Center far Health Statistics 
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Concentration of Atmospheric CO j The quadratic function 

/(a) = Q.0098.T 2 + 0.9010.v + 316.8 

models the worldwide atmospheric concentration of carbon dioxide in parts per mil¬ 
lion (ppm) over the period 1960-2009, where ,v = 0 represents the year I960. If this 
model continues to hold, what will be the atmospheric C0 2 concentration in 2020? 
(Source : U.S. Department of Energy.) 

Spending on Shoes and Clothing The total amount spent by Americans on shoes 
and clothing from 2000 to 2009 can be modeled by 

/(.t) = —4 979-t 2 + 71 73.v + 97.29, 

where x — 0 represents 2000 and /(.v) is in billions of dollars. Based on this model, 
in what year did spending on shoes and clothing reach a maximum? ( Source : Bureau 
of Economic Analysis.) 

Accident Rate According to data from the National Highway Traffic Safety Ad¬ 
ministration, the accident rate as a function of the age of the driver in years „v can be 
approximated by the function 

f(x) = 0.0232.T 2 - 2.28.r + 60.0, 

for 16 s r < 85. Find both the age at which the accident rate is a minimum and the 
minimum rate. 

65. AIDS Cases in the United States 
The table* lists the total (cumula¬ 
tive) number of AIDS cases diag¬ 
nosed in the United Slates 
through 2007. For example, a 
total of 361,509 AIDS cases were 
diagnosed through 1993. 

(a) Plot the data. Let x = 0 cor¬ 
respond to the year 1990 
Would a linear or a quadratic 
function model the data better? 

Explain. 

(c) Find a quadratic function de¬ 
fined by /( jc) = ax 2 + bx + c 
that models the data. 

(d) Plot the data together with / 
on the same coordinate plane 

How well does / model the number of AIDS cases? 

(e) Use / to estimate the total number of AIDS cases diagnosed in the years 2009 
and 2010 

(f) According to the model, how many new cases were diagnosed in the year 2010? 



Year 

AIDS Cases 

Year 

AIDS Cases 

1990 

193,245 

1999 

718.676 

1991 

248,023 

2000 

759,434 

1992 

315.329 

2001 

801.302 

1993 

361,509 

2002 

844,047 

1994 

441.406 

2003 

S88,279 

1995 

515,586 

2004 

932.387 

1996 

584,394 

2005 

978.056 

1997 

632.249 

2006 

982.498 

1998 

673,572 

2007 

1,018,428 


62. 


63. 


64. 


SQ 66. AIDS Deaths in the United Suites 


*Sources “Facts and Figures.'* Joint 
United Nations Programme on HIV/ 
AIDS (UNAIDS). February. 1999: 

U5. Census Bureau. 2007. and Centers 
for Disease Control and Prevention 


The table* lists the total (cumu¬ 
lative) number of known deaths 
caused by AIDS in the United 
States up to 2007 

(a) Plot the data. Let x = 0 cor¬ 
respond to the year 1990. 

2j(b) Would a linear or a quadratic 
function model the data betier'’ 
Explain. 

(c) Find a quadratic function de¬ 
fined by g(x) — a.x 2 + bx + c 
that models the data. 

(d) Plot the data together with g 
on the same coordinate plane 
How well does g model the 
number of AIDS cases? 


Year 

I AIDS Deaths 

Year 

AIDS Deaths 

1990 

119.821 

1999 

419.234 

1991 

154.567 

2000 

436,373 

1992 

191.508 

2001 

454.099 

1993 

220.592 

2002 

471.417 

1994 

269.992 

2003 

489.437 

1995 

320.692 

2004 

507,536 

1996 

359.892 

2005 

524.547 

1997 

381.738 

2006 

565.927 

1998 

400.743 

- - 

2007 

583.29S 
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(e) Use g lo estimate the total number of AIDS deaths in the year 2010. 

[i) (0 Consider the lost two entries in the table for the years 2006 and 2007. Is it safe to 
assume that the quadratic model given for g(.x) will continue for years 200^ and 
beyond? 

hH 67. Foreign-Born Americans The table lists the percent of the U.S. population that w as 
foreign-bom for selected years. 


Year 

Percent 

1930 

1 1 6 

1940 

s s 

1950 

69 

1960 

5.4 

1970 

4.7 

19S0 

6 2 

1990 

so 

2000 

104 

200S 

12 2 


Source. U-S- 
Ccnsus Bureau. 



(a) Plot the data. Let x = 0 correspond to the year 1930, x = 10 correspond to 1940, 
and so on. 

(b) Find a quadratic function /(.r) = o(jc — /i) 2 + k that models the data. Use (40,4.7) 
as the vertex and (20, 6.9) as the other point to determine a. 

(c) Plot the data together with f in the same window. How well does / model the 
percent of the U.S. population that is foreign-bom? 

(d) Use the quadratic regression feature of a graphing calculator to determine the 
quadratic function g that provides the best fit for the data. 

(e) Use the functions / and g to predict the percent of the U.S. population in 2015 
that wall be foreign-bom. 


68. Automobile Stopping Distance Selected val¬ 
ues of the stopping distance y , in feet, of a car 
traveling .t miles per hour are given in the table. 

gg(a) Plot the data. 

(b) The quadratic function 

f(x) = 0.056057.r 2 + 1.06657.x 

is one model that has been used to approxi¬ 
mate stopping distances. Find and interpret 
/(45). 

(c) How well docs f model the car’s stopping 
distance? 


Speed 
(in nipli) 

Stopping Distance 
(in feet) 

20 

46 

30 

87 

40 

140 

50 

240 

60 

282 

70 

371 


Source: National Sqjety Institute 
Student Workbook. 


Concept Check Work Exercises 69—74. 

69. Find a value of c so that y = .x 2 — l 0 j 4- c has exactly one .x-intercept. 

70. For what values of a docs y = or 2 — 8.x + 4 have no .x-intercepts? 

71. Define the quadratic function / having .v-intcrcepts 2 and 5, and y-intercept 5 

72. Define the quadratic function / having .t-intcrccpts 1 and -2. and v-intercept 4 
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73. The distance between the two points P(.Vj. y \) and P(.va. ^' 2 ) is 

d(P> /?) = V (.V| — Xz) 2 -+■ (>*i — J’s) 2 * Distance formula (Section 2.1) 

Find the closest point on the line y = 2x to the point (1, 7). {Him: Every point on 
y ~ h* 15 form (.v, 2x), and the closest point has the minimum distance.) 

74. A quadratic equation /(x) = 0 has a solution x = 2. Its graph has vertex (5, 3). 
What is the other solution of the equation? 


Relating Concepts 


For individual or collaborative investigation (Exercises 75—78) 

In Section 1.7 we solved quadratic inequalities such as 

x 2 + 2x - 8 < 0. 

b\ solving the related quadratic equation 

x 2 + 2.v -8 = 0. 

idt tit tty mg utters tils determined by the solutions of this equation, and then using 
a u \t \alue from each intern al to determine which intervals form the solution set 
Work Exercises 75—7S in order to learn a graphical method of solving inequalities 

75. Graph /(.r) = x 2 -4- 2x — 8 

76. The real solutions ol .r 4- 2v — 8 = 0 are the .v-interccpis of the graph in 
Exercise 7r«. These are values of .r for which /(a) =0 What are thex-iniercepts? 
What is the solution set of this equation' 7 

77. The real solutions ol x 4 - 2x 8 < 0 are the i-values for which the graph in 
Exercise 7r» lies below the x-axis. These are values of a for which /(j) < 0. 

hat interval of .r-values represents the solution set of this inequalitv? 

78. The real solutions ot x 4- 2a 8 > 0 are the x-values for which the graph in 
Exercise 75 lies abo\ c the x-axis These are values of a for which /(a) > O 
What intervals of x-values represent the solution set of this inequality 7 


Use the technique described in Relating Concepts Exercises 75-78 to solve each in¬ 
equality' Write the solution set in interval notation. 

79. x 2 — x — 6 < 0 80. x 2 — 9x + 20 < 0 81. 2x 3 - 9x a 18 

82. 3a 2 + a > 4 83. —x 2 +4x + I > 0 84. —x 2 + Ir + 6 > 0 



Synthetic Division 




■ Synthetic Division 

B Evaluating Polynomial" 
Functions Using the 
Remainder Theorem 

B Tetiinjj Potential Zeros 


A division problem can be written using multiplication, even when the division 
involves polynomials. The division algorithm illustrates this. 


Division Algorithm 

Let /(.t) and s(x) be polynomials with g(x) of lesser degree than /(.v) 
and g(.r) of degree 1 or more. There exist unique polynomials q(x) and 
r(x) such that 

* ?(x) + r(x), 

where either r(.r) — 0 or the degree of r(.r) is less than the degree of 
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For instance, we saw in Example 11 of Section R-3 that 


3x 3 ~ 2x 2 ~ 150 
x 2 - 4 


= 3x - 2 + 


12x - 158 
x 2 -4 ' 


(Section R-3) 


We can express this result using the division algorithm. 

3x 3 - 2a* 2 - 150 = (a 2 - 4)(3a* - 2) + 12a - 158 

f(\ ) J?( v ) </( r) r(x ) 

Dividend = Divisor • Quohent + Remainder 

(original pulvnormal) 


Synthetic Division When a given polynomial in x is divided by a first-degree 
binomial of the form x — a shortcut method called synthetic division may be 
used. The example on the left below is simplified by omitting all variables and 
writing only coefficients, with 0 used to represent the coefficient of any missing 
terms. Since the coefficient of a in the divisor is always 1 in these divisions, it 
too can be omitted. These omissions simplify the problem, as shown on the right. 


3,r 2 4- lQq -t- 40_ 

a - 4)3x 3 - 2x 2 + Ox - 150 
3x 3 - 12x 2 

10x 2 4- Ox 
10x 2 - 40x 

40x - 150 
40x ~ 160 
10 


3 10 40 

-4)3 -2 0 -150 

3 -12 

10 0 
10 ~ 40 

40 -150 
40 -160 
10 


The numbers in color that are repetitions of the numbers directly above them 
can also be omitted, as shown on the left below. 


3 10 40 

4)3 —2 0 -150 

-12 
10 0 
-40 

40 -150 
-160 
10 


3 10 40 

-4)3 -2 0 -150 

-12 

10 

-40 

40 

-160 

10 


The numbers in color are again repetitions of those directly above them. They 
may be omitted, as shown on the right above. 

The entire process can now be condensed vertically. The top row of num¬ 
bers can be omitted since it duplicates the bottom row if the 3 is brought down. 

-4)3 —2 0 -150 

-12 -40 -160 

3 10 40 10 


The rest of the bottom row is obtained by subtracting —12, —40, and —160 
from the corresponding terms above them. 

To simplify the arithmetic, we replace subtraction in the second row by addi¬ 
tion and compensate by changing the —4 ai the upper left to its additive inverse, 4. 


XdJltlN C 
ins cr^e 


ill 


~4)3 ^ 0 -150 

12 40 160 

3 10 40 lo 

| ; | 

i f * 'i 

, io 

- \x 2 + lOx + 40 + - 

x — 4 


'vign** ih.inui J 


Kcmaindci 
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Testing Potential Zeros A zero of a polynomial function /(.v) is a number k 
such that ) — 0. The real number zeros are the x-intercepts of the graph of the 
function. 

The remainder theorem gives a quick way to decide whether a number A: is a 
zero of a polynomial function defined by /(-v), as follows. 

1. Use synthetic division to find /(it). 

2. If the remainder is 0, then f(k) = 0 and k is a zero of /(.r). If the remainder 
is not 0, then k is not a zero of /(a). 

A zero of /(a) is a root, or solution, of the equation /(a) =• 0. 



Figure 16 


8 


<-1.6) \ 

♦1 

* 

V / 


K=1 

V=fi 




Figure 17 


^- Deciding Whether a Number is a Zero 

Decide whether the given number k is a zero of /(a)- 

(a) /(a) = a 3 - 4a 2 + 9x - 6; k = 1 

(b) /(.r) =.t 4 + j: 2 -3jc + 1; k = —l 

(c) fix) = .x 4 - 2a 3 4* 4a 2 4- 2x - 5; k = 1 4- 2/ 

SOLUTION 

(a) Use synthetic division to decide whether 1 is a zero of /(a) = a 3 — 4a 2 4- 
9a* — 6. 

Proposed zero-> ljl ^4 9 ^6 -5- /(.t) = v' - 4t- + 9.v — 6 

1 ~3 6 

1 —3 6 0 < - Remainder 

Since the remainder is 0, /(1) = 0. and lisa zero of the given polynomial 
function. An A-intercept of the graph of /(a) = a 3 — 4a 2 4- 9a — 6 is 1, 
so the graph includes the point (1, 0). The graph in Figure 16 supports this. 

(b) For /(a) = a 4 4- a 2 — 3a 4- 1, rememberto use 0 as coefficient forthe missing 
a 3 -term in the synthetic division. 

Proposed zero —> — 1 Jl 0 I —3 f 

-11-25 
1 — 1 2 —5 6 <- Remainder 

The remainder is not 0, so — 1 is not a zero of /(a) = a 4 4- a 2 — 3.v 4- 1. In 
fact. /( 1) — 6, indicating that ( — 1.6) is on the graph of /(a) . The graph 

in Figure 17 supports this. 

(c) Use synthetic division and operations with complex numbers to determine 
whether I 4- 2/ is a zero of /(a) = a 4 — 2a 3 4- 4 a 2 4- 2a — 5 


1 4- 2/JI —2 


(1 2/)(-l + 2i) 

= -1 + At 1 
= -5 



4 2 -5 

14-2i -5 -1 - 2/ 5 


1_-1 4* 2i - I 


1 - 2 i 


0 


i - I (Section 1 3) 

Remainder 


Since the remainder is 0, 14- 2 1 is a zero of the given polynomial function 
Notice that 1 4- 2/ is nor a real number zero. Therefore, it cannot appear as 
an A-intercept on the graph of /(a). 


iS Now Try Exercises 43 and 55. 
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Use synthetic division to perform each division. See Example 1. 


1. 


3. 


x 3 + 3x 2 + 1 lx + 9 
x + 1 

5x 4 + 5.r 3 + 2x2 ~ r ~ 3 

x + 1 


_ x 4 -I- 4x 3 + 2x 2 + 9x + 4 

3 . - 

x + 4 

- x 5 4- 3x 4 + 2x 3 + 2x 2 + 3x 4* 1 


9. 


11 . 


13. 


x4- 2 

—9x 3 4- 8x 2 - 7x 4- 2 
x - 2 

l r 3_l 2 . 2. J_ 

3 ~ r g-* -r 27SI 

*-* 

x 4 - 3_r 3 - 4x 2 4- 12x 


x- 2 


-- *»"! 
is.-— 

X — 1 


16. 


x 4 ~ 1 
x- 1 


4. 


8 . 

10 . 

12 . 

14. 

17. 


x 3 4- 7x 2 + I3x + 6 
x 4- 2 

2X 4 - x 3 ~ 7x 2 4- 7x - 10 
x - 2 

x 4 + 5x 3 4- 4x 2 — 3x 4- 9 
x + 3 

x 6 — 3X 4 -I- 2x 3 — 6x 2 — 5x 4- 3 
x 4- 2 

-1 lx 4 4- 2x 3 - 8x 2 ~ 4 
x 4- 1 

x 3 +i J + U + | 


x + i 

x 4 - X 3 - 5x 2 - 3x 


x 4- 1 


x s + l 
X 4* I 


18. 


X 7 4- I 
x4- I 


Express /(x) in the form /(x) = (x — k)q(x) + r for the given value of k. 

19. /(x) =lr 3 + x 2 + x-8; * = -1 

20. /(x) = 2.x 3 4- 3x 2 - 16x 4- 10; k = -4 

21. fix') = x 3 + 4X 2 + 5x + 2, 1 = -2, 

22. /(x) = -x 3 + x 2 4- 3x - 2; 1* = 2 

23. fix) = 4x 4 - 3X 3 - 20x 2 - x; 1 = 3 

24. fix) = 2X 4 4 x 3 - 15x 2 4- 3-r; * = -3 

25. fix) = 3x 4 4- Ax 3 - 10x 2 + 15; k = -1 

26. /(x) = —5x 4 4- x 3 4- 2x 2 4-3x4-l;l=l 

For eac/i polynomial fraction, use the remainder theorem and synthetic division to find 
/(l). See Example 2. 

27. fix) = x 2 + 5x + 6; k = -2 28. /(x) = x 2 - 4x - 5; 1 = 5 

29. /(x) = 2.r 2 - 3x - 3; 1 = 2 30. /(x) = -x 3 4- 8x 2 4- 63; 1 = 4 

31. fix) = x 3 - 4x 2 4 2x + 1; 1 = - I 32. /(x) = 2x 3 - 3x 2 - 5x 4 4; 1 = 2 

33. fix) - 2-r 5 - 10x 3 - 19x 2 - 50; 1 = 3 

34. fix) = x 4 4 6x 3 4 9x 2 4 3x - 3; 1 = 4 

35. fix) = 6.v 4 4 x 3 - 8x 2 4 5x 4 6; 1 = k 

36. fix) = 6x' - 3lx 2 - 15x; 1 = - k 

37. fix) = v 2 - 5x-»- 1; 1 = 2 4 / 

39. f(x) = x 2 4 4; 1 = 2 1 


38. /(x) = x 2 - t 4 3; k = 3 - 2, 
40. fix) = 2.V 2 -v 10; k = iV5 
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Use synthetic division i<> .decide whetlnu flic given number k is' a zero of the given poly 
nontial function. If it is not, give the value of j\k). See Examples 2 and 3. 


41. /(at) = .v 2 + 2a - 8; k - 2 
43. /(a) = a* 3 — 3Lv 2 + 4 a — 4; k = 2 
45. /(a) = 2a 3 — 6a 2 — 9a + 4; k = 1 
47. /(a) = a 3 + 7a 2 + lO.r. k = 0 

49. /(a) = 4a 4 + a 2 + 17a + 3; it = - § 

50. /(a) = 3a 4 + 13a 3 - 10a + 8; it = - J 

51. /(a) = 5a 4 + 2a 3 - a + 3; k = § 

S3, /(a) = a 2 - 2a + 2; it = 1 — i 
55. /(a) = a 2 + 3a + 4; k = 2 + i 

57. /(a) = .r 3 + 3 a 2 — a + 1; k = 1 + i 

58. /(a) = 2a 3 - a 2 + 3a - 5; k = 2-i 


42. ./"(a) a* + 4a ^ 5 

44. /(a) = a 3 + 2a 2 — a + 6; Ar=-3 
46. /(a) = 2a 3 + 9a 2 - 16a + 12; k = 1 
48. /(a) = 2a 3 - 3a 2 - 5xi k = 0 

52. /(a) = I 6a 4 + 3a 2 -2 ; * = i 
54. /(a) = a 2 - 4a 4* 5; k = 2 - r 
56. /(a) — a 2 — 3a 4* 5; it = 1 — 2i 


Relating Concepts 


For individual or collaborative investigation (Exercises 59-68) 

The remainder theorem indicates that when a polynomial /(a) is divided by x — A:, 
the remainder is equal to f(k) For 

/(A) = A 3 - 2a 2 - A + 2. 

use the remainder theorem to find each of the following. Then determine the coordi¬ 
nates of the corresponding point on the graph of /(a) 

59. /(-2) 60. /(-I) 61. /(-^) 62. /(0) 

63. /(I) 64. /(|j 65. /(2) 66. /(3) 

i 67. Use the results trom Exercises 59—66 to plot eight points on the graph of /(.r). 

Connect these points with a smooth curse Describe a method for graphing 
polynomial functions using the remainder theorem 

68. Use the method described in Exercises 59 — 67 to sketch the graph of 
/(a) = -a 3 - a 2 + 2a. 



Zeros of Polynomial Functions 


"~N 


a Factor Theorem 
■ Rational Zeros Theorem 
a Number of Zeros 
a Conjugate Zeros ThcafOBl 

a Finding Zeros of a 
Polynomial Function 

B Descartes Rule at Signs 


racmr ineorem Consider the polynomial function 

/(a) = A 2 + V - 2 , 
which is written in factored form as 

/(- r ) = (Section R4) 

For this function, f(l) = 0 and /(—2) = 0. and thus I and —2 are zeros of 
/(a). Notice the special relationship between each linear factor and its corre¬ 
sponding zero. The factor theorem summarizes this relationship. 
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Factor Theorem 

For any polynomial function f(x) t x — k is a factor of the polynomial if 
and only if f(k) — 0. 


Deciding Whether x — k Is a Factor 
Determine whether x — 1 is a factor of each polynomial. 

(a) /(.r) = 2.x 4 4- 3.x 2 - 5x + 1 

(b) f(x) = 3.x 5 - 2x 4 4- .x 3 - 8.x 2 4- 5.x 4- 1 
SOLUTION 

(a) By the factor theorem, x — 1 will be a factor if /(1) — 0. Use synthetic 
division and the remainder theorem to decide. 

_ 1)2 .0 3 —5 7 (Section 3.2) 

r Use a zero coefficient o'? 5 0 

for the missing term / 2 J 5 - 0~^7 < /(l) = 7 

The remainder is 7 and not 0, so .x — I is not a factor of 2.x 4 4- 3.x 2 — 5.x 4- 7. 


(b) l}3 —2 i =8 5 T 

3 1 2-6-1 

3 1 2 —6 —1 0 <—/(l) = 0 

Because the remainder is 0, x — 1 is a factor. Additionally, we can deter¬ 
mine from the coefficients in the bottom row that the other factor is 

3.x 4 4- .x 3 4- 2a- 2 - 6.x - 1. 

Thus, we can express the polynomial in factored form. 

/(.x) = (.x — l)(3.x 4 4- .x 3 4- 2.x 2 - 6.x — I) 

i/ Now Try Exercises 5 and 7. 


We can use the factor theorem to factor a polynomial of greater degree into 
linear factors of the form ax — b . 


Factoring a Polynomial Given a Zero 

Factor /(.x) = 6.x 3 4- 19.x 2 4- 2.x - 3 into linear factors if -3 is a zero of /. 
SOLUTION Since —3 is a zero of /, .x — (—3) = .x 4- 3 is a factor. 


3^6 19 2 3 Use synthetic division 10 

— 18 —3 3 du ide /(v ) hs \ + V 


6 1-1 0 

The quotient is 6 v- 4 - \ - 1, which is the factor that accompanies v 4- 3. 
/(-*) = {x 4- 3)lbv : + v - 1) 

l )(3\ 1 ) i'tlcloi (> I * \ — l 


f(.x) = (x + 3)!2, 

. - A — 

f These lectors \ 

V ere ell linear J 


No iv Try Exercise 17. 
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' Applying Descartes' Rule of Signs 

Determine the different possibilities for the numbers of positive, negative, and 
nonrcal complex zeros of 


/(.v) = a- 4 - 6.v 3 + 8a* 2 + 2a - 1. 

SOLUTION We first consider the possible number of positive zeros by observ¬ 
ing that /(a) has three variations in signs. 

/(a) = -Kr 4 - 6 a 3 + 8a 2 + 2a - 1 

_^ K_ ^ K_ ^ 

1 2 3 


Thus, by Descartes’ rule of signs, /(a) has either three or one (since 3 — 2 = 1 ) 
positive real zeros. 

For negative zeros, consider the variations in signs for /(—a). 

/(-*) = (-a) 4 - 6 (—a) 3 4- 8 (—a) 2 + 2(—a) - 1 



V 



Figure 19 


Since there is only one variation in sign, /(a) has exactly one negative 
real zero. 

Because /(a) is a fourth-degree polynomial function, it must have four 
complex zeros, some of which may be repeated. Descartes’ rule of signs has 
indicated that exactly one of these zeros is a negative real number. 

One possible combination of the zeros is one negative real zero, three posi¬ 
tive real zeros, and no nonreal complex zeros. 

Another possible combination of the zeros is one negative real zero, one 
positive real zero, and two nonreal complex zeros. 

By the conjugate zeros theorem, any possible nonreal complex zeros must occur 
in conjugate pairs since /(a) has real coefficients. The table below summarizes 
these possibilities. 


Possible Number of Zeros 


Positive 

Negative 

Nonreal Complex 

3 

1 

0 

1 

I 

2 


The graph of /(a) in Rgure 19 verifies the correct combination of three 
positive real zeros with one negative real zero, as seen in the first row of 
the table. 1 * 


i/ Now Try Exercise 75. 


NOTE Descartes 9 rule of signs does not identify the multiplicity of the 
zeros of a function. For example, if it indicates that a function /(a) has ex¬ 
actly two positive real zeros, then /(a) may have two distinct positive real 
zeros or one positive real zero of multiplicity 2. 


* The authors would like to thank Mao Hill of College of DuPagc for her input into Example 7. 
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Exercises 


Concept Check Decide whether each statement is true or false. If false, tell why. 

1. Since x - 1 is a factor of /(.r) = x 6 - x 4 + 2x 2 - 2. we can conclude that /(1) = 0. 

2. Since /(1) = 0 for /(x) = x 6 — x 4 + 2.x 2 - 2, we can conclude that .r - 1 is a fac¬ 
tor of /(x ). 

3. For /(x) = (x + 2) 4 (x — 3), 2 is a zero of multiplicity 4. 

4. Since 2 + 3t is a zero of /(r) — x 2 — 4x + 13, we can conclude that 2 — 3i is also 
a zero. 


Use the factor theorem and synthetic division to decide whether the second polynomial is 
a factor of the first. See Example 1. 

5. x 3 — 5x 2 + 3x + I; x — 1 6. x 3 + 6x 2 — 2x — 7; x + 1 


7. 2x 4 + 5x 3 — 8.x 2 + 3x + 13; x + 1 
9. -x 3 + 3x-2;x + 2 
11. 4X 2 + 2x + 54; x - 4 
13. x 3 + 2x 2 + 3ix~ 1 


15. 2.x 4 + 5x 3 — 2x 2 4- 5.r + 6; x + 3 


8. —3.v 4 + x 3 — 5x 2 + 2.x + 4; .r — l 
10. -2.r 3 + .r 2 - 63; .v + 3 
12. 5x 2 - 14x4- 10; x + 2 
14. 2x 3 4* x 4* 2; x 4- 1 

16. 5x 4 4- 1 6x 3 — 1 5x 2 4- 8x + 1 6; x 4- 4 


Factor /(x) into linear factors given that k is a zero of /(x). See Example 2. 

17. /(x) = 2_r 3 - 3x 2 - 17x 4- 30; Jt = 2 

18. /(x) = 2x 3 -3X 2 - 5x 4- 6; k = 1 

19. /(x) = 6X 3 4- 13x 2 - 14x 4- 3; k — —3 

20. /(x) = 6.x 3 + 17x 2 - 63x 4- 10 ; Jt = -5 

21. /(x) = 6.x 3 4- 25x 2 4- 3x — 4; k = — 4 

22. /(x) = Sx 3 4- 50.x 2 4- 47x - 15, Jt = -5 

23. /(x) = x 3 4- (7 - 3i)x 2 4- (12 - 21i)x - 36i; k = 3i 

24. /(x) = 2.x 3 4- (3 4- 2/)x 2 +(1 4- 3i)x + i; Jt = -/ 

25. /(x) = ir 3 + (3 - 2i)x 2 + (-8 - 5i)x + (3 + 3*)i Jt = l + * 

26. /(x) = 6x 3 + (19 - 6i)x 2 + (16 - 7i)x + (4 - 2i); k « -2 + « 

27. /(x) = x 4 + 2.x 3 - 7x 2 — 20x - 12; k = — 2 (multiplicity 2) 

28. /(x) = 2x 4 + x 3 — 9x 2 — 13x — 5; k = — l (multiplicity 3) 


For each polynomial function, one zero is given. Find all others. See Examples 2 and 6. 

29. /(x) = x 3 - x 2 - 4x - 6 ; 3 30. /(x) = x 3 + 4x 2 - 5; 1 

31. /(x) = -x 3 - 7.x 2 + I7x - 15; 2 - i 32. /(.x) = 4x 3 + 6x 2 - 2.t - 1; 4 

33. /(x) = x 4 + 5x 2 + 4; -» 34. /(x) = x 4 + 26.x 2 + 25; i 


For each polynomial function, (a) list all possible rational zeros, (b) find all rational 
zeros, and (c) factor /(.x). See Example 3. 

35. J(x) = x 3 - 2.x 2 - 13.x - 10 

37. /(x) = x 3 + 6.v 2 - x - 30 


36. /(x) = x 3 + 5.x 2 + 2.x - 8 
38. /(x) = x 3 - x 2 - 10.x - 8 
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39. /(.v) = 6x' + I7x 2 - 3 \x - 12 40. fix) = 15.v 3 + 6 l.v 2 + 2.v - 8 

41. /(x) = 24.v 3 4- 40x 2 - 2.v - 12 42. /(.v) = 24x 3 + 80x 2 + 82.V + 24 


For each polynomial function, find all zeros and their multiplicities. 

43. /(.v) = (x - 2) 3 (x 2 - 7) 44. /(x) = (x + l) 2 (x - I ) 3 (.x 2 - 10) 

45. f{x) = 3x(x - 2)(x + 3)(x 2 - 1) 46. /(.r) = 5.v 2 (x 2 - 16)(x + 5) 

47. f(.x ) = (a- + .v- 2)5(r - 1 + V5)’ 

48. /(.v) = (2.r- - 7.v + 3)’(.v - 2 - Vi) 


Find a polynomial function /(.v) of degree 3 with real coefficients that satisfies the given 
conditions See Example 4. 

49. Zeros of -3. I,and4; /(2) = 30 50. Zeros of 1. -l.andO; /(2) = 3 

51. Zeros of -2. l.andO, /(-l) = -1 52. Zeros of 2. -3. and 5; /(3) = 6 

53. Zero of —3 having multiplicity 3; /(3) = 36 

54. Zero of 2 and zero of 4 having multiplicity 2; /(1) = —18 

55. Zero of 0 and zero of 1 having multiplicity 2; /(2) = 10 

56. Zero of —4 and zero of 0 having multiplicity 2; /( — 1) = -6 


/(-*■) °f least degree having only real coefficients with zeros 


Find a polynomial function 
as given. See Examples 4—6. 

57. 5 + i and 5 — i 

59. 0. i, and 1 + i 

61. 1 + V2. 1 — Vi, and 1 

63. 2 — /, 3, and — I 

65. 2 and 3 + i 

67. 1 - V2. 1 + V2. and 1 — i 
69. 2 — i and 6 — 3/ 

71. 4, 1-2/. and 3 + 4i 

73. 1 + 2 1 and 2 (multiplicity 2) 


58. 7 — 2 1 and 7 + 2i 
60. 0. -i, and 2 + / 

62. 1 - V3, I + Vi, and 1 
64. 3 + 2i. — 1. and 2 
66. — 1 and 4 — 2/ 

68. 2 + Vi. 2 - V3. and 2 + 3r 

70. 5 + / and 4 — i 

72. — and 1 + 4/ 

74. 2 + / and —3 (multiplicity 2) 


Use Descartes’ rule of signs to determine the different possibilities for the numbers of 
positive, negative, and nonreal complex zeros for each function. See Example 7. 


75. f(x) = 2x 3 - 4.v 2 + 2x + 7 
77. f(x) = 4x 3 - x- + 2x - 7 
79. fix) = 5x 4 + 3x 2 + 2x - 9 
81. fix) = -8x J + 3.r 3 - 6x 2 + 5x - 7 
83. fix) = x 5 + 3.t 4 - -v 3 + 2x + 3 
85. fix) = 7x 5 + 6x 4 + 2x 3 + 9x 2 + x + 5 
86- fix) = — 2-r 5 + 10r 4 — 6x 3 + 8x 2 — x + l 

87. fix) = 2x 5 - 7x 3 4- 6x + 8 88. f(x) = I 1 1 ' — r 1 4- 7.v - 5 

89. fix) = 5x h - 6x 5 + 7x 3 - 4x 2 + r + 2 90. /(t) = 9i ft - 7i 4 4 - Sx 2 + v + 6 


76. fix) = .r 3 + 2.r 2 4- x — 10 
78. f(x) = 3x 3 4- 6.v 2 4- x + 7 

80. /(.t) = 3.r 4 4- 2x y - 8x 2 - I0.v — 1 

82. /(.r) — 6 .t 4 4- 2.v 3 4- 9x 2 + .v + 5 

84. f(x) = 2v< - x 4 4- a' - v 2 + x + 5 
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Find all complex zeros of each polynomial function. Give exact values. List multiple 
zeros as necessary. * 

r 9l. f( x ) = x 4 4 2x 3 - 3x 2 4 24x - 180 
92. f(x) = x 3 - x 7 - 8x 4 12 
^93. /(x) = x 4 4 x 3 - 9x 2 4 1 lx - 4 

94. f(x) = x 3 - I4x 4 8 

95. f(x) = 2x 5 4- 1 lx 4 + 16x 3 4 I5x 2 4 36x 

96. f(x) = 3x 3 - 9x 2 - 3 lx 4 5 

97. f(x) = x 5 - 6x 4 4 14x 3 - 20x 2 4 24x - 16 

98. /(x) = 9x 4 4 3Ox 3 4- 24lx 2 4 720x 4 600 

99. /(x) = 2X 4 - x 3 + 7x 2 - 4x - 4 

100. /(x) = 32x 4 - 188x 3 4 26 lx 2 4- 54x - 27 
lor. /(x) = 5X 3 - 9x 2 4 28x 4 6 

102. /(x) = 4x 3 4 3x 2 4 Sx 4 6 


103. /(x) = x 4 4 29x 2 4 100 

104. /(x) = x 4 4 4x 3 4 6x 2 4 4x 4 1 

105. /(x) = x 4 4 2x 2 4 1 

106. /(x) = x 4 - 8x 3 4 24x 2 - 32x 4 16 
~107. /(x) = x 4 - 6x 3 4 7x 2 

108. /(x) = 4x 4 - 65x 2 4 16 

109. /(x) = x 4 - 8x 3 4 29.x 2 - 66x 4 72 
JL10. /(x) = 12X 4 - 43.x 3 4 5Ox 2 4 3Sx - 12 

111. /(x) = x 6 — 9x 4 — 16x 2 4 144 

112. /(x) = x 6 - .x 5 - 26x 4 4 44x 3 4 9 lx 2 - I39x 4 30 

If c and d are complex numbers, prove each statement. (Hint; Let c — a 4 bi and 
d = m 4 ni and form all the conjugates, the sums, and the products.) 

113. c + d = c 4 J 114. <Tw? = c'd 

115. a — a for any real number a 116. c 2 ~ (c) 2 

In 1545. a method of solving a cubic equation of the form 

x 3 4 mx = «, 

developed by Niccolo Tartaglia. was published in the Ars Magna, a work by Girolamo 
Cardano. The formula for finding the one real solution of the equation is 



(Source: Gullberg, J., Mathematics from the Birth of Niunbers. W W. Norton & Company.) 
Use the formula to solve each equation for the one real solution. 


117. x 3 4 9x = 26 


118. x' 4 I5x = 124 


• The author* would like lo thank Ailcen Solomon of Tndcnt Technical College for preparing and 
suggesting the inclusion of Exercises 91 — 104. 
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( 'oncept ( heck l 'omprehensive graphs of four polynomialfunctions arc shown in A—D. 
1 hi \ represent the graphs < >1 flint ttohs defined by' these four equations, but not necessar¬ 
ily in the order listed. 

v = x - 3.v- - 6 v + 8 y = V J + 7.x - 1 - Sx 2 - 75x 

x = - x ' + 9 .x- - 27.x +17 y = — X s + 36x 3 — 22x 2 - 147.x - 90 

Apply the concept s of this section to w ork Exercises J-8. 



1- Which one of the graphs is that of y = jr 3 — 3x 2 — 6x + 8?- 

2. Which one of the graphs is that of y = x 4 + 7x 3 — 5x 2 — 75x? ‘v _ 

3. How many real zeros does the function graphed in C have? 

4. Which one of C and D is the graph of y = —x 3 + 9x 2 — 27x +17? 

5. Which of the graphs cannot be that of a cubic polynomial function? 

6. Which one of the graphs is that of a function whose range is nor ( — » ) ? 

7. The function /(x) = x 4 + 7x 3 — 5x 2 — 75x has the graph shown in B. Use the 
graph to factor the polynomial. 

8. The function /(x) = — X s + 36x 3 — 22x 2 — I47x — 90 has the graph shown in D. 
Use the graph to factor the polynomial. 

Sketch the graph of each polynomial function. Determine the intervals of the domain for 
which each function is (a) increasing or (b) decreasing. See Example 1. 

9. /(x) — 2x 4 10. /(.r) = 

4 

11. fix) = - |.r 5 12. /(•>r) = - ~x' 

13. f{x) = i* 3 + I 14. f(x) = -x* + 2 

15. f(x) = (x + l) 3 + 1 


16 . fft) = (x + 2) 3 - 1 
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17. /(x) = (x - 1 ) J 4- 2 18- f{x) = j(x 4- 3) 4 - 3 

19. /(x) = ^(x - 2) 2 4- 4 20. /(x) = j(x 4- 1 ) 3 - 3 


£/jc an end behavior diagram, K. J, C ' S s, or f , /o describe the end behavior of 
the graph of each polynomial function. See Example 2. 

21. /(x) = 5x 3 4- 2x 3 — 3x 4* 4 22. fix) = -x 3 - 4x 2 4* 2x - 1 


23. /(x) = —4x 3 4- 3x 2 “ I 
25. fix) = 9x 6 — 3x 4 4- x 2 — 2 

27. /(x) = 3 4- 2x - 4x 2 - 5x‘° 


24. /(x) — 4x 7 — x 3 4- x 3 — 1 
26. /(x) = 10x 6 - x 3 + 2x - 2 

28. /(x) = 7 4- 2x - 5x 2 - 10x 4 


Graph each polynomial function. Factor first if the expression is not in factored form. 
See Examples 3 and 4 . 

29. /(x) = x 3 4- 5x 2 + 2x-S 30. /(x) = x 3 + 3x 2 - 13x - 15 


31. /(x) = 2x(x - 3)(x + 2) 
33. /(x) = x 2 (x - 2)(x + 3) 2 
35. /(x) — (3 Lt — I )(x + 2) 2 
37. /(x) = x 3 + 5x 2 - x - 5 
39. /(x) = x 3 - x 2 - 2x 
41. /(x) = 2x 3 (x 2 - 4)(x - I) 
43. /(x) = 2x 3 - 5x 2 - x 4- 6 


45. /(x) — 3 lt 4 — 7x 3 — 6x 2 + 12x + S 


32. f{x) = x(x + l)(x - 1) 

34. f{x) = x 2 (x — 5)(x + 3)(x — 1) 
36. f{x) = (4x + 3)(x 4- 2) 2 
38. /(x) = x 3 4- x 2 - 36x - 36 
40. fix) = 3x 4 4- 5x 3 - 2.v 2 
42. fix) = x 2 (x - 3) 3 (x 4- 1) 

44. /(x) = 2.v 4 4- x 3 - 6x 2 - 7x - 2 

46. fix) = x 4 4- 3x 3 - 3x 2 - 1 lx - 6 


(Jse the intermediate value theorem for polynomials to show that each polynomial func¬ 
tion has a real zero between the numbers given. Sec Example 5. 

47. fix) = 2x 2 - 7x 4- 4; 2 and 3 

48. /(x) = 3x 2 — x — 4; 1 and 2 

49. f(x) — 2x 3 — 5x 2 — 5x 4- 7, 0 and 1 

50. fix) — 2.r 3 — 9x 2 4- x 4- 20; 2 and 2.5 

51. fix) = 2x 4 — 4x 2 4- 4x — 8, 1 and 2 

52. /(x) = x 4 — 4x 3 — x 4- 3; 0.5 and l 

53. fix) = x 4 4- x 3 — 6x 2 — 20x — 16; 3.2 and 3.3 

54. fix) = x 4 - 2.V 3 - 2x 2 - 18x 4- 5; 3.7 and 3.8 

55. /(x) = x J — 4x 3 — 20x 2 4- 32.V 4-12; — 1 and 0 

56. fix) — x 3 4- 2.x 4 4- x 3 4- 3; —1.8 and — 1.7 


Show that the real zeros of each polynomial function satisfy the given conditions. Sec 
Example 6. 

57. f(x) = x J - x 3 4- 3x 2 — 8x + 8 ; no real zero greater than 2 

58. /(.v) = 2x 3 — x 4 4- 2.V 3 — 2x- 4- 4x — 4, no real zero greater than 1 

59. fix) — x 4 4- x A — x 2 4- 3. no real zero less than —2 
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60. /(a) = x* 4- 2a J — 2 a 2 4- 5a 4- 5; no real zero less than — 1 

61. /(a) = 3.v 4 4* 2a - ' — 4a 2 4- a* — 1; no real zero greater than 1 

62. /(.v) — 3 a 4 4- It 5 — 4 a 2 4- a — I; no real zero less than —2 

63. /(a) = A ' 3 — 3a 3 4- a 4- 2 ; no real zero greater than 2 

/(- v ) = -v 5 ~ 3 a 3 4- a 4- 2; no real zero less than —3 


Connecting Graphs with Equations In Exercises 65—70, find a polynomial function 
/(a) of least possible degree having the graph shown. (Hint: See the Note following 
Example 4.) 


65. > 



66 . > 




H4=l Use a graphing calculator to graph the function in the viewing window specified. Com¬ 
pare the graph to the one shown in the answer section of this text Then use the graph to 
find f( 1.25). 


71. /(a) = 2a (a - 3) (a 4- 2) ; 
Compare to Exercise 31. 

72. /(a) = a 2 (a - 2) (a 4* 3) 2 ; 
Compare to Exercise 33. 

73. /( a) = (3a- 1)(a+2)=, 
Compare to Exercise 35. 

74. /(a) = a 3 4- 5a 2 — a — 5, 
Compare to Exercise 37. 


window [—3.4] by [—20. 12] 
window: [—4,3] by [-24,4] 
window: [—4.2] by [ — 15. 15] 
window [-6.2] by [-30.30] 


< Use a graphing calculator to approximate the real zero discussed in each specified exer¬ 
cise. See Example 7. 


75. Exercise 47 
77. Exercise 51 


76. Exercise 49 
78. Exercise 50 
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/or the given polynomial tum non. approximate 

faith. See Example 7. 


each zero as a decimal to the nearest 


79. /(x) - v 3 + 3x 2 ~ 2 r - 6 
81. f(x) = — 2x* — x 2 i- x +■ 5 


HO. fix ) — x 3 — 3x 4- 3 

H2. f(x) = — x* - L 2x 3 4- 3 a ? + 6 


4=4 Use a graphing calculator to jinJ tlu coordinates of the turning points oj the graph of 
each polynomial function in the given domain interval . Give answers to the nearest hun¬ 
dredth. 

83. /(.v) = .v 3 + 4.v- - 8.v - 8. [ -3 8. -3 ] 

84. x) = v 3 4- 4.v- - 8v - 8. [0.3. l] 

85. /(x) = 2.r 3 — 5x-Xr 1, [ — 1, 0 _ 

86. /(x) = 2x* - 5x 2 - x 4- 1; [ 1.4, 2] 

87. /(x) = x 4 - 7X 3 + 13x 2 4- 6 x - 28; [-1.0] 

88. /(x) = x 3 — x 4* 3; [-1,0] 

Solve each problem. 

89. (Modeling) Social Security Numbers Your Social Security number (SSN) is 
unique, and with it you can construct your own personal Social Security polynomial. 
Let the polynomial function be defined as follows, where a, represents the rth digit 
in your SSN: 

SSN(x) = (x — aj)(x 4- fl 2 )C* ~ 03 ) (x 4- 04 ) (x — as) “ 

(x 4- a«)(x — a 7 )(x 4- a g )(x — a 9 ). 

For example, if the SSN is 539-58-0954, the polynomial function is 

SSN(x) = (x - 5)(x 4- 3)(x - 9)(x 4- 5)(x - 8)(x 4- 0)(x - 9)(x 4- 5)(x - 4). 

A comprehensive graph of this function is shown in Figure A. In Figure B, we show 
a screen obtained by zooming in on the positive zeros, as the comprehensive graph 
does not show the local behavior well in this region. Use a graphing calculator to 
graph your own “personal polynomial.” 


1 10O0OO 



10 


151.617* 



Figure A 


Figure B 


90. A comprehensive graph of /(x) = x 4 — 7x 3 4- 18x 2 — 22x 4- 12 is shown in the 
two screens, along with displays of the two real zeros. Find the two remaining non- 
real complex zeros. 


10 




-5 


-5 






















and Rationol Functions 


Relating Concepts 


For individual or collaborative investigation (Exercises 91-96 ) 

For any function \ = /(.v), the following hold true. 

(a) The real solutions of /(v) = 0 are the .v-intercepts of the graph 
th) The real solutions of /( v) < 0 are the .v-valucs for which the graph lies 
below the v-nxis 

(c) The real solutions of /(.v) > 0 are the .v-values for which the graph lies 
above the .v-axis. 


In Exercises 9 1—96. a polynomial function /( x) is given m both expan Jed and 
factored forms Graph the function, anil solve the equations and inequalities Give 


multiplicities of solutions when applicable 

91. /(x) = .v* - 3.v- - 6.v + 8 

= (a - 4)(.v - 1 )(.v 4 2) 

(a) /(.v) = 0 (b) f(x) < 0 

(c) f(x) > 0 

93. /(.v) = 2 a 4 - 9x 3 - 5 a 2 4 57 r - 45 
= (x — 3) 2 (2.v + 5 )(.r — 1) 

(a) /(a) = 0 (b) /(a) < 0 

(c) f(x) > 0 

95. fix) = -a 4 - 4x 3 4 3a 2 4 18a 
= a(2 - a)(a -i- 3) 2 

(a) fix) = 0 (b) f(x) S: 0 

<c) fix) ^ 0 


92. fix) = a 3 4 4.v 2 - 1 1 a - 30 
= (a-3)(x + 2)(x + 5) 

(a) fix) = 0 (b) fix) < 0 

(c) fix) > 0 

94. f(x) = 4a 4 4 27a 3 - 42a 2 
- 445a - 300 
= (a 4- 5) 2 (4a 4 3) (a - 

(a) f(x) = 0 (b) fix) < O 

(c) fix) > 0 

96. f(x) = -a 4 4 2a 3 + Sa 2 
= a 2 (4 -a)Ca4 2) 

(a) f(x) = 0 (b) f( a) 2= O 

(c) ffx) =£ 0 


(Modeling) Exercises 97—104 are geometric in nature and lead to polynomial models . 
Solve each problem. 

97. Volume of a Box A rectangular piece of card¬ 
board measuring 12 in. by 18 in. is to be made 
into a box with an open lop by cutting equal-size 
squares from each comer and folding up the sides. 

Let a represent the length of a side of each such 
square in inches. 

(a) Give the restrictions on a. 

(b) Determine a function Vthat gives the volume of the box as a function of a. 

( c ) P° r w hat value of a will the volume be a maximum? What is this maximum 
volume? (Hint: Use the function of a graphing calculator that allows you to de¬ 
termine a maximum point within a given interval.) 

(d) For What values of a will the volume be greater than 80 in 30 

98. Construction of a Rain Gutter A piece of rectangular 
sheet metal is 20 in. wide. It is to be made into a rain 
gutter by turning up the edges to form parallel sides Lei 
a represent the length of each of the parallel sides 

(a) Give the restrictions on a. 20 - 2t 

<b) Determine a function si that gives the area of a cross section of the gutter 
K =*=ij (c) For what value of a will zl be a maximum (and thus maximize the amount of 
water that the gutter will hold)? What is this maximum arc*a * 

<d) For what values of a will the area of a cross section be less than 40 in 2 1 


20 in 



18 in. 
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99. Sides of a Right Triangle A certain right triangle has area 84 in. 2 . One leg of the 
triangle measures 1 in. less than the hypotenuse. Let x represent the length of the 
hypotenuse. 

(a) Express the length of the leg mentioned above in terms of x. Give the domain 
of x. 

(b) Express the length of the other leg in terms of x. 

(c) Write an equation based on the information determined thus far. Square both 
sides and then write the equation with one side as a polynomial with integer 
coefficients, in descending powers, and the other side equal to 0. 

(d) Solve the equation in port (c) graphically, fund the lengths of the three sides of 
the triangle. 

100. Area of a Rectangle Find the value of x in the figure that will maximize the area of 
rectangle ABCD. 



-101s Butane Gas Storage A storage tank for butane gas is to be built in the shape of a 
right circular cylinder of altitude 12 ft, with a half sphere attached to each end. If 
x represents the radius of each half sphere, what radius should be used to cause the 
volume of the tank to be 144 tt ft 3 ? 



12 n ’ | 



102. Volume of a Box A standard piece of notebook paper measuring 8.5 in. by 11 in. is 
to be made into a box with an open top by cutting equal-size squares from each cor¬ 
ner and folding up the sides. Let x represent the length of a side of each such square 
in inches. Use the table feature of your graphing calculator to do the following. 


(a) Find the maximum volume of the box. 

(b) Determine when the volume of the box will be greater than 40 in. 3 . 


E0 103. 


Floating Balt The polynomial function 


/(*> 


7T 


= — V 3 - 5ttx- + 


500 TTd 
3 


can be used to find the depth that a ball 10 cm in diameter sinks in water. The 
constant d is the density of the ball, where the density of water is 1. The smallest 
positive zero of /(.v) equals the depth that the ball sinks. Approximate this depth 
for each material and interpret the results. 

(a) A wooden ball with d = 0.8 

(b) A solid aluminum ball with d — 2.7 

(c) A spherical water balloon with d — 1 

104. Floating Ball Refer to Exercise 103. If a ball has a 20-cm diameter, then the 
function becomes 


fix) 



IOtt.v 2 + 


40007t</ 

3 


This function can be used to determine the depth that the ball sinks in water Find 
the depth that this size ball sinks when d — 0 6 
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( Modeling) Solve each problem involving a polynomial function model. Sec Example 8. 

105. Highway Design To allow enough distance for cars to pass on two-lane highways, 
engineers calculate minimum sight distances between curves and hills. The table 
shows the minimum sight distance y in feel for a car traveling at .v miles per hour 


a* (in nipti) 

20 

30 

40 

50 

60 

65 

70 

y (in feet) 

810 

1090 

1480 

1840 

2140 

2310 

2490 


Source. Hnefner. L., Introduction to Transportation Systems, Holt. Rinehart 
and Winston. 


(a) Make a scatter diagram of the data. 

(b) Use the regression feature of a calculator to find the best-fitting linear function 
for the data. Graph the function with die data. 

(c) Repeat part (b) for a cubic function. 

(d) Estimate the minimum sight distance for a car traveling 43 mph using the func¬ 
tions from parts (b) and (c) 

(e) By comparing the graphs of the functions in ports (b) and (c) with the data, 
decide which function best fits the given data. 


106. Water Pollution Copper in high doses can be 
lethal to aquatic life The table lists copper 
concentrations in freshwater mussels after 
45 days at various distances downstream from 
an electroplating planL The concentration C is 
measured m micrograms of copper per gram of 
mussel x kilometers downstream. 

(a) 


X 

5 

21 

37 

53 

59 

c 

20 

13 

9 

6 

5 


Source; Foster. R-, and J. Bates, “Use 
of mussels to mom lor point source 
industrial discharges," Environ. Set. 
Technol., Mason. C„ Biology of Fresh¬ 
water Pollution. John Wiley & Sons. 


(b) 

(c) 

(d) 

(e) 


Make a scatter diagram of the data. 

Use the regression feature of a calculator to find the best-fitting quadratic func¬ 
tion for the data. Graph the function with the data. 

Repeat part (b) for a cubic function. 

By comparing graphs of the funcuons in parts (b) and (c) with the data, decide 
which function best fits the given data. 

Concentrations above 10 are lethal to mussels Find the values of x (using the 
cubic function) for which this is the case. 


107. Government Spending on Health Research and Training The table lists the 
annual amount (in billions of dollars) spent by the federal government on health 
research and training programs over an 8-yr penod. 


V ear 

■ Amount 

j Year 

Amount 

2002 

21.4 

2006 

28.8 

2003 

24 0 

2007 

29.3 

2004 

27 1 

2008 

29.9 

2005 

28.1 

2009 

30 6 


Source U S Office of Management and Budget. 


Which one of the following provides the best model for these data, where .v repre¬ 
sents the year? 

A. /(.r) = 0.5 (.t - 2002)- + 214 
B- s(-v) = (x - 2002) +21.4 

C. /i(.r) = 3.5 Vat - 2002 + 214 

D. k(x) = (x - 2002)* + 214 
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108. Swing of a Pendulum Grandfather clocks 
use pendulums to keep accurate time. The 
relationship between the length of a pen¬ 
dulum L and the lime 7* for one complete 
oscillation can be expressed by the equa¬ 
tion L — kT n , where k is a constant and n 
is a positive integer to be determined. The 
data in the table were taken for different 
lengths of pendulums. 

^ (a) As the length of the pendulum increases, what happens to T n 
Discuss how n and k could be found. 


/. (ft) 

T (sec) 

/. (ft) 

T (sec) 

1.0 

1 1 1 

3.0 

1 92 

1 5 

1.36 

3 5 

2 08 

2.0 

1 57 

4.0 

2.22 

2.5 

1.76 




(b) 

(c) 

(d) 

(e) 


Use the data to approximate k and determine the best value for n. 

Using the values of k and n from pan (c), predict T for a pendulum having 
length 5 ft- 

If the length L of a pendulum doubles, what happens to the period T1 


Summary Exercises on Polynomial Functions, 
Zeros, and Graphs 


We use all of the theorems for finding complex zeros of polynomial functions in 
the next example. 

Finding All Zeros of a Polynomial Function 

Find all zeros of /(.y) = .y 4 — 3-v 3 + 6.r 2 — 12.v + 8. 

SOLUTION We consider the number of positive zeros by observing the varia¬ 
tions in signs for /(.y). 

/(.y) = j+j6x 2 j^_12.v_+ 8 (Section 3.3) 

12 3 4 

Since /(.y) has four sign changes, we can use Descartes’ rule of signs to deter¬ 
mine that there are four, two, or zero positive real zeros. For negative zeros, we 
consider the variations in signs for /(—.y). 

f(-x) = (-.y) 4 - 3(—.y) 3 + 6(-.v) 2 - 12(-.y) + 8 

/(-. x) = .y 4 + 3X 3 + 6x 2 + \2x 4- 8 

Since /(— x) has no sign changes, there are no negative real zeros. Because the 
function is of degree 4, it has a maximum of four zeros with possibilities sum¬ 
marized as follows. 


Positive 

Negative 

Nonrtml Complex 

4 

0 

0 

2 

0 

2 

0 

0 

4 


We can now use the rational zeros theorem to determine that the possible rational 
zeros are ±1, ±2, ±4, and ± 8. Based on Descartes* rule of signs, we discard 
the negative rational zeros from this list and try to find a positive rational zero. 
Suppose we start by using synthetic division to check 4. 
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Proposed zero —> 4jl —3 6 — 12 8 (Section 3.2) 

4 4 40 112 

1 1 10 28 120 < — /(4) = 120 

We find that 4 is not a zero. However, 4 > 0, and the numbers in the bottom 
row of the synthetic division are nonnegative. Thus, the boundedness theorem 
indicates that there are no zeros greater than 4. We can discard 8 as a possible 
rational zero and use synthetic division to show that 1 and 2 are zeros. 


ijl —3 6 -12 8 

1-2 4-8 

2jl “2 4 =8 0 <— /(I) = 0 

2 0 8 

1 0 4 0 **— /(2) = 0 

The polynomial now factors as 


/(- v ) = (-v — 1 )(-v — 2)(x 2 + 4). 

We find the remaining two zeros using algebra to solve for at in the quadratic 
factor of the following equation. 


.r 


(-V- 

l)(.v- 

2)( 

V 2 +4)=0 

1 

H 

u 

0 

o 

II 

2 = 0 

or 

x 2 4- 4 = 0 

x = 1 or 

h 

II 

to 

or 

x~ — — 


Zero-factor property 
(Section 1.4) 


.r = ±2i 


The linear factored form of the polynomial is 


Square root property 
(Section 1.4) 


/(x) = (x - 1 )(.v - 2)(.r - 2r) (x + 2r), 
and the corresponding zeros are 1, 2, 2/, and —2/. 


i/ No lv Try Exercise 3. 


For each polynomial function, do the following tn order. 

(a) Use Descartes* rule of signs to determine the different possibilities for the num¬ 
bers of positive, negative, and nonreai complex zeros. 

(b) Use the rational zeros theorem to determine the possible rational zeros. 

(c) Use synthetic division with the boundedness theorem where appropriate and/or 
factoring to find the rational zeros, if any 

(d) Find all other complex zeros (both real and nonreai), if any. 

1. f{x) = 6 x 3 - 4 lx 2 4- 26a 4- 24 

2. f{x) = 2x 3 - 5x 2 - 4a 4- 3 

3. /(. r ) = 3.t 4 - 5a 3 4- 14.r 2 - 20x 4- 8 

4. f(x) = 2x 4 - 3.r 3 4- 16a 2 - 27a - IS 

5 . fix) = 6 .v 4 - 5a 3 - 1 1a 2 4- 10a - 2 

6. ff x ) = 5.v 4 4- 8a 3 - I9.v 2 - 24.r 4- 12 

7. fix) = a 5 — 6a 4 4- 16x 3 — 24.v 2 4- 16 a (Hint Factor out t first » 

8- fi*) - 2a 4 4- 8.r 3 - 7 a 2 - 42 v - 9 

9. fix) — 8a 4 4- 8a 3 — a — l ( Hint: Factor the polynomial I 

10. fix) = 2x 5 4- 5a 4 - 9r 3 - 1 lx’ 4- 19v - 6 
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For each polynomial function, do the following in order. 

(q) Use Descartes' rule of signs to determine the different possibilities for the num¬ 
bers of positive, negative, and nonreal complex zeros. 

(b) Use the rational zeros theorem to determine the possible rational zeros. 

(c) Find the rational zeros, if any. 

(d) Find all other real zeros, if any. 

(e) Find any other complex zeros (that is, zeros that are not real), if any. 

(f) Find the .r-intercepis of the graph, if any. 

(g) Find the y-intercept of the graph. 

(h) Use synthetic division to find /(4), and give the coordinates of the correspond¬ 
ing point on the graph. 

(i) Determine the end behavior of the graph. 

(j) Sketch the graph. 

11. /(. x) = .v 4 4- 3.v 3 - 3.r 2 - 1 l.r - 6 

12. /(x) = — 2.V 5 4- 5.x 4 + 34a 3 — 30a 2 — 84a 4- 45 

13. /(a) = 2a 5 - 10a 4 + a 3 - 5a 2 - a + 5 

14. /(a) = 3a 4 — 4a 3 — 22a 2 4- 15x 4- 18 

15. /(a) = -2a 4 - A 3 4- a + 2 

16. /(a) = 4a 5 4- 8a 4 4- 9a 3 4* 27a 2 + 27a (Hint: Factor out x first.) 

17. /(a) = 3a 4 — 14a 2 — 5 (Hint. Factor the polynomial.) 

18. /(a) = —.X s — a 4 4- 10.r 3 4- 10 a 2 — 9a — 9 

19. /(a) = —3a 4 4- 22a 3 — 55.r 2 4- 52 a — 12 

20. For the polynomial functions in Exercises 11—19 that have irrational zeros, find 
approximations to the nearest thousandth. 


Rational Functions: Graphs, 


Applications, and IVlodels 


The Reciprocal Function 
'(*) = 1 

The Function f(x) = 
Asymptotes 

Steps for Graphing 
Rational Functions 

Rational Function Models 


A rational expression is a fraction that is the quotient of two polynomials. A 
function defined by a rational expression is a rational function. 


Rational Function 


A function f of the form 


/(a) - 


PM 

?(*)’ 


where p{x) and < 7 (.v) are polynomials, with q(x) 0, is a rational 
function. 


Some examples of rational functions are 

/(■*) = 7- /(■»)“ 2.*4 + 5.!-3- and !(X) 


3a 2 - 3-\ - 6 
A 2 4- 8A 4-16' 

turn, noli' 


Since any values of x such that r/(.v) = 0 are excluded from the domain of a 
rational function, this type of function often has a discontinuous graph—that 
is. a graph that has one or more breaks in it tSec Chapter 2.) 
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60. /(a) = a 1 *t- It 5 - 2 a j + 5a 4- 5; no real zero less than — 1 

61. /(a) = 3\ 4 -F 2a' - 4a 2 -4- a — l ; no real zero greater than 1 

62. /( v) = 3v 4 + 2v' — 4 a 2 4* a — I; no real zero less than —2 

63. /(a) = a' - 3a' + a 4- 2; no real zero greater than 2 

64. /(a) = a' — 3a' + a 4* 2; no real zero less than —3 


( r mnvcting Graphs with liquations In Exercises 65-70, find a polynomial function 
/(a) of least possible decree having the graph shown (Hint: See the Note following 
Example -4,) 


65. 


> 



66 . 




PM Use a graphing calculator to graph the function in the viewing window specified Com¬ 
pare the graph to the one shown in the answer section of this text. Then use the graph to 
find f( 125) 

71. /(a) = 2a(a — 3)(a 4-2). window [-3,4] by [-20.12] 

Compare to Exercise 31. 

72. /(x) = a 2 (a — 2)(x 4- 3) 2 . window [-4.3] by [-24.4] 

Compare to Exercise 33. 

73. /(.r) = (3 a - 1 )(x + 2) : , window [-4.2] by [-15. 15] 

Compare to Exercise 35. 

74. /(a) = .r 3 4- 5a 2 — a — 5 , window [ -6. 2 ] by [ -30. 30] 

Compare to Exercise 37. 


Use a graphing calculator to approximate the real zero disannul in each spa ifted exer¬ 
cise See Example 7. 


75. Exercise 47 
77. Exercise 51 


76. Exercise 49 
78. Exercise 50 
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For the given polynomial function, approximate each zero as a decimal to the nearest 
tenth. Sec Example 7, 

79. /(at) « x 1 4 3x 2 - 2x- 6 80. f(x) = x i - 3x 4 3 

81. /(.v) = —2x J - x 2 4 .t 4 5 82. f(x) = ~x 4 4 2x 3 4 3x 2 4 6 


Use a graphing calculator to find the coordinates of the turning points of the graph of 
each polynomial function in the given domain interval. Give answers to the nearest hun¬ 
dredth. 

83. /(.t) = -v 3 4 4x 2 - 8.r - 8. [ -3.8. -3 ] 

84. /(.v) = .t 3 4 4x z - 8.t - 8, [0.3. l] 

85. /(.v) — 2x 3 — 5.t 2 — x 4 1; [ — 1, 0 ] 

86. /(x) = 2x 3 -5x--x + \ , [ 1.4. l] 

87. f(x) = x 4 — 7.r 3 4 13x 2 + 6.t — 28; [ — I. 0] 

88 . /(x) =.r 3 -x4 3; [—1,0] 


Solve each problem. 

89. (Modeling) Social Security Numbers Your Social Security number (SSN) is 
unique, and with it you can construct your own personal Social Security polynomial. 
Let the polynomial function be defined as follows, where a, represents the ith digit 
in your SSN: 

SSN(.r) = (x — ai)(.v 4 fl;)(x — a 3 )(x 4 o 4 )(x — a 3 ) * 
fx 4- — a 7 )(x 4 ci#)(x — Ooi. 


For example, if the SSN is 539-58-0954. the polynomial function is 

SSN(.v) = (.t — 5)(.t 4 3)(x — 9)(x 4 5)(.v — 8)(x 4 0)(x — 9)(.r + 5)(.r - 4) 

A comprehensive graph of this function is shown in Figure A. In Figure B, we show 
a screen obtained by zooming in on the positive zeros, as the comprehensive graph 
docs not show the local behavior well in this region. Use a graphing calculator to 
graph your own “personal polynomial.” 


1 . 100.000 



151.6129 



Figure A 


Figure B 


90. A comprehensive graph of f(x) = x 4 - 7t J 4 I8.v 2 - 22x 4 12 is shown in the 
two screens, along with displays of the two real zeros. Find the two remaining non- 
real complex zeros 


10 



10 






















and Rational Functions 


Relating Concepts 


For individual or collaborative mvostiQntion (Exorcises 91-96) 

I nr any lunction \ f(\). the following hold true. 

<n) lire teal solutions ol /( \) 0 arc the v-intcrcopts ol the graph. 

(I*) 1 he real solutions ol /(\) < 0 arc the v-values for which the graph lies 
below the x-axis 

(c) I he real solutions ol /(a) () are the v-values lor which the graph lies 

above the .v-axis 


In Exercises 9/-96. «r polynomial Junction fix) is given in both expanded ami 
Mi lored (onus Graph the Junction, and solve the equations and inequalities. Give 
multiplicities of solutions when applicable. 


91. f{x) = a' - 3v- - 6v + 8 

= (a - 4)(a- I )(.v + 2) 

(») J{x) = 0 (b) fix) < 0 

(c) f(x) > () 

93. f(x) = 2v 4 - 9x 3 - 5 a 2 + 57a - 45 
= (a-3) 2 (2a + 5)(a-|) 

(a) fix) = 0 (b) fix) < 0 

(c) fix) > 0 

95. fix) = -a 4 - 4 i 4 + 3x 2 + 18 a 
= a(2-a)(a+3) 2 

(a) fix) = 0 (b) fix) > 0 

(c) fix) ^ 0 


92. fix) = x 3 + 4.v 2 - 11 a - 30 
= ( v - 3) (a + 2)(a + 5) 

(a) /(.v) = 0 (b) fix) < 0 

(c) fix) > 0 

94. fix) = 4.v 4 + 27 a 1 - 42a 2 
- 445a - 300 

= (a + 5) 2 (4a + 3)(a-4) 
(a) fix) = 0 (b) fix) < 0 

tc) fix) > 0 

96. fix) = - v 4 + 2 a 1 + 8a 2 
= a 2 (4-a)(a + 2) 

(a) fix) = 0 (b) fix) > 0 

(c) fix) ^ 0 


(Modeling) Exercises 97—104 are geometric in nature and lead to polynomial models. 
Solve each problem. 

97. Volume of a Box A rectangular piece of card¬ 
board measuring 12 in. by 18 in. is to be made 
into a box with an open top by cutting equal-size 
squares from each comer and folding up the sides. 

Lei x represent the length of a side of each such 
square in inches. 

(a) Give the restrictions on a. 

(b) Determine a function V that gives the volume of the box as a function of a. 
gg ( C ) For what value of a will the volume be a maximum? What is this maximum 

volume? ( Hint: Use the function of a graphing calculator that allows you to de¬ 
termine a maximum point within a given interval.) 
f=4=j (d) For what values of a will the volume be greater than 80 m. 3 ? 

98. Construction of a Rain Gutter A piece of rectangular " , 1 — 

sheet metal is 20 in. wide. It is to be made into a ram 
gutter by turning up the edges to form parallel sides. Let 
a represent the length of each of the parallel sides. 

(a) Give the restrictions on a 20 - 2x 

(b) Determine a function sd that gives the area of a cross section of the gutter 

(c) For what value of a will si be a maximum (and thus maximize the amount of 
water that the gutter will hold)? What is this maximum area'’ 

FP (d) For what values of a will the area of a cross section be less than 40 in 2 ? 



18 in 
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*)'). Sides of a /Unfit Triangle A certain right triangle has area 84 in, 3 . One leg of the 
triangle measures I in. less than the hypotenuse. Let x represent the length of the 
hypotenuse. 

(a) Express the length of the leg mentioned above in terms of x. Give the domain 
of x. 

(b) Express the length of the other leg in terms of x. 

(c) Write an equation based on the information determined thus far. Square both 
sides and then write the equation with one side as a polynomial with integer 
coefficients, in descending powers, and the other side equal to 0, 

[fg (d) Solve the equation in part (c) graphically. Find the lengths of the three sides of 
the triangle. 

100. Area of a Rectangle Find the value of x in the figure that will maximize the area of 
rectangle ABCD. 



101. Butane Gas Storage A storage tank for butane gas is to be built in the shape of a 
right circular cylinder of altitude 12 ft, with a half sphere attached to each end. If 
x represents the radius of each half sphere, what radius should be used to cause the 
volume of the tank to be 144ir ft 3 ? 



102. Volume of a Box A standard piece of notebook paper measuring 8.5 in. by 11 in. is 
to be made into a box with an open top by cutting equal-size squares from each cor¬ 
ner and folding up the sides. Let .r represent the length of a side of each such square 
in inches. Use the table feature of your graphing calculator to do the following. 

(a) Find the maximum volume of the box. 

(b) Determine when the volume of the box will be greater than 40 in. 3 . 

103. Floating Ball The polynomial function 


/(.v) = y.v 3 — 5-rr.t 2 + 


5007 Td 


can be used to find the depth that a ball 10 cm in diameter sinks in water The 
constant d is the density of the ball, where the density of water is I. The smallest 
positive zero of /(.r) equals the depth that the ball sinks. Approximate this depth 
for each material and interpret the results. 

(n) A wooden ball with d = 0.8 

(b) A solid aluminum ball with d —11 

(c) A spherical water balloon with d = 1 

104. Floating Ball Refer to Exercise 103. If a ball has a 20-cm diameter, then the 
function becomes 


... 7r . 4000:rd 

/(*) = JV J - IOtT.V 2 + --- 


Tins function can be used to determine the depth that the ball sinks in water. Find 
the depth that this size ball sinks when d = 0.6. 













ond Rational Functions 


(MotMing) Solve each pntblem involving a polynomial function model. See Example 8, 

105. Highway Design To allow enough distance for cars to pnss on twodunc highways, 
engineers calculate minimum sight distances between curves and hills. The table 
shows the minimum sight distance y in feet for n car traveling at .v miles per hour. 


.v (in mph) 

20 

30 

40 

50 

60 

65 

70 

y (In feet) 

810 

1090 

1480 

1840 

2140 

2310 

2490 


Source Hactner. L., IntttHluctlon to Transportation Systems, Holt, Rinehart 
anil Winston 


(n) Make a scatter diagram of the data. 

(b) Use the regression feature of a calculator to find the best-fitting linear function 
for the data. Graph the function with the data. 

(c) Repeat part (b) for u cubic function. 

(d) Estimate the minimum sight distance for u car traveling 43 mph using the func¬ 
tions from ports (b) and (c). 

(e) By comparing the graphs of the functions in parts (b) and (c) with the data, 
decide which function best fits the given data. 


106. W ater Pollution Copper in high doses can be 
lethal to aquatic life. The table lists copper 
concentrations in freshwater mussels after 
45 days at various distances downstream from 
an electroplating plant. The concentration C is 
measured in micrograms of copper per gram of 
mussel .t kilometers downstream. 

(a) Moke a scatter diagram of the data. 


X 

5 

21 

37 

53 

59 

c 

20 

13 

9 

6 

5 


Source- Foster, R., und J. Dates, “Use 
of mussels to monitor point source 
industnal discharges,” Environ. Sci. 
Techno!., Mason. C.. Biology of Fresh - 
i voter Pollution, John Wiley & Sons. 

(b) Use the regression feature of a calculator to find the best-fitting quadratic func¬ 
tion for the data. Graph the function with the data. 

(c) Repeat port (b) for a cubic function. 

(d) By comparing graphs of the functions in parts (b) and (c) with the data, decide 
which function best fits the given data. 

(e) Concentrations above 10 are lethal to mussels. Find the values of x (using the 
cubic function) for which this is the case. 


107. Government Spending on Health Research and Training The tabic lists the 
annual amount (in billions of dollars) spent by the federal government on health 
research and training programs over an 8-yr period 


Year 

: 

■ Amount < 

Year 

i Amount 

2002 

21.4 

2006 

28.8 

2003 

24 0 

2007 

29 3 

2004 

27.1 

2008 

29 9 

2005 

28 I 

2009 

30 6 


Source U S Office of Management and Budget. 


Which one of the following provides the best model for these data, where v repre¬ 
sents the year? 

A. /(.v) = 0 5(.t - 2002) 2 + 214 

B. g(x) = (.t - 2002) + 21 4 

C. h(x) = 3.5 V.r - 2002 + 214 

D. *(.t) = {x - 2002) 3 + 214 
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108. Swlny; of a Pendulum Grandfather clocks 
use pendulums to keep accurate time. The 
relationship between the length of a pen¬ 
dulum L and the time 7* for one complete 
oscillation can be expressed by the equa¬ 
tion L = kT n , where k is a constant and n 
is a positive integer to be determined. The 
data in the table were taken for different 
lengths of pendulums. 

(a) As the length of the pendulum increases, what happens to 7*? 

[e] (b) Discuss how n and k could be found. 

(c) Use the data to approximate k and determine the best value for n. 

(d) Using the values of k and n from part (c), predict T for a pendulum having 
length 5 ft. 

(e) If the length L of a pendulum doubles, what happens to the period T? 


/. (ft) 

T (sec) 

/.(ft) 

T (sec) 

1.0 

Ml 

3.0 

1 ‘>2 

15 

I 36 

3.5 

2.08 

2.0 

1 57 

4.0 

2 22 

25 

1.76 




Summary Exercises on Polynomial Functions, 

Zeros, and Graphs 

We use all of the theorems for finding complex zeros of polynomial functions in 
the next example. 

Finding All Zeros of a Polynomial Function 

Find all zeros of /(.x) = x 4 — 3.x 3 + 6x 2 — I2x + 8. 

SOLUTION We consider the number of positive zeros by observing the varia¬ 
tions in signs for /(.x). 

/(.x) = 8 (Section 3.3) 

12 3 4 

Since /(.x) has four sign changes, we can use Descartes’ rule of signs to deter¬ 
mine that there are four, two, or zero positive real zeros. For negative zeros, we 
consider the variations in signs for f(—x ). 

/(—-t) = (—.x) 4 — 3 (—jc) 3 + 6(—.x) 2 — 12(— .r) + 8 

f(-x) = x 4 + 3.x 3 + 6.x 2 + 12.x + 8 

Since /(—jc) has no sign changes, there are no negative real zeros. Because the 
function is of degree 4, it has a maximum of four zeros with possibilities sum¬ 
marized as follows. 




Positive 

Negative 

Nonreal Complex 

4 

0 

0 

2 

0 

2 

0 

0 

4 


We can now use the rational zeros theorem to determine that the possible rational 
zeros are ± I, ±2, ±4, and ± 8 Based on Descartes’ rule or signs, we discard 
the negative rational zeros from this list and try to find a positive rational zero. 
Suppose we start by using synthetic division to check 4 
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PrupoMtl /cm — > 4)1 —3 6 — 12 8 (Section 3.2) 

4 4 40 112 

1 1 10 28 120 <— /(4) = 120 

We find dint 4 is not a zero. However, 4 > 0, and the numbers in the bottom 
row of the synthetic division arc nonncgnlivc. Thus, the boundedness theorem 
indicates that there are no zeros greater titan 4. We can discard 8 as a possible 
rational zero and use synthetic division to show that I and 2 are zeros. 


1 ) 1 —3 6 -12 8 

1-2 4-8 

2) 1 —2 4 =8 0 <— /(I) = t) 

2 0 8 

10 4 0 <=— /( 2 ) = I) 

The polynomial now factors its 


/(-v) = (.v- l)(.v-2)(.t 2 + 4). 

We find the remaining two zeros using algebra to solve for.r in the quadratic 
factor of die following equation. 


(x- 1 )(.v — 2)(.v 2 + 4) =0 
x — 1 = 0 or x - 2 = 0 or a 2 +4 = 0 

.* = 1 or x = 2 or x 2 = —4 

,v = ± 2 i 


The linear factored form of the polynomial is 


Zero-laeinr property 
(Section 1.4) 


Square root pruperty 
(Section 1.4) 


f(x) = (x - I )(.r - 2 )(a - 2t )(jc + 20. 


and the corresponding zeros are 1,2. 2i, and —2i. 


iS Now Try Exercise 3. 


For each polynomial function, do the following in order. 

(a) Use Descartes* rule of signs to determine the different possibilities for the num¬ 
bers of positive, negative, and nonreal complex zeros. 

(b) Use the rational zeros theorem to determine the possible rational zeros. 

(c) Use synthetic division with the boundedness theorem where appropriate and/or 
factoring to find the rational zeros, if any. 

(d) Find all other complex zeros (both real and nonreal). if any 

1. /(a) = 6.r 3 - 41 a 2 + 26a + 24 

2. /(a) = 2a 3 - 5a 2 - 4a + 3 

3. /(, r ) = 3 X J - 5 X 3 + I 4 .v 2 - 20x + 8 

4. /(a) = 2a j - 3a 3 + 16a 2 - 27a - 18 

5. /(a) = 6a 4 - 5a 3 - I 1a 2 + IOa - 2 

6. /(a) = 5a 4 + 8a 3 - 19a 2 - 24a + 12 

7. /(a) = a 5 — 6a 4 + 16a 3 — 24.r 2 + 16a (Hint Factor out a first) 

8. /(a) = 2a 4 + 8a 3 - 7a 2 - 42r - 9 

9. /(a) = 8a 4 + 8a 3 — a — 1 ( Hint • Factor the polynomial j 

10 . /(a) = 2a 5 + 5 a 4 - 9a 3 - 1 1 a 2 + 19.v - 6 
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i'or each polynomial function, do the following in order. 

( 11 ) Use Descartes’ rule of signs to determine the different possibilities for the num¬ 
bers of positive, negative, and nonreal complex zeros. 

(Ii) Use the rational zeros theorem to determine the possible rational zeros 

(c) Find the rational zeros, if any. 

(d) Find all other real zeros, if any. 

(e) Find any other complex zeros (that is, zeros that are not real), if any. 

(0 Find the x>inlcrccpt.s of the graph, if any. 

(g) Find the y-imerccpl of the graph. 

(h) Use synthetic division to find /(4), and give the coordinates of the correspond¬ 
ing point on the graph. 

(I) Determine the end behavior of the graph. 

(j) Sketch the graph. 

11. f(x) = .v 4 + 3x 3 - 3.v 2 - Ilx - 6 

12. /(x) = —2.r 5 + 5x 4 + 34x 3 - 30x 2 - 84x + 45 

13. f(x) = 2x 5 - I Ox 4 + x 3 - 5x 2 - x + 5 

14. /(.r) = 3x 4 — 4x 3 — 22x 2 + 15x + 18 

15. /(x) =-2x 4 — x 3 -Kr + 2 

16. /(x) = 4.r 5 + 8x 4 + 9x 3 + 27x 2 + 27x (Hint: Factor out x first.) 

17. y( x ) = 3.t 4 - 14x 2 - 5 (Hint: Factor the polynomial.) 

18. f(x) - -x 5 - x 4 + l Ox 3 + 10x 2 — 9x - 9 

19. f(x) = —3x 4 + 22x 3 - 55x 3 + 5Zr - 12 

20. For the polynomial functions in Exercises 11-19 that have irrational zeros, find 
approximations to the nearest thousandth. 



Rational Functions: Graphs, Applications, and Models 




a The Reciprocal Function 

f{x) = i 

a The Function f(x) = ^ 
b Asymptotes 

a Steps for Graphing 
Rational Functions 

b Rational Function Models 


A rational expression is a fraction that is the quotient of two polynomials. A 
function defined by a rational expression is a rational function . 


Rational Function 
A function f of the form 


/to = 


Pto 

?to’ 


where p(x) and g(x) are polynomials, with g(x) ^ 0, is a rational 
function. 


Some examples of rational functions are 


/(*> = J. /(A) 


X + 1 

2x 2 + 5 x - 3 ’ 


and /(x) 


3x 2 — 3.v — 6 
a- 2 + 8.v + 16' 

Rational lumtums 


Since any values of x such that <z(x) = 0 are excluded from the domain of a 
rational function, this type of function often has a discontinuous graph—that 
is, a graph that has one or more breaks in it. (See Chapter 2.) 
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■**:»a?u- - — Graphing a Rational Function with an Obllquo Asymptote 

Graph /(v) = ''"** 


_ -) 


SOLUTION As shown in Isxnniplc 4, the vertical asymptote has equation .v = 2. 
and the graph has an oblique asymptote with equation y = a 4 2. The y-interccpt 
is -S-, and the graph has no v-intercepts since the numerator, a * 2 4- 1, has no 
retd zeros. The graph does not intersect its oblique asymptote because the fol¬ 
lowing has no solution. 


A 2 4 1 


= .V 4 2 


A - 2 
A ' 2 + 1 = A 2 - 4 
I = -4 


Multiph caili side hy \ - 2 . 
Pulse 


Using the y-intcrccpl, asymptotes, the points (4,y) and (- 1 , ), and the 

general behavior of the graph near its asymptotes leads to the graph in Figure 55. 


t /Now Try Exercise 87 


A rational function that is not in lowest terms often has a “hole,” or point of 
discontinuity, in its graph. 


,s J:> Graphing a Rational Function Defined by an Expression 

That Is Not in Lowest Terms 


Graph f(x) = 


.Y 2 - 4 
a - 2 


ALGEBRAIC SOLUTION 

The domain of this function cannot include 2. The ex¬ 
pression r t ' ~ 2 should be written in lowest terms. 

.r 2 - 4 


/(*) = 


.V - 2 


Factor and 
then divide 

"V- 


(-Y 4- 2) (a -2) 
a - 2 

— x + 2, a — 2 


Factor 


Therefore, the graph of this function will be the same 
as the graph of v — x 4- 2 (a straight line), with the 
exception of the point with .v-value 2. A “hole” appears 
in the graph at (2, 4). See Figure 56. 



GRAPHING CALCULATOR SOLUTION 

If we set the window of a graphing calculator so that 
an .Y-value of 2 is displayed, then wc can sec that the 
calculator cannot determine a value for 3 ’. We define 

Y - ^ ~ 4 

1 X - 2 

and graph it in such a window, as in Figure 57 . The error 
message in the table further supports the existence of a 
discontinuity at X = 2. (For the table, Y 2 = X 4- 2.) 
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“I 

0 

1 

z 

3 

S 

S 


m. 


1 

z 

3 

Ef.AEJR 

5 

fi 

7 


Yz 


VtB<X*-4>/<X-2> 


Figure 57 

Nonce the visible discontinuity at X = 2 in the 
graph The window was chosen so the “hole” would 
be visible. This requires a decimal viewing window or 
a window with .v-values centered at 2 Other window 
choices may not show this discontmuitv 


tZ Now Try Exerctso 91 


Figure 56 
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Rnfionnl Hmf»ftorT Wnrtrl- Rational functions have a variety of applications. 



Figure 58 


- Modeling Traffic Intensity with a Rational Function 


Vehicles arrive randomly at a parking ramp 
at an average rate of 2.6 vehicles per minute. 
The parking attendant can admit 3.2 vehicles 
per minute. However, since arrivals arc ran¬ 
dom, lines form at various times. (Source: 
Manncring, F. and W. Kilareski, Princi¬ 
ples of Highway Engineering and Traffic 
Analysis, 2nd ed., John Wiley & Sons.) 



(a) The traffic intensity jt is defined as the ratio of the average arrival rate to 
the average admittance rate. Determine x for this parking ramp. 


(b) The average number of vehicles wailing in line to enter the ramp is given by 


/(*) = 


2(1 


or 


2 



where 0 ^ x < 1 is the traffic intensity. Graph /(.r) and compute /(0.8125) 
for this parking ramp. 

(c) What happens to the number of vehicles waiting as the traffic intensity 
approaches 1 ? 


SOLUTION 


(a) The average arrival rate is 2.6 vehicles and the average admittance rate is 
3.2 vehicles, so 


2.6 

at = —= 0.8125. 
3.2 


(b) A calculator graph of / is shown in Figure 58. 

# x 0.S125 1 2 3 
/(0 S125) = 5(T- 6.8125) " 176 vehicles 

(c) From the graph we see that as x approaches I, y = /(.r) gets very large. 
Thus, the average number of waiting vehicles gets very large. This is what 
we would expect. 


il? f Now Try Exercise 113. 



Concept Check Provide a short answer to each question. 

1. What is the domain of f(.x) = *“? What is ns range? 

2. What is the domain of f(.x) = What is its range? 

3. What is the interval over which /(.r ) = ^ increases? decreases'* is constant? 
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4. \Vh»it ts the interval over which /(.v) = increases? decreases? is constant? 

»\ 

5. What is the equation of the vertical asymptote of the graph of y = — ~ — + 2? of the 

horizontal asymptote? A 

6. What is the equation of the vertical asymptote of the graph of y = -— — 4 ? of 

the horizontal asymptote? ^* v + 2 ' 

7. Is /(a) = -|r an even or an odd function? What symmetry docs its graph exhibit? 


8. Is /(.v) — ~ an even or nn odd function? What symmetry docs its graph exhibit? 


Concept Cheek Use the graphs of the rational functions in choices A-D to answer 
each question in Exercises 9—16. There may be more than one correct choice. 



9. Which choices have domain (—»,3) U (3,®)? 

10. Which choices have range (-*,3) U (3. *)? 

11. Which choices have range ( — <=, 0) U (0, «)9 

12. Which choices have range (0, *)? 

13. Lf / represents the function, only one choice has a single solution to the equation 
fix) = 3. Which one is it? 

14. Which choices have domain (—«,0) U (0.3) U (3, »)? 

15. Which choices have the -t-axis as a horizontal asymptote? 

16. Which choices are symmetric with respect to a vertical line? 

Explain how the graph of each function can be obtained from the graph of y = j or 
y = p. Then graph f and give the (a) domain and (b) range Determine the intervals of 
the domain for which the function is (c) increasing or(d) decreasing. See Examples 1—3. 

17. fix) = - 18. f(x) = ~ 19. f(x) = — 

x x x + 2 

20. /(jc) = 21. /(.t) = i + 1 22. fix) = i - 2 

23. /(•*) - - 4 24. fix) = -4+ 3 25. /(,) = ' , 
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26. f(x) = 


-2 

(* ~ 3) 2 


27 - /w = (7tV" 3 = + 2 


Concept Cheek Mutch the rational function in Column / with the appropriate detcrip - 
fioit in Column //. Choices in Column // con used only once. 


I 


II 


jf + 7 

29 -'<- 

A. 

so. f(x) = 

D. 

4 

C. 

32. /(.r) = ^ 

D. 

x* — 16 

33. / W = x + 4 

E. 

34. Ax) = 4 ^ 7 3 

F. 

35. 

G. 


The x-intercept is —3. 

The y-intercept is 5. 

The horizontal asymptote is y = 4. 

The vertical asymptote is x = — 1. 

There is a “hole” in its graph at x — —4. 

The graph has an oblique asymptote. 

The x-axis is its horizontal asymptote, and they-axis is 
not its vertical asymptote. 


36. /(. x) 


* + 3 
x — 6 


H. The x-axis is its horizontal asymptote, and they-axis is 
its vertical asymptote. 


Give the equations of any vertical, horizontal, or oblique asymptotes for the graph of 
each rational function. See Example 4. 


37. /(x) 
40. /(x) 
43. /(x) 
45. /(x) 


3 

x — 5 

2x 4- 6 
x — 4 


38. 


/(*) = 


-6 
x + 9 


41. 


/(-r) = 


x~ — 1 
x + 3 


x 2 — 2x - 3 
2x 2 — x — 10 

x 2 + 1 
x 2 + 9 


44. /(x) 
46. f(x) 


39. f(x) 


4 — 3x 
2x + 1 


42. fix) 


x 2 -1-4 
x- 1 


3X 2 - 6x - 24 
5x 2 — 26x + 5 


4x 2 4- 25 
x 2 + 9 


47. Concept Check Let f be the function whose graph is obtained by translating the 
graph of y = j to the right 3 units and up 2 units. 

(a) Wnte an equation for /(x) as a quotient of two polynomials. 

(b) Determine the zero(s) of /. 

(c) Identify the asymptotes of the graph of /(x). 


48. Concept Check Repeat Exercise 47 with / the function whose graph is obtained by 
translating the graph of y~~jj to the left 3 units and up 1 unit 


49. Concept Check After the numerator is divided by the denominator. 


(a) 

(b> 

(c) 


fix) - 


X 5 4 X 4 -t- X 2 + 1 
X J + 1 


becomes /(x) = x +1 + 


What is the oblique asymptote of the graph of the function' 7 


1 

x— x 
X 4 + 1 ■ 


Where does the graph of the function intersect its asymptote? 

As x * 30 . does the graph of the function approach its asymptote from above or 
below? 
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SO. Concept ('heck Choices A-D below show the four ways in which the graph of u 
rational function can approach the veitfeul line .v 83 2 us an nsyntptoic. Identify the 
graph of each rational function defined in puns (n)-(d). 



51. Concept Cheek Which function has a graph that docs not have a vertical asymptote? 

I 1 3 2.x + 1 

- - 73T t/W-j ?• fM = 


A. f(x) = 


,t ! + 2 


B. f(.r) = 


X 


52. Concept Check Wliich function has a graph that docs not have a horizontal asymptote' 


A. /(*) = 
C. /(.x) = 


2.x-7 
x + 3 

.t 2 — 9 
.x + 3 


B -/w=^ 


D. /(.t) = 


x + 5 


(x + 2)(x-3) 


Identify any vertical, horizontal, or oblique asymptotes in the graph of y = /(-x) - State 
the domain of f. 
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Sketch the graph of each rational function. See Examples 5-9. 

«• M - 7^7 /w - jri 


63s /(.r) = 


x + 2 
x — 3 


64, f(x) = 


x — 3 
x + 4 


as. /(x) = 



66. f(x) » 


6 — 3x 
4 — x 


67. /(.v) = 



2 


68. /(x) = 


2x4- I 
x 2 4- 6x + 8 


(><>• Ax) 
71. fix) 
73. /(x) 
75. fix) 
77. /(x) 
79. /(.r) 
81. fix) 
83. fix) 
85. /(x) 


5x 


x 2 - I 

(x 4- 6)(x — 2) 
(x 4- 3)(x — 4) 

3x 2 4- 3x - 6 
x 2 — x — 12 

9x 2 - 1 
x 2 — 4 

(x-3)(x4- 1) 
<*“1) 2 


x 2 — 9 

_l_ 

X 2 4- I 


(x 4* 4) 2 


(x- I) (x 4- 5) 

20 4- 6x ~ 2x 2 
8 4- 6x - 2x 2 


70. fix) 
72. fix) 
74. fix) 
76. fix) 
78. fix) 
80. fix) 
82. fix) 
84. /(x) 
86. fix) 


4 -x 2 


(x 4- 3)(x - 5) 
(X+ I)(x - 4) 

4x 2 4- 4x — 24 
x 2 - 3x - 10 

16x 2 ~ 9 
x 2 — 9 

*(* ~ V 

(x 4- 3) 2 

-5 

2x4-4 

(x-5)(x-2) 
x 2 4- 9 

{*+ l ) 2 

(x 4- 2)(x — 3) 

18 4- 6x — 4x 2 
4 4- 6x 4- 2x 2 


87. fix) = 
89. fix) = 
91. fix) = 
93. fix) = 
95. fix) = 
97. fix) = 
99. fix) = 


x 2 4- 1 
x + 3 

x 2 4- 2x 
2x - l 

x 2 - 9 
x 4- 3 

2x 2 - 5x - 2 
x - 2 

x 2 - 1 
x 2 - 4x + 3 

(x 2 — 9)(2 4- x) 
(x 2 -4)(3+x) 

x 4 ~ 20x 2 4- 64 
v 4 - 10x 2 4- 9 


88 . 


90. 


fix) = 
fix) = 


2x 2 4- 3 
x — 4 

“l 

x— X 
x 4- 2 


92. fix) = 
94. fix) = 
96. fix) = 
98. fix) = 
100. fix) = 


x 2 - 16 
x 4- 4 

x 2 - 5 
x - 3 

x 2 - 4 
x 2 4- 3x 4- 2 

(x 2 - 16)(3 4- x) 
(x 2 - 9)(4 4-v) 

x 4 ~ 5 v 2 + 4 
x 4 - 24x 2 + 108 










































and Rational Functions 


( tunneling Graphs * ith liquations Find an equation far each rational Junction graph. 
(Hint. See the note preceding Example 8 ,) 



Concept Check In Exercises 107 and 108, find a possible equation for the function with 
a graph /taring the given features. 


107. .r-intcrccpts: -1 and 3 108. .t-imercepts: 1 and 3 

v-intcrcepi: —3 y-intcrcept: none 

vertical asymptote: .r = 1 vertical asymptotes: x = 0 and x = 2 

horizontal asymptote: y = 1 horizontal asymptote: y = 1 


E3i] Use a graphing calculator to graph the rational function in the specified exercise. 
Then use the graph to find /(l .25) 

109. Exercise 61 110. Exercise 67 111. Exercise 89 112. Exercise 91 


(Modeling) Solve each problem. Sec Example 10. 

113. Traffic Intensity Let the average number of vehicles arriving at the gate of an 
amusement park per minute be equal to k, and let the average number of vehicles 
admitted by the park attendants be equal to r. Then, the average waiting time T (in 
minutes) for each vehicle arriving at the park is given by the rational function 


T(r) - 


2r — k 
2r~ - 2kr' 


where r > k. (Source- Mannenng. F., and W Kilareski. Principles of Highway 
Engineering and Traffic Analysis. 2nd ed., John Wiley & Sons.) 

H=l (a) It is known from expenence that on Saturday afternoon k = 25. Use graphing 
to estimate the admittance rate r that is necessary to keep the average waiting 
time T for each vehicle to 30 sec. 

(b) If one park attendant can serve 5.3 vehicles per minute, how many park atten¬ 
dants will be needed to keep the average wait to 30 see 7 

114. Waiting in Lute Queuing theory (also known as waiting-line theory) invesugates 
the problem of providing adequate service economically to customers waiting in 
line. Suppose customers arrive at a fast-food service window at the rate of 9 people 
per hour. With reasonable assumptions, the average time (in hours) that a customer 
will wait in line before being served is modeled by 


/(-v) 


9 

x(x - 9) ’ 


where .t is the average number of people served per hour A graph of /(.\) for 
x > 9 is shown in the figure on the next page. 
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£ 

? 


1 f- 

1 

- x - 9ll 


ll 


: oj- 

i \ 
i V 
. 1. 


0 

l|0 

20 


1 



(u) Why is ihe function meaningless if the aver- Average Waiting Time 

age number of people served per hour is less 
than 97 

Suppose Ihe average time to serve a customer is 
5 min. 

(b) How many customers can be served in an 
hour? 

(c) How many minutes will a customer have to people served 

wait in line (on the average)? 

(d) Suppose we want to halve the average waiting time to 7.5 min («hr). How 
fast must an employee work to serve a customer (on the average)? (Hint: Let 
/(.r) = g and solve the equation for x. Convert your answer to minutes.) How 
might diis reduction in serving time be accomplished? 

115. Braking Distance The rational function 

871 Ox 2 - 69,400.r + 470,000 


d{x) = 


I.08x 2 -324x + 82,200 


can be used to accurately model the braking distance for automobiles traveling at 
x miles per hour, where 20 ^ x ^ 70. (Source: Mannering, F., and W. Kilorcski, 
Principles of Highway Engineering and Traffic Analysis, 2nd ed., John Wiley & 
Sons.) 



Use graphing to estimate x when d(x) = 300. 
Complete the table for each value ofx. 

If a car doubles its speed, does the braking dis¬ 
tance double or more than double? Explain. 
Suppose that the automobile braking distance 
doubled whenever the speed doubled. What type 
of relationship would exist between the braking 
distance and the speed? 


X 

d(x) 

X 

d(x) 

20 


50 


25 


55 


30 


60 


35 


65 


40 


70 


45 





116. Braking Distance The grade x of a hill is a measure of its steepness. For example, 
if a road rises 10 ft for every 100 ft of horizontal distance, then it has an uphill 
grade of 


10 

100 ’ 


or 


10 %. 


Grades are typically kept quite small—usually less than 10%. The braking distance 
D for a car traveling at 50 mph on a wet, uphill grade is given by 


D(x) = 


2500 

30(0.3 + x) * 


(Source: Haefner, L., Introduction to Transportation Systems, Holt, Rinehart and 
Winston.) 



(a) Evaluate £>(0 05) and interpret the result 

(b) Describe what happens to braking distance as the hill becomes sleeper. Does 
this agree with your driving experience? 

(c) Estimate the grade associated with a braking distance of 220 ft 
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117, 7 dx Revenue Economist Arthur Laffer has hecn u 
center of controversy because of Ills LufFer curve, 
nn idealized version of which is shown here. Accord¬ 
ing to this curve, increasing a tax rate, say front X\ 
percent to aj percent on the graph, can actually lead 
to a decrease in government revenue. All economists 
agree on the endpoints, 0 revenue at tax rates of both 
0% and 100%, but there is much disagreement on the 
location of the rate x\ that produces maximum revenue. Suppose an economist 
studying the Laffer curve produces the rational function 



R(x) = 


80a ~ 8000 
.r - 110 ’ 


where R{x) is government revenue in tens of millions of dollars for a tax rate of a 
percent, with the function valid for 55 S .t s 100. Find the revenue for the fol¬ 
lowing tax rales. 

<n) 55% (b) 60% (c) 70% (d) 90% (c) 100% 

(0 Graph R in the window [0, 100] by [0, 80]. 

118. Tax Revenue Sec Exercise 117. Suppose an economist determines that 


R(x) = 


60a~ - 6000 
a - 120 ‘ 


where y = R(x) is government revenue in tens of millions of dollars for a tax rate 
of x percent, with y = /?(x) valid for 50 £ .v £ 100. Find the revenue for each 
tax rate. 

(a) 50% (b) 60% (c) 80% (d) 100% 

§=}(c) Graph R in the window [0, 100] by [0, 50 ]. 



For individual or collaborative investigation (Exercises IIS-128) 


Consider the follow mg monster“ rational function. 

= v 4 ~ 3 a 3 - 21 a 2 + 43a + 60 
' 1 .t 4 - 6a 3 + a 2 + 24a - 20 

Analyzing tins junction wilt synthesize many of the concepts of this and earlier 
chapters Work Exercises 119—128 in order. 

119. Find the equation ol the horizontal asymptote. 

120. Gi\en that —4 and —1 are zeros of the numerator, factor the numerator 
completely 

121. (a) Given that 1 and 2 are zeros of the denominator, factor the denominator 

completely. 

tl>) Write the entire quotient for / so that the numerator and the denominator 
are in factored form. 

122. (a) What is the common factor m the numerator and the denominator? 

(b) For what value of a will there be a point of discontinuity (i.e.. a ''hole”)? 

123. WhaL are the A-tntercepts of the graph of /? 

124. What is the y-intercept of the graph of /? 

125. Find the equations of the vertical asymptotes 


(continued) 
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126. Determine the point or points of intersection of the gr.iph of / with its 
hori/onlul asymptote 

127. Sketch the graph of/ 

I2H. Use the graph of / to solve each inequality. 

(a) f(x) < 0 (It) /(or) > 0 



Chapter 3 


1. Graph each quadratic function. Give the vertex, axis, domain, range, and intervals of 
the domain over which each function is increasing or decreasing. 

(a) /(.x) = -2(x + 3) 2 - 1 (b) /( x) = 2x 2 - 8x + 3 

2. Height of a Projected Object A ball is projected directly upward from an initial 
height of 200 ft with an initial velocity of 64 ft per sec. 

(a) Use the projectile height function s(t) = — 16f 2 + vot + So to describe the height 
of the ball in terms of time r, 

(b) For what interval of time is the height of the ball greater than 240 ft? 

Use synthetic division to decide whether the given number k is a zero of the polynomial 
function. If it is not. give the value of f(k). 

3. /(x) = 2.x 4 + .x 3 -3.x-i-4; * = 2 4. /(.x) = * 2 - 4x + 5; k = 2 + i 

5. Find a polynomial of least degree having only real coefficients with zeros —2,3, 
and 3 — t. 


Graph each polynomial function. Factorfirst if the function is not in factored form. 

6. /(.t) = x(x - 2) 3 (x + 2)- 

7. f(x) = 2jc 4 - 9x 3 - 5-r- + 51 x - 45 

8. /(.r) = -4X 5 + 16.x 4 + 13x 3 - 76.x 2 - 3x + 18 


Sketch the graph of each rational function. 




10 


10. f(x) = 


.x 2 4- 2.x + 1 
.x- 1 


Summary Exercises on Solving Equations and Inequalities 

In Section 1.7 we solved rational inequalities by rewriting them so that 0 is on 
one side We then determined the values that cause either the numerator or de¬ 
nominator to equal 0, and by using a test value from each interval determined by 
these values, we identified the solution set. 

We can now solve rational inequalities by inspecting the graph of a related 
function. The graphs can be obtained by using technology or by using the steps 
for graphing a rational function given in Section 3.5. 
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CHAPTER 3 Polynomini and Rntionnl Functions 


— - • .l. — Solving • Rational Inequality 

Solve the inequality. 


SOLUTION Graph the related rational function 

I — x 

v =--. 

A' + 4 

The real solutions of \ ~ ^ ^ 0 are the .v-vnlues for 
which the graph lies above or on the A-axis. This is 
true for all a* to the right of the vertical asymptote 
at x = —4, up to and including the .v-intercept I. 
Therefore, the solution set of the inequality is 

(-4.1]- 


y 



By inspecting the graph of the related function, we can also determine that 
the solution set of 4 < 0 is ( ——4) U ( 1 , <*) and that the solution set 

of the equation j. — 0 is {1}, the value of the .v-inlerccpt. This graphical 
method may be used to solve other equations and inequalities including those 
defined by polynomials. 


^ Now Try Exercise 19. 


In Exercises 1—8, solve each equation. 


1 . 


5x4- 8 
—9 


= 2.t - 


10 


3. (a - 5 )~ 4 - 13(.t - 5 )" 2 = -36 
5. Vlr - 5 - V.t - 3 = 1 


7. 



3 

4 


2. - 7 X 4- 0.25-t = ]-x — 1 
5 2 

4. x = 13 Vx — 40 

6 . 3 = V.r 4 2 4 V.t- 1 

8 . 27 - (.t - 4) 3/2 = 0 


In Exercises 9-12, use the graph of the function to solve each equation or inequality. 
9. (a) /(x) > 0 (b) /(.t) ss 0 10 . (a) fix) < 0 (b) /(a) > 0 




11. (a) /(x) =0 (b) /(. x) > 0 


> 



12 . (a) f(x) = 0 (b) fix) < 0 
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hi Exercises 13-22, sketch the graph of an appropriate function and then use the graph 
to solve each equation or Inequality. (Note: First identify the expression as an equa¬ 
tion or an inequality. When appropriate, use the steps for graphing polynomial functions 
from Section 3.4 or rational functions front Section 3.5.) 


13. 25.r 2 - 20* * + 4 > 0 

15. x 4 — 2x 3 — 3x 2 + 4x + 4 = 0 

17. -x 4 -x 3 + llx 2 = 0 

2x 2 — 13x 4* 15 „ 

19. -=---a 0 


14. 3x + 4 £ x 2 

16. x 3 4* 5x J + 3x - 9 2: 0 

18. -4X 4 4- I3x 2 - 3 > 0 


20 . 


x 2 4- 3x - 1 
X 4* I 


> 3 


21 . 


x- I 
(x — 3) 2 


= 0 


22 . 



> 0 




Variation 




Direct Variation 
■ Inverse Variation 

’ . Combined and Joint 
Variation 


To apply mathematics we often need to express relationships between quantities. 
For example, 

• In chemistry, the ideal gas law describes how temperature, pressure, and 
volume are related. 

• In physics, various formulas in optics describe the relationship between the 
focal length of a lens and the size of an image. 

This section introduces some special applications of polynomial and rational 
functions. 


Direct Variation When one quantity is a constant multiple of another quan¬ 
tity, the two quantities are said to vary directly. For example, if you work for an 
hourly wage of $10, then 

t pay ] = 10 [ hours worked ]. 

Doubling the hours doubles the pay. Tripling the hours triples the pay, and so 
on. This is stated more precisely as follows. 


Direct Variation 

y varies directly as x, or y is directly proportional to x, if there exists a 
nonzero real number k, called the constant of variation, such that for all x, 

y = kx. 


The direct variation equation y = kx defines a linear function, where the con¬ 
stant of variation k is the slope of the line. For k > 0, 

• As the value of x increases, the value of y increases. 

• As the value of x decreases, the value of v decreases. 

When used to describe a direct variation relationship, the phrase “directly pro- 
portionar is sometimes abbreviated to just “proportional “ 
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CAUTION Note thill and in the expression "v varies jointly us v and r” 
translates ns the product y = k\:, The word "and" docs not indicate addi¬ 
tion here. 




3 fi 

a = • 


Figure 60 


*■> ■•-'V- Solving a Joint Variation Problom 

Tlic area of a triangle varies jointly as the lengths of the base and the height. A 
triangle with base 10 ft and height 4 ft has area 20 ft 2 . Find the area of a triangle 
with base 3 ft and height 8 ft. (See Figure 60.) 

SOLUTION 

Step I Let si represent the area, b the base, and h the height of the triangle. 
Then, for some number k, 

si = kbit. I suries juinil> jn b and h 

Step 2 Since si is 20 when b is 10 and h is 4, substitute and solve for k. 

20 = A( !0)(4) 



Step 3 The relationship among the variables is the familiar formula for the area 
of a triangle, 

si = ^bh. 

Step 4 To find si when b = 3 ft and /» = 8 ft, substitute into the formula. 

si = ~ (3)(S) = 12 ft 2 

i/ Now Try Exercise 33. 


*1 ?,*d> T iInH Solving a Combined Variation Problem 

The number of vibrations per second (the pitch) of a steel guitar string varies 
directly as the square root of the tension and inversely as the length of the string. 
If the number of vibrations per second is 50 when the tension is 225 newtons 
and the length is 0.60 m, find the number of vibrations per second when the 
tension is 196 newtons and the length is 0.65 m. 


SOLUTION Let n represent the number of vibrations per second, T represent the 
tension, and L represent the length of the string. Then, from the information m 
the problem, write the variation equation (Step 1) 


n 


kVT 

L 


n varies direcrlv as the square runt o! 
T and in\ ersch js L 


Substitute the given values for /i. T. and L to find k fSlep 2) 


50 = 


k \/_225 

0.60 


Let n — 50. T = 22S L - <1 f>() 


30 = A\/225 MultipK In Ofiti 
30 = I5A \ 225 - 15 


Div tdo h\ 15 Inierth.inee *idi> 


A = 2 
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Substitute for/c to find the relationship among the variables (Step 3). 

iVt 
n = — 

Now use the second set of values for T and L to find n (Step 4), 


n — 


2\/\96 
0.65 


43 


Let T = 196, L — 0.65 


The number of vibrations per second is approximately 43. 

1/ Now Try Exercise 37. 



Concept Check Write each formula as an English phrase using the word varies or pro¬ 
portional. 

1. C — 2nr, where C is the circumference of a circle of radius r 

2 . d = j j, where d is the approximate distance (in miles) from a storm, and s is the 
number of seconds between seeing lightning and hearing thunder 

3 . r = j, where r is the speed when traveling d miles in / hours 

4 . d = —-—r, where d is the distance a gas atom of radius r travels between collisions, 

4 Trnr 2 

and n is the number of atoms per unit volume 

5. s — fcr 3 , where s is the strength of a muscle that has length jc 

mv~ 

6. f = —— , where / is the centripetal force of an object of mass m moving along a 
circle of radius r at velocity v 


Concept Check Match each statement in Exercises 7—JO with its corresponding graph 
in choices A-D. Jn each case, k > 0. 

7. y varies directly as x. ( 3 ’ = kx) 8 . y varies inversely asx. ( 3 ' = j) 


9 . y varies directly as the second power 
of x. (y = Lx 2 ) 


10 . x varies directly as the second power 
of y. (x = ky 2 ) 


A. y 


b. y 




c, * 


V- X 



D. y 



Solve each variation problem. See Examples 1—4. 

11. If y varies directly as x, and 3 = 20 when .v = 4, find y when .t = - 6 . 

12. If 3 ' varies directly as.t, and 3 - = 9 when .t = 30. find y when ,r = 40. 

13. If m varies jointly as .r and y. and m = 10 when x - 2 and y = 14, find m when 
x ~ 21 and y = 8 . 

14. If m varies jointly as c and p. and rn = 10 when z = 2 and p = 7 5. find in when 
■ = 6 and p — 9. 
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15. If y varies inversely ns .v, and y « 10 when x = 3, line! v when a = 20. 

16. If v varies inversely ns a, nnd y = 20 when x = |, find y when x = 15. 

17. Suppose r varies directly ns the square of mi, nnd inversely ns s. If r = 12 when 
mi = 6 nnd t = 4, find r when mi = 6 nnd s = 20. 

18. Suppose p varies directly ns the square of c. nnd inversely ns r. If p = ^ when 
c = 4 and r - 10, find p when z = 3 und r = 32. 

19. Let <i be directly proportional to mi nnd ir, nnd inversely proportional to y 3 . If a = 9 
when mi = 4, n = 9. nnd y = 3. find a when mi = 6. n = 2. nnd y = 5. 

20. If y varies directly ns x, and inversely ns nr und r 2 , nnd y = | when x = 1, in = 2, 
nnd r = 3. find y when a = 3, mi = l, nnd r = 8. 


Solve each problem. See Examples 1—4. 

21- Circumference of a Circle The circumference of a circle varies directly ns the radius. 
A circle with radius 7 in. has circumference 43 96 in Find the circumference of the 
circle if the radius changes to 11 in. 


Pressure Exerted by a Liquid The pressure 
exerted by a certain liquid at a given point 
varies directly as die depth of the point bcneadi 
the surface of the liquid. The pressure at 10 ft 
is 50 pounds per square inch (psi). What is the 
pressure at 15 ft? 



23. Resistance of a Hire The resistance in ohms of a platinum wire temperature sensor 
vanes directly as the temperature in kclvins (K) If the resistance is 646 ohms at a 
temperature of 190 K, find the resistance at a temperature of 250 K. 

^ eight on the Afoon The weight of an object on Barth is directly proportional to the 
weight of that same object on the moon A 200-lb astronaut would weigh 32 lb on 
the moon How much would a 50-lb dog weigh on the moon? 

Distance to the Horizon The distance that a person can see to the horizon on a clear 
day from a point above the surface of Earth varies directly as the square root of the 
height at that point If a person 144 m above the surface of Earth can see 18 km to 
the horizon, how for can a person see to the horizon from a point 64 m above the 
surface? 


26. Water Emptied by a Ripe The amount of water emptied by a pipe varies directly 
as the square of the diameter of the pipe. For a certain constant water flow, a pipe 
emptying into a canal will allow 200 gal of water to escape in an hour. The diameter 
of the pipe is 6 in. How much water would a 12-in pipe emply into the canal in an 
hour, assuming the same water flow? 


27. Hooke's Law for a Spring Hooke’s law for an elastic 
spring states that the distance a spnng stretches vanes di¬ 
rectly as the force applied. If a force of 15 lb stretches a 
certain spnng 8 in . how much will a force of 30 lb streich 
the spnng* 7 





— i 

8 in 










SECTION 3.6 Variation 


367 


28. Current in a Circuit The current in a simple electrical circuit varies inversely as the 
resistance. If the current is 50 amps when the resistance is 10 ohms, find the current 
if the resistance is 5 ohms. 

29. Speed of a Pulley The speed of a pulley varies inversely as its diameter. One kind 
of pulley, with diameter 3 in., turns at 150 revolutions per minute. Find the speed of 
a similar pulley with diameter 5 in. 

30. Weight of an Object The weight of an object varies inversely as the square of its 
distance from the center of Earth. If an object 8000 mi from the center of Earth 
weighs 90 lb, find its weight when it is 12,000 mi from the center of Earth. 

31. Current Flow In electric current flow, it is found that the resistance offered by a 
fixed length of wire of a given material varies inversely as the square of the diameter 
of the wire. If a wire 0.01 in. in diameter has a resistance of 0.4 ohm, what is the 
resistance of a wire of the same length and material with diameter 0.03 in., to the 
nearest ten-thousandth of an ohm? 

32. Illumination The illumination produced by a 
light source varies inversely as the square of the 
distance from the source. The illumination of 
a light source at 5 m is 70 candela. What is the 
illumination 12 m from the source? 


33. Simple Interest Simple interest varies jointly as principal and time. If SI 000 invested 
for 2 yr earned S70. find the amount of interest earned by S5000 for 5 yr. 

34. Volume of a Gas The volume of a gas varies inversely as the pressure and directly 
as the temperature in kelvins (K). If a certain gas occupies a volume of 1.3 L at 300 K 
and a pressure of 18 newtons, find the volume at 340 K and a pressure of 24 newtons. 

35. Force of Wind The force of the wind blowing on a vertical surface vanes jointly as 
the area of the surface and the square of the velocity. If a wind of 40 mph exerts a 
force of 50 lb on a surface of 5 ft 2 , how much force will a wind of 80 mph place on 
a surface of 2 ft 2 ? 

36. Volume of a Cylinder The volume of a right circular cylinder is jointly proportional 
to the square of the radius of the circular base and to the height. If the volume is 
300 cm 5 when the height is 10.62 cm and the radius is 3 cm, find the volume to the 
nearest tenth of a cylinder with radius 4 cm and height 15.92 cm. 











Rational Functions 


37. Sports An no Construction The roof of a new sports arena rests on round concrete 
pillars. The maximum load a cylindrical column of circular cross section can hold 
varies directly as the fourth power of the diameter and inversely as the square of the 
height. The arena has 9-nvtall columns that are 1 m in diumeter and will support u 
load of 8 metric tons How many metric tons will he supported by a column 12 m 
high and 5 m in diameter? 


CITY SPORTS AhtlM 



38. Sports Arena Construction The sports arena in Exercise 37 requires a horizontal 
beam 16 m long. 24 cm wide, and 8 cm high. The maximum loud of a horizontal beam 
that is supported at both ends varies directly as the width of the beam and the square of 
its height and inversely ns the length between supports. If a beam of the same material 
8 m long, 12 cm wide, and 15 cm high can support a maximum of 400 kg, what is 
the maximum load the beam in the arena will support? 

3^* Period of a Pendulum The period of a pendulum varies directly as the square root 
of the length of the pendulum and inversely as the square root of the acceleration 
due to gravity Find the period when the length is 121 cm and the acceleration due to 
gravity is 980 cm per second squared, if the period is 6tt seconds when the length is 
289 cm and the acceleration due to gravity is 980 cm per second squared. 

^®* ~Histunec Phone Calls The number of long-distance phone calls between two 

cities in a certain time period varies directly as the populations p\ and pz of the 
cities and inversely as the distance between them. If 10,000 calls are made between 
two cities 500 mi apart, having populations of 50,000 and 125,000, find die number 
of calls between two cities 800 mi apart, having populations of 20,000 and 80,000. 

41. Body Mass Index The federal government has developed the body mass index 
(BMI) to determine ideal weights A person’s BMI is directly proportional to his or 
her weight in pounds and inversely proportional to the square of his or her height in 
inches. (A BMI of 19 to 25 corresponds to a healthy weight.) A 6-foot-talI person 
weighing 177 lb has BMI 24 Find the BMI (to the nearest whole number) of a per¬ 
son whose weight is 130 lb and whose height is 66 in 

42. Poiscuille's Law According to Poiseuillc’s law, the resistance to flow of a blood 
vessel, /?, is directly proportional to the length, /, and inversely proportional to the 
fourth power of the radius, r If R = 25 when / = 12 and r = 0 2, find R to the 
nearest hundredth as r increases to 0 3, while / is unchanged 

43. Stefan-Boltzmann Imw The Stefan-Boltzmann law says that the radiation of heat R 
from an object is directly proportional to the fourth power of the kelvin temperature 
of the object. For a certain object, R — 213 73 at room temperature (293 K) Find R 
to the nearest hundredth if the temperature increases to 335 K 

44. Xu clear Bomb Detonation Suppose the effects of detonating a nuclear bomb will 
be fell over a distance from the point of detonation that is directly proportional to the 
cube root of the yield of the bomb Suppose a 100-kiloton bomb has certain effects 
to a radius of 3 km from the point of detonation Find the distance to the nearest 
tenth that the effects would be felt for a 1500-kiloton bomb 
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45. Malnutrition Measure A measure of malnutrition, called the pclldisl, varies di¬ 
rectly as the cube root of a person's weight in grams and inversely as the person s 
sitting height in centimeters. A person with a pclidisi below 100 is considered to be 
undernourished, while u pelidisi greater than 100 indicates overfeeding. A person 
who weighs 48,820 g with a sitting height of 78.7 cm has a pclidisi of 100. Find 
the pclidisi (to the nearest whole number) of a person whose weight is 54,430 g and 
whose sitting height is 88.9 cm. Is this individual undernourished or overfed? 



Weight: 48.820 g Weight: 54.430 g 


46. Photography Variation occurs in a formula from photography. In 



the luminance, L, vanes directly as the square of the F-stop, F, and inversely as the 
product of the film ASA number, s, and the shutter speed, /. 



(a) What would an appropriate F-stop be for 200 ASA film and a shutter speed of 
2^0 sec when 500 footcandles of light is available? 

(b) If 125 footcandles of light is available and an F-stop of 2 is used with 200 ASA 
film, what shutter speed should be used? 

Concept Check Work each problem. 

47. For k > 0, if y varies directly as x, then when x increases, y __ and 

when -r decreases, y _ 

48. For k > 0. if y varies inversely as x, then when .t increases, y _, and 

when x decreases, y _ 

49. What happens to y if y varies inversely as .t. and x is doubled? 

50. What happens to v if y vanes directly as x, and .v is halved** 

51. Suppose y is directly proportional to x. and x is replaced by j.t. What happens to y? 

52. Suppose y is inversely proportional to .v, and x is tripled. What happens to y? 

53. Suppose p varies directly as r 3 and inversely as f 3 . If r is halved and / is doubled, 
what happens to p** 

54. Suppose /it varies directly as p- and </ J . If p doubles and </ triples, what happens 
to /«** 
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Concepts 


Exnmplos 


Rational Functions: Graphs. Applications, and Models 
GruphliiR Rational Functions 

To graph a rational function in lowest terms, find the Graph /(.v) 
asymptotes and intercepts. Determine whether the graph 
intersects a nonvertical asymptote. Plot a few points, as 
necessary, to complete the sketch. 


.v 5 - 1 


(.v + 3)(.t-2)- 


Point or Discontinuity 

If a rational function is not written in lowest terms, there 
may be a "hole” in the graph instead of an asymptote. 


Variation 
Direct Variation 

y varies directly os the nth power ofx if for all x there exists 
a nonzero real number k such that 

y = kx". 

Inverse Variation 

}' varies inversely as the nth power of x if for all x there 
exists a nonzero real number k such that 

k 

y x"‘ 



Graph /(.r) = 


x 


2 _ 


.r-f 1 



/m = 


1 

x 4* 1 

(■T+ 1)(.V- 1) 

x + 1 

X — 1 , X ^ — 1 


The area of a circle varies directly as the square of the 
radius. 

si = kr 2 (k — 7T ) 

Pressure of a gas vanes inversely as volume. 


k 

p =v 


Joint Variation 

For real numbers m and n, y varies jointly as the nth power 
of x and the mth power of z if for all x and z there exists a 
nonzero real number k such that 

y = kx a z m - 


The area of a triangle varies jointly as us base and its 
height. 

si = kbh ( k = 4) 
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Chapter 3 


Review Exercises 


Graph each quadratic function. Give the vertex, axis, xdntercepts, y-intercept, domain, 
range, and the intervals of the domain for which each function is increasing or decreasing. 

2 

1. /(x) - 3(x + 4) 2 - 5 2. f(x) = ~~(x ' 6) 2 + 7 

3. /(x) = —3x 2 - 1 2.r - 1 4. /(x) = 4 x 2 - 4x + 3 


Concept Check In Exercises 5-8, consider the function 

/(x) = a(x — /i ) 2 + A # , for o > 0 . 

5. Whai are the coordinates of the lowest point of its graph? 

6 . What is they-intercept of its graph? 

7. Under what conditions will its graph have one or more x-intercepts? For these condi¬ 
tions, express the x-intercept(s) in terms of a, h, and k. 

8 . If a is positive, what is the least value of ax 2 + bx + c in terms of a, b, and c? 


(Modeling) Solve each problem. 

9. Area of a Rectangle Use a quadratic function to find the dimensions of the rect¬ 
angular region of maximum area that can be enclosed with 180 m of fencing, if no 
fencing is needed along one side of the region. 

10. Height of a Projectile A projectile is fired vertically upward, and its height s(t) in 
feet after t seconds is given by the function 

s(/) = —16/ 2 -4- 800/ + 600, 

(a) From what height was the projectile fired? 

(b) After how many seconds will it reach its maximum height? 

(c) What is the maximum height it will reach? 

(d) Between what two times (in seconds, to the nearest tenth) will it be more than 
5000 ft above the ground? 

(e) After how many seconds, to the nearest tenth, will the projectile hit the ground? 

11. Food Bank Volunteers During the course of a year, the number of volunteers avail¬ 
able to run a food bank each month is modeled by V(.r), where 

V(x) = 2 x 2 - 32x + 150 

between the months of January and August. Here x is time in months, with x = 1 
representing January. From August to December, V(x) is modeled by 

V(x) = 3 lx - 226. 

Find the number of volunteers in each of the following months. 

(a) January' (b) May (c) August (d) October (e) December 

(f) Sketch a graph of y = V(x) for January through December. In what month are 
the fewest volunteers available? 


12. Concentration of Atmospheric CO; In 1990, the 
International Panel on Climate Change (IPCC) 
stated that if current trends of burning fossil fuel and 
deforestation were to continue, then future amounts 
of atmospheric carbon dioxide in parts per million 
(ppm) would increase, as shown in the table 


Year 

Carbon Dioxide 

1990 

353 

2000 

375 

2075 

590 

2175 

1090 

2275 

2000 


Sonne tPCC 
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<n) Let a = 0 represent 1990, x = 10 represent 2000, uiul soon. Find u function of 
the form 

/(a) * *i(.v — /i) a + k 

that models the data. Use ( 0 , 353) ns the vertex and (285, 2000) as another 
point to determine n. 

(b) Use the function to predict the amount of carbon dioxide in 2300. 

03 Consider the function /(a) = -2.64 v 2 + 5 . 47 a + 3.54 for Exercises 13-16. 

13. Use the discriminant to explain how you can determine the number of x-intcrccpls 
the graph of /(.v) will have even before graphing it on your calculator. (See 
Section 1 . 4 .) 

14. Graph the function in the standard viewing window of your calculator, and use the 
calculator to solve the equation /(a) = 0 . Express solutions ns approximations to 
the nearest hundredth. 

15. Use your answer to Exercise 14 and the graph of / to solve 
(a) /(.r) > 0 . and (b) /(x) < 0 . 

16. Use tire capabilities of your calculator to find the coordinates of the vertex of the 
graph Express coordinates to the nearest hundredth. 


Use synthetic division to perforin each division 


17. 

A 3 4- .t 2 - 1 1.T - 10 

18. 

3a 3 4- 8a 2 4- 5a 4- 10 

A - 3 

A + 2 



19. 

it 3 — .T 4- 6 

A 4- 4 

20. 

3a 3 4- 6a 2 — 8a 4- 3 

A 4- 3 


Express fix) in the form /(x) — (.v — k)q{x) 4- r for the given value ofk. 

21. 5.r 3 - 3x 2 4- 2.v - 6; k — 2 22. -3x 3 4- 5x - 6; k = — 1 

Use synthetic division to find /(2). 

23- /(•*) = “A 3 + 5a 2 - 7a 4- 1 24. /(x) = 2 a 3 - 3a 2 + 7x- 12 

25. f{x) = 5a j - lit 2 + 2 a - 8 26. /(.v) = .r 5 4 - 4.r 2 - 2.v - 4 

Use synthetic division to determine whether k is a zero of the function. 

27. f{x) = a 3 + it 2 4- 3x 4- 2; * = -1 28. /(. r) = 2.t 3 4- 5.v 2 4* 30, k = —4 

29. Concept Cheek If /(a) is a polynomial function with real coefficients, and if 
7 4" 2/ is a zero of the function, then what other complex number must also be a 
zero' 7 

30. Concept Check Suppose the polynomial function / has a zero at x = —3. Which of 
the following statements must be true? 

A. 3 is an x-interccpt of the graph of/ B. 3 is a y -intercept of the graph of /. 

C. a — 3 is a factor of /(.t) D. /(—3) = 0 


Find a polynomial function with real coefficients and least degree having die given zeros. 


31. -1.4,7 

33. V3.-V3. 2, 3 

35. 2. 4, —I 

Find all rational zeros of each function. 
37. fix) = it 3 - 9x 2 - 6a 4- 5 


32. 8. 2. 3 

34. -2 4 - V5. -2 - V5. —2. 1 
36. 0. 5. 1 4 - 2i 

38. /(.v) = 8 \ J - 141 3 - 29i 2 -4t4-3 






CHAPTER 3 Review Exercises I 377 

hi fixe raises M)-‘U, show that the polynomial function has a real zero as described in 
parts (a) and (h). In Exercises JU and df), then work part (c). 

3 9. /(• r) = 3.t 3 - Kx 2 + x + 2 
(n) between — I and 0 

(b) between 2 und 3 

(c) Find the zero in part (b) to three decimal places. 

40. /(.v) = 4a- 3 - 37x 2 4- 50x + 60 
(n) between 2 and 3 

(b) between 7 and 8 

gg (c) Find the zero in part (b) to three decimal places. 

41. /(.r) = 6.v J 4- 13.v 3 — 1lx 2 — 3x 4- 5 
(n) no zero greater Uian I 

(b) no zero less than —3 

Solve each problem. 

42. Use Descartes’ rule of signs to determine the different possibilities for the numbers 
of positive, negative, and nonreal complex zeros of 

/(- x) = x 3 + 3.r 2 - 4x - 2. 

43. Is .t 4- I a factor of /(x) = x 3 4- 2x 2 + 3x 4- 2? 

44. Find a polynomial function / with real coefficients of degree 4 with 3, 1, and 
— 1 4- 3/ as zeros, and /(2) = —36. 

45. Find a polynomial function / of degree 3 with —2, l, and 4 as zeros, and /(2) = 16. 

46. Find all zeros of /(.r) = x 4 — 3x 3 — 8x 2 4- 22.r — 24, given that 1 4- i is a zero. 

47. Find all zeros of /(. x) = 2a"* — a 3 4- 7a 2 — 4a — 4, given that 1 and —2 1 are zeros. 

48. Find a value of k such that a — 4 is a factor of 

/(a) = a 3 — 2a 2 4* kx + 4. 

49. Find a value of k such that when the polynomial a 3 — 3a 2 4- kx — 4 is divided by 
a — 2, the remainder is 5 

50. Concept Check Give an example of a fourth-degree polynomial function having 
exactly two distinct real zeros, and then sketch its graph. 

51- Concept Check Give an example of a cubic polynomial function having exactly one 
real zero, and then sketch its graph. 

52. Give the maximum number of turning points of the graph of each function. 

(n) /(a) = a 5 — 9a 2 (b) /(a) = 4a 3 — 6x 2 4- 2 

53. Concept Check Suppose the leading term of a polynomial function is 10 a 7 . NVhal 
can you conclude about each of the following features of the graph of the function? 

(n) domain (b) range (c) end behavior (d) number of zeros 

(c) number of turning points 

54. Concept Check Repeat Exercise 53 for a polynomial function with leading term 
-9x* 

Sketch the graph of each polynomial function. 

55. /{v) = (a - 2) 2 (.v + 3) 56. /(.v) = -2x 3 + 7 a 2 - 2.v - 3 

57. /(a) = 2.V 1 4- x 2 - a 58. /(a) = V J - \x 2 + 2 

59. /(a) = A 4 4- x 3 - 3x 2 - 4i - 4 60. /(x) = -2v J 4- 7.v* - 4v : - 4v 



and Rational Functions 


('unapt Check 


Car each polynomial June!ion, identify its graph from choices A—/\ 


*1. /(■<) = (v - 2 ) j (a - 5) 
«• /(V) = (a - 2) ! (v - 5)' 
ftS. /(v) = -(A - 2)(a - 5) 


A. . 




62. /(a) = -(a - 2) 2 (a' - 5) 


64. /(a) = (a - 2)(a - 5) 



Use a graphing calculator to graph each polynomial function in the viewing window 
specified. Then determine the real zeros to as many decimal places as the calculator will 
provide. 

67. /(.v) = .t* — 8 x 2 + 2a + 5; window. [ — 10, 10] by [—60,60] 

68 . /(.t) = x A - 4.V 1 - 5.v 2 + U.v - 15; window: [-10. 10 ] by [-60, 60] 


Solve each problem 

F§ 69. (Modeling) Medicare llenefieiary Spending Oul-of-pocket spending projections fora 
ty pical Medicare beneficiary as a share of his or her income are given in the tabic. Let 
x = 0 represent 1990, so x = 8 represents 1998. Use a graphing calculator to do the 
following. 


Year 

Percent of Income 

1998 

18 6 

2000 

19.3 

2005 

21.7 

2010 

24 7 

2015 

27 5 

2020 

28.3 

2025 

28 6 


Source Urban Institute's Anaksis 
of 1998 Medicare Trustees* 

Report 


(a) 

(b) 

(c) 
<d) 
<c) 


Graph the data points 

Find a quadratic function to model the data 
Find a cubic function to model the data 

Graph each function in the same viewing window as the data points 
Compare the two functions Which is a beticr fit for the data'’ 



70. Uiinensions of a Cube After a 2-in slice is cut off the top 
of a cube, the resulting solid has a volume of 32 in 1 find 
the dimensions of the original cube 


f 

i - 2 

I 
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71, Dimensions of a tlox The width of a rectangular box 
is three times its height, and its length is 11 in, more 
than its height. Find the dimensions of the box if its 
volume is 720 in.\ 



x* IJ 




72. The function f(x) = \ is negative at x = -1 and positive at x = I but has no zero 
between -1 and I. Explain why this does not contradict the intermediate value theorem. 


Graph each rational function. 
4 


73. /(.v) = 
76. f(x) = 
79. /(.r) = 


X — I 
2.V 

X 2 ~ I 
-2 

x 2 4- I 


74. f(x) = 
77. /(x) = 


4x — 2 
2x+ I 

x 2 4- 4 
x 4- 2 


6 x 


75./M= ?T7 r I 

2 _ i 

78. /(x) = 


„ x 4x 2 — 9 
8°. fW = TTTJ 


81. Concept Check 

(a) Sketch the graph of a function that does not intersect its horizontal asymptote 
y = |, has the line x — 3 as a vertical asymptote, and has x-intercepts 2 and 4. 

(b) Find an equation for a possible corresponding rational function. 

82. Concept Check 

(n) Sketch the graph of a function that is never negative and has the lines x = — 1 
and x = 1 as vertical asymptotes, the x-axis as a horizontal asymptote, and 0 as 
an x-intercept. 

(b) Find an equation for a possible corresponding rational function. 

83. Connecting Graphs with Equations Find an equation for the rational function 

graphed here. 

>• 



(Modeling) Solve each problem. 

84. Antique-Car Competition Antique-car 
owners often enter their cars in a concours 
d’clcgnncc in which a maximum of 
100 points can be awarded to a particular 
car. Points are awarded Tor the general 
attractiveness of the car. The function 


C(.v) = 


lO.v 


49(101 - v) 



models the cost, in thousands of dollars, of restoring a car so that it will win x points 
3^] (n) Graph the function in the window [0, 101 ] by [0, 10] 

(b) How much would an owner expect to pay to restore a car in order to earn 
95 points'’ 
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85. Environmental Pollution In situations involving environmental pollution, u ccist- 
bcnefii model expresses cost ns a function of the percentage of pollutnnl removed 
from the environment. Suppose a cost-benefit model is expressed as 


C(x) 


6.7.v 

l(K) - .v* 


where C(x) is cost in thousands of dollars of removing .v percent of a pollutant. 

EQ<«) Graph the function in the window [0, 100] by [0. I00], 

(b) How much would it cost to remove 95% of the pollutant? 


Solve each variation problem. 

86. If a vanes directly as v, and .v = 12 when y = 4, find .v when y = 12. 

87. If .t varies directly as y, and x - 20 when y = 14, find y when .r = 50. 

88. If c varies inversely as »♦*, and z = 10 when iv = i. find z when vv — 10. 

89. If i varies inversely as s. and t = 3 when s = 5, find s when / = 20. 

90. p vanes jointly as q and r 2 , and p = 100 when <y = 2 and r = 3. Find p when 
7 = 5 and r = 2. 

91. / vanes jointly as g- and /», and f = 50 when 5 = 5 and h = 4. Find f when 5 = 3 
and h = 6. 

Pressure in a Liquid The pressure on a point in a liquid is directly proportional to 
the distance from the surface to the point. In a certain liquid, the pressure at a depth 
of 4 m is 60 kg per m 2 . Find the pressure at a depth of 10 m. 

93. Skidding Car The force needed to keep a 
car from skidding on a curve varies inversely 
as the radius r of the curve and jointly as 
the weight of the car and the square of the 
speed. It takes 3000 lb of force to keep a 
2000-lb car from skidding on a curve of radius 
500 ft at 30 mph. What force will keep the 
some car from skidding on a curve of radius 
800 ft at 60 mph? 



94. Power of a Windmill The power a windmill obtains from the wind vanes directly 
as the cube of the wind velocity. If a wind of 10 km per hr produces 10.000 units of 
power, how much power ts produced by a wind of 15 km per hr? 



1 

Chapter 3 



1. Sketch the graph of the quadratic function /(.r) = — 2 a 2 + 6.t — 3. Give the inter¬ 
cepts, vertex, axis, domain, range, and the intervals of the domain for which the 
function is increasing or decreasing 


2. (Modeling) Height of a Projectile A small rocket is fired directly upward, and its 
height s in feet after t seconds is given by the function 

.*(/) = -I6r 2 + 88r + 48 

(a) Determine the time at which the rocket reaches its maximum height 

(b) Determine the maximum height. 

(c) Between what two times fin seconds, to the nearest tenth) will the rocket be more 
than 100 ft above ground leveP 

(d) After how many seconds will the rocket return to the ground^ 
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Use synthetic division to perform each division . 

^ 3x 3 + 4x 2 — 9x + 6 A 2* 3 ~ Hjt 2 + 25 

3. -;- _< 

x + 2 x 5 

5. Use synthetic division to determine /(5), if /(x) = 2x 3 — 9x 2 + 4x + 8. 

6. Use the factor theorem to determine whether the polynomial x — 3 is a factor of 

6x 4 - llx 3 - 35x 2 + 34x -f 24. 


If it is, what is the other factor? If it is not, explain why. 

7. Find all zeros of /(x). given that /(x) = x 3 + 8x 2 + 25x + 26 and -2 is one zero. 

8. Find a fourth degree polynomial function /(x) having only real coefficients, *~I, 2, 
and i as zeros, and /(3) — 80. 

9. Why can’t die polynomial function /(x) = x 4 + 8x 2 + 12 have any real zeros? 

10. Consider the function defined by /(x) = x 3 — 5x 2 + 2x + 7. 

(n) Use the intermediate value theorem to show that f has a zero between 1 and 2. 
(b) Use Descartes’ rule of signs to determine the different possibilities for the num¬ 
bers of positive, negative, and nonreal complex zeros. 

[gjr-j (c) Use a graphing calculator to find all real zeros to as many decimal places as the 
calculator will give. 


11. Graph the functions f(x) = x 4 and g(x) - -2(x + 5) 4 + 3 on the same axes. How 
can the graph of g be obtained by a transformation of the graph of /? 

12. Use end behavior to determine which one of the following graphs is that of 
f(x) = -x 7 + x - 4. 

A. 10 B. 10 




C. 


10 



10 


D. 


10 



10 


Graph each polynomial function. 

13. /(x) = x 3 - 5x- + 3x + 9 14. /(x) = 2x 2 (x - 2) 2 

15. /(x) = -x 3 - 4x 2 + 1 lx + 30 

16. Connecting Graphs with Equations Find a cubic polynomial function having the 
graph shown. 
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‘ ' 1 17. tMiulcluiK) fW /Vt vw<r«* The pressure of oil in n reservoir lends «o drop with lime. 
Fngineers found ihui the clmnge in pressure is modeled by 

/(/) = 1.06/' - 24.6f 3 H- 180/, 

for / (in years) in die interval (0. 15 ]. 

|n) Whni was the change after 2 yr? 

(b) For what lime periods, to the nearest tenth of a year, is the amount of chnngc in 
pressure increasing? decreasing? Use a graph to decide 


Graph each rational function 


18. /(a) 



19. fix) = 



^ m 2 ^ /* 

20. Consider the rational function fix) = — --- 

(a) Determine the equation of the oblique asymptote. 

(h) Determine the v-intercepts 

(c) Determine the y-inlercepL 

(d) Determine the equation of the vertical asymptote 
(c) Sketch the graph 

^1. If \ varies directly as the square root of a\ and v — 12 when a — 4, find v when 
.v “ 100 


22* Weight On and Above /: artli The weight ir of an object varies inversely as the 
square of the distance d between the object and the center of Earth If a man weighs 
90 kg on the surface of Earth* how much would he weigh 800 km above the surface" 7 
lHint: Tlie radius of Earth is about 6400 km.) 








The magnitudes of earthquakes, the 
loudness of sounds, and the growth 
or decay of some populations are 
examples of quantities that are 
described by exponential functions 
and their inverses, logarithmic 
functions. 


LTV. * 


onentiai 


r- 

Functions 


Change 


Summary Exercises on Functions: 
Domains and Defining Equations 


unctions 


Summary Exercises on Inverse 
Exponential, and Logarithmic 
Functions 














































392 


-3.J 


tfHAPIf ft 4 Inverse, Exponential, and Logarithmic Functions 


Graphs ol t anil i 1 are shown in Figures 10 and 11. The line y =* x is 
iik huled on the graphs to show that the graphs ol j and f nre mirror imuges 
wirh respect m tins line 


V 



Rgure 10 



3/ Now Try Exercise 75. 


Important Facts about Inverses 



-4.7 


Despite the fact that y = x 2 is 
not one-to-one, the calculator 
will draw Its “inverse,** x — y 2 


Figure 12 


1. If / is one-to-one, then / 1 exists. 

2. The domain of / is the range of / _l , and the range of / is the domain of / _l 

3. It the point (u, b ) lies on die graph of /, then ( b , a) lies on the graph of / -l 
The graphs ol / and / 1 are reflections of each other across the line v = x. 

4. To iind the equation lor / replace /(.r) with v, interchange .v and y, 
and solve for y This gives / ~‘(a) 


fzS Some graphing calculators have the capability of "drawing” the reflection 
of a graph across the line y = x. This feature does not require that the function 
be one-to-one, however, so the resulting figure may not be the graph of a func¬ 
tion. See Rgure 12. Again , it is necessary to understand the mathematics to 
interpret results correctly ; ■ 


An Application of Inverse Functions to Cryptography A one-to-one function 
and its inverse can be used to make information secure. The function is used 
to encode a message, and its inverse is used to decode the coded message. In 
practice, complicated functions are used. We illustrate the process with a simple 
function in Example 9. 


'*• ,y Using Functions to Encode and Decode a Message 


Use the one-to-one function f{x ) = 3.r + 1 
assigned to each letter of the alphabet 


MY FACEBOOK FRIEND. 


A 

1 

H 

8 

B 

2 

I 

9 

C 

3 

J 

10 

D 

4 

K 

11 

E 

5 

L 

12 

F 

6 

M 

13 

G 

7 

N 

14 


and the following numerical values 
to encode and decode the message BE 


O 

15 

V 

22 

P 

16 

w 

23 

Q 

17 

X 

24 

R 

18 

Y 

25 

S 

19 

Z 

26 

T 

20 



U 

21 
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A I N M 

II 2 O 15 

C 3 I* 16 

D 4 Q 17 

E 5 R 18 

F 6 S 19 

G 7 T 20 

H 8 U 21 

19 V 22 

10 W 23 

11 X 24 

12 Y 25 

13 Z 26 


SOLUTION The message BE MY FACEBOOK FRIEND would be encoded as 

7 16 40 76 19 4 10 16 7 

46 46 34 19 55 28 16 43 13 

because 

B corresponds lo 2 and /(2) = 3(2) + 1=7, 

E corresponds lo 5 and /(5) = 3(5) + 1 = 16, and so on. 

Using the inverse = jjc - | to decode yields 


/•'(7) = j(7)~ j = 2. 


which corresponds to B, 

which corresponds to E, and so on. 

4/ Now Try Exercise 97. 



Concept Check In Exercises 1 and 2, answer the question and then write a short 
explanation. 


1. The table shows the number of registered 
passenger cars in the United States for the 
years 2004—2008. 

If this correspondence is considered to 
be a function that pairs each year with the 
number of registered passenger cars, is it 
one-to-one? If not, explain why. 


Year 

Registered Passenger Cars 
(in thousands) 

2004 

136.431 

2005 

1 36,56 s 

2006 

135,400 

2007 

135.933 

2008 

137.080 


Source- U S. Federal Highway 
Administration. 


2. The table shows the number of hazardous 
waste sites on the National Priority List for 
the Superfund program in 2008 for seven 
states in the top ten. 

If this correspondence is considered to be a 
function that pairs each state with its number 
of hazardous waste sites, is it one-to-one? If 
not, explain why. 


State 

Number «f Sites 

New Jersey 

116 

California 

97 

Pennsylvania 

96 

New York 

86 

Florida 

52 

Illinois 

49 

Texas 

49 


Source U.S Environmental lVulcciion 


Agency 




















Exponential, and Loparithmic Functions 


Decide whether each function ax graphed or defined is one-to-one. See Examples 1 amt 2 . 
3* ' 4. v 5. y 








9, y = 2.v - 8 


12. v = 
15. y = 


-Vioo 

-1 

.r + 2 






10. V = 4.v + 20 
13. y = 2.v 3 - 1 



11. v = V36 - a - 
14. y = 3.v 3 - 6 


17. y — 2(.r + I ) 2 — 6 


18. y = -3(.r - 6) 2 + 8 19. y = \Kr + 1 - 3 


20. y = - \/.v + 2 - 8 



Explain why a constant function, such as /(ar) = 3, defined over the set of real num¬ 
bers, cannot be one-to-one. 



22. (a) Explain why a polynomial function of even degree cannot have an inverse, 
(b) Explain why a polynomial function of odd degree may not be one-to-one. 


Concept Check Answer each of the following . 

23. For a function to have an inverse, it must be_ 

24. If two functions / and g arc inverses, then (/° g)(.v) = _, and 

- = .T. 

25. The domain of / is equal to the_of / and the range of / is equal 

to the_of / 

26. If the point (a, b ) lies on the graph of /, and / has an inverse, then the point 
_lies on the graph of / 

27. True or false. If /(.r) = .r 2 , then = Vx. 

28. If a function / has an inverse, then the graph of / “* may be obtained by reflecting 

the graph of / across the line with equation_ 

29. If a function / has an inverse and /( — 3) = 6, then / -, (6) =_ 

30. If /(—■4) = 16 and /(4) = 16, then /- have an inverse because 

_ (docs/does not) 


Concept Check hi Exercises 3l~30, an everyday activity is described. Keeping tn mind 
that an inverse operation “undoes” what an operation does, describe each inverse activity' 

31. tying your shoelaces 32. starting a car 

33. entering a room 34. climbing the stairs 

35. screwing in a light bulb 36. Filling a cup 
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Decide whether the given functions are inverses. See Example 4, 


x 

/(-r) x 

g(x) 38. x 

/(*) 

3 

-4 -4 

3 -2 

-8 

2 

-6 -6 

2 -I 

-I 

5 

8 8 

5 0 

0 

1 

9 9 

1 1 

I 

4 

3 3 

4 2 1 

8 


x 

ti(x) 

8 

-2 

I 

-I 

0 

0 

-I 

J 

-8 

2 


39. /= {(2. 5). (3. 5), (4.5)}; g = {(5.2)} 

40. /= {(1, I). (3.3), (5.5)}; /? = {(I. I). (3. 3). (5. 5)} 


Use the definition of inverses to determine whether f and g are inverses. See Example 3. 


41. 

m 

= 2x 4- 4, 

i?w = 

r~ 2 

42. 

fi*)-~ 

= 3x 4- 9. 

#(*) = 

1 

r 

-3 

43. 

/(*> 

= -3x4-12, g(x) 

1 « - JJt- '2 

44. 

/(*) - 

= —4x + 2 


= — 

i-jc — 2 
4 Z 



.r+ 1 

2r + 1 


fi*)-~ 

x — 3 


4x4 

-3 

45. 

/M 

_ .r - 2 ’ 

S(x) = - 

X- I 

46. 

x 4- 4 * 

s(-0 = 

I - 

X 

47. 

/M 

2 

$(*) 88 

6x 4- 2 

48. 

rfy\ - 

— 1 

r \ — 

1 - 

X 

x 4- 6 ‘ 

X 

J\X) ~ 

" X 4- I ' 


x 


49. 

/w 

= x 2 4- 3. 

x s 0; 

II 

M 

-3, 

x 

3 




50. 

/(*) 

= Vx 4- 8, 

, x ^ 

-8; g(x) = x 2 — 

8, x 

> 0 





If the function is one-to-one, find its inverse. See Example 4 . 

51. {(—3.6), (2, 1), (5,8)} 52. |(3,-1), (5,0), (0, 5 )-( 4 *f)} 

53. {(1, -3), (2, -7), (4. -3), (5, -5)} 54. {(6, -8), (3, -4). (0, -8). (5. -4)} 


Decide whether each pair of functions graphed are inverses. See Example 7. 


Od. ) 36. V 
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For each function as defined that is one-to-one, (a) write an equation for the inverse 
Jam turn in the form y = / '(a), (h) graph f and / 1 on the same axes, and (c) 
give the domain and the range off and f~K If the function is not one-to-one, say so. See 
Examples 5—8. 


59. 

v = 3.\ 

- 4 

61). 

v =» 4 a 

- 5 


61. fix) = 

-4a + 3 

62. 

/(.v) = 

— 6 a - 8 

63. 

/(a) = 

A 3 + 1 


64. f(x) = 

—A 3 - 2 

65. 

y — a* 

-F 8 

66. 

y = —a 

.2 + 2 


67. v = 

x 

A 5* 0 

68. 

4 

v = 

A 

V 9* 0 

69. 

fix) = 

1 

v - 3 ’ 

A ^ 3 

70. /(.t) = 

1 

, - ♦ * ** 
A + 2 

71. 

/(A) = 

A + 1 

v 

* 3 


72. 

fix) = 

A + 2 

1 

73. 

/(a) = 

2 _v + 6 

A - 3 • 

A * 3 


74. 

/(A) = 

—3.v + 12 
A- 6 * 

Y9 4 6 

75. 

/(A) = 

V6 + A, 

a 2 : -6 


76. 

f[x) = 

- V.v 2 - 16, 

A 2: 4 


Graph the inverse of each one-to-one function. See Example 7. 



81. 




82. 



Concept Check The graph of a function f is shown in the figure Use the graph to find 
each value. 


83. /-'(4) 
85. /-‘(0) 
87. 3) 


84. /-'(2) 
86 . 2 ) 
88 . /“•(- 4 ) 
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Concept Cheek Answer each of the following. 

89. Suppose f(x) is the number of cars that can be built for x dollars,What does 
/"*( 1000) represent? 

90. Suppose f(r) is the volume (in cubic inches) of a sphere of radius r inches. What 
docs /“'(5) represent? 

91. If u line has slope a, what is the slope of its reflection across the line y = a? 

92. Fora one-to-one function /. find (/*' ° /)(2), where /(2) = 3. 


Use a graphing calculator to graph each function defined as follows, using the given 
viewing window. Use the graph to decide which functions are one-to-one. If a function is 
one-to-one, give the equation of its inverse . 

93. /(a) = 6a 3 *F I 1a 2 - 6; 


[-3.2] by [-10. 10] 
a- 5 


95. /(a) = 


A + 3 ’ 
[-8.8] by [-6,8] 


a ^ -3; 


94. /(a) = a 4 — 5a 2 ; 
[-3,3] by [-8.8] 


96. /(a) = 


—A 


a ^ 4; 


A — 4 ’ 
[-1,8] by [-6.6] 


Use the alphabet coding assignment given in Example 9 for Exercises 97—100. 

97. The function /(a) = 3a — 2 was used to encode a message as 

37 25 19 61 13 34 22 1 55 1 52 52 25 64 13 10. 

Find the inverse function and determine the message. 

98. The function /(a) = 2x — 9 was used to encode a message as 

-5 9 5 5 9 27 15 29 -1 21 19 31 -3 27 41. 

Find the inverse function and determine the message. 

99. Encode the message SEND HELP, using the one-to-one function /(a) = a 3 — I. 
Give the inverse function that the decoder will need when the message is received. 

100. Encode the message SAILOR BEWARE, using the one-to-one function 
/(a) = (a + 1 ) 3 . Give the inverse function that the decoder will need when the 
message is received. 


•O- 


Exponential Functions 




b Exponents and Properties 
b Exponential Functions 
Q Exponential Equations 
B Compound Interest 

B The Number e and 

Continuous Compounding 

b Exponential Models 


Exponents and Properties Recall the definition of a m,n : If a is a real num¬ 
ber, mi is an integer, n is a positive integer, and ^/a is a real number, then 


a m/n = (-^)™ (Section R.7) 


For example. 


1 

27 " 


16 VJ = (N/l6)’= 2 3 = 8, 


V27 


1 

—. and 64~ 1/2 


1 

641/2 


J_ \_ 

\/64 8 


27-1/' 


l 
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CHAPTER* inverau, Exponential, and Logarithmic Functions 


Using Data to Modol Exponential Growth 

Data lium iceeni past years indicate that luiuio amounts of carbon dioxide in 
the atmosphere may grow according to the table. Amounts arc given in parts 
per million. 


2100 



(a) 


y = 0.001942* tL00609 - r 



(b) 


Figure 22 


(a) Make a scatter diagram of the data. Do 
the carbon dioxide levels appear to grow 
exponentially? 

(b) One model for the data is the function 

y = 0 . 001942 c ,U)0609 \ 

where .v is the year and 1990 s a* ^ 2275 . 

Use a graph of this model to estimate when 
future levels of carbon dioxide will double 
and triple over the prcindustrial level of 
280 ppm. 

SOLUTION 

(a) We show a calculator graph for the data in Figure 22(a). The data appear to 
resemble the graph of an increasing exponential function. 

(b) A graph of y - 0.001942e 000609x in Figure 22(b) shows that it is very 
close to the data points. We graph y = 2 • 280 = 560 in Figure 23(a) and 
y = 3 • 280 = 840 in Figure 23(b) on the same coordinate axes as the given 
function, and we use the calculator to find the intersection points. 


Year 

Carlxm Dioxide <ppm> 

1990 

353 

2000 

375 

2075 

590 

2175 

1090 

2275 

2000 


Source; International Panel on Climate 
Change (1PCC). 


Y, = 0 001942<r°- oc>609X 
2100 \ 


1975 




♦ 


Intersection' 

K=20fiH3fiIS Y=5fi0 


2300 


-500 


Y, = 0.001942<? 000609X 
2100 \ 


560 


1975 


Intersection 


X=Z130J‘t23 V=«H0 


Y-> = 840 




2300 


-500 



(a) 



300 

(b) 


(a) (b) 

Figure 23 


The graph of the function intersects the horizontal lines at approximately 
2064.4 and 2130.9. According to this model, carbon dioxide levels will 
have doubled by 2064 and tripled by 2131. 

V* Now Try Exercise 97. 


f=4aj Graphing calculators are capable of fitting exponential curves to scatter dia¬ 
grams like the one found in Example 11. Figure 24(a) shows how the TI-83/S4 
Plus displays another (different) equation for the atmospheric carbon dioxide 
example, approximated as follows. 

> = 0.001923(1 006109)" 


Figure 24 Notice that this calculator form differs from the model in Example 11. Figure 24(b) 

shows the data points and the graph of this exponential regression equation. ■ 
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For f(x) “ 3* arid g(x) — (^ ) . find each of tin following In Exercises 13-16, murid 

the answer to flit nearest thousandth Set Example /. 


1- /(2) 

2. /(3) 3. 

/C-2) 4. /(-3) 

S. tf(21 

6. g(3) 7. 

«♦ s^-3) 

* '(f) 

HI. /(-0 II. 

,(f) 12 . *(-§) 

13. f(2.34) 

14. /(-1.6b) IS. 

^(-J.68J 16. g(2.34) 

Graph each function. See Example 2 . 


17. /(.<r) = 3* 

18. fix) = 4‘ 

19./W=(0 

20. f(x) =(0' 

mlcs 

II 

'h 

22. /(.«) = (0 

23- M-QsY 

24 . «x)-r(0 

25. /r*/=4-‘ 

26. fix) = 10“* 

27. /(a) = 2 1 * 1 

28. /(,r) = 2“'" 


Sketch the graph of f{. r) — 2*. Then refer to it and use the techniques of Chapter 2 to 
graph each function as defined. See Example 3. 

29. fix) = 2' + 1 30. f(x) = 2 r — 4 31. /( x) = 2 x+l 32. f(x) = 2‘~ J 

33. f{x) = —2* +1 34. fix) = —2 I ~ 3 35. fix) = 2~* 36. J\x) = ~2~* 

37. fix) = 2*~ l + 2 38. /fjr) = 2*+' 4- I 39. f(x) = 2‘ + - - 4 40. fix) = 2*" 3 - 1 


Sketch the graph of fix) — ( j)"'. Then refer to u and use the techniques of Chapter 2 to 
graph each function as defined. See Example 3. 


41. fix) = Q-) - 2 42. fix) 

44. fix) = Q-) 45 


-G7 


k.r+2 




47. /(.r) 


=r 


50. /(.v) = (I)' ‘ + 3 


• /(t) = ( 3 ) 

48. /(.r) = -(i)" 

51 . /(. x) = ( 0 '" - 


43./ W =(0 

46. /(.t) = (0’^ 

4»./w=0r 

52 . /(,)=(!)" -2 


+ 2 


53. Concept Check Fill in the blank: The graph of /(.v) = a~ x is the some as that of 

Six) = i _)\ 

54. Concept Check Fill in the blanks: IT a > 1. then the graph of /(x) = a 1 

from left to right. If 0 < a < 1. then the graph of g(.v) = a* 


(rises/falls) 


from left to right. 


(rises/falls) 
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C Vmr.w ...»* (irttplis with liquations Write an equation for the graph given. Each rep re 
sent* ,ut t-.sffonential function j, with base 2 or 3, translated and/or reflected. 

55. y 5(5. > 






59. > 60. 




Solve each equation . See Examples 4—6. 


61. 4* = 2 

62. 

~ (!)'-! 

65. 

67. e 4x "> = (e 2 ) 1 

68 . 

70. 32^ = I6 r ~‘ 

71. 

-er-&r 

74. 

... <«)-©'•’ 

77. 

79. x 20 = 4 

80. 

82. .r i/2 = 27 

83. 

85. a 5 ° = -243 

86 . 


125* = 5 

-(!M 

2 i - Zt = 8 

66. 5 2+2x = 25 

c 3-r — (e 3 ) -JI 

69. 27 4 ’ = 9 X+1 

44-2 -- 

72. 2 6_3x = 8 r+1 

—or' 

75. (V2) i+4 = 4 J 

rs 

II 

-IS 

78. = v- 5 

32 

= 16 

81. x 5/2 = 32 

t-» = — 

64 

84. V 4 = — 
256 


.t 7/5 =-128 


Solve each problem involving compound interest See Examples 7-9. 

87. f uture \dlue Find the future value and interest earned if $8906 54 is invested for 
9 yr at 5% compounded 

(a) semiannually (b) continuously 
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88. Future Value Find the future value and interest earned if $56,780 is invested at 
5.3% compounded 

(u) quarterly for 23 quarters (b) continuously for 15 yr. 

89. Present Value Find the present value that will grow to $25,000 if interest is 6% 
compounded quarterly for 11 quarters. 

90. Present Value Find the present value that will grow to $45,000 if interest is 3.6% 
compounded monthly for I yr. 

91. Present Value Find the present value that will grow to S50Q0 if interest is 3.5% 
compounded quarterly for 10 yr. 

92. Interest Rate Find the required annual interest rate to the nearest tenth of a percent 
for $65,000 to grow to $65,325 if interest is compounded monthly for 6 months 

93. Interest Rate Find the required annual interest rate to the nearest tenth of a percent 
for 51200 to grow to $ 1500 if interest is compounded quarterly for 5 yr. 

94. Interest Rate Find the required annual interest rate to the nearest tenth of a percent 
for $5000 to grow to $8400 if interest is compounded quarterly for 8 yr. 

Solve each problem. See Example JO. 

95. Comparing lumns Bank A is lending money at 6.4% interest compounded annu¬ 
ally. The rate at Bank B is 6.3% compounded monthly, and the rate at Bank C is 
6.35% compounded quarterly. At which bank will you pay the least interest? 

96. Future Value Suppose $10,000 is invested at an annual rate of 5% for 10 yr. Find 
the future value if interest is compounded as follows. 

(a) annually (b) quarterly (c) monthly (d) daily (365 days) 

(Modeling) Solve each problem. See Example II. 

97. Atmospheric Pressure The atmospheric pressure (in millibars) at a given altitude 
(in meters) is shown in the table. 


Altitude 

Pressure 

Altitude 

Pressure 

0 

1013 

6000 

472 

1000 

899 

7000 

411 

2000 

795 

8000 

357 

3000 

701 

9000 

308 

4000 

617 

10.000 

265 

5000 

541 




Source: Miller. A. and J. Thompson. Elements of 
Meteorology, Founh Edition. Charles E Merrill 
Publishing Company, Columbus. Ohio. 


ffg (a) Use a graphing calculator to make a scatter diagram of the data for atmospheric 
pressure P at altitude x. 

(b) Would a linear or an exponential function fit the data better? 

(c) The function 

P(. r) = lOUt'-^ 000134 '* 

approximates the data. Use a graphing calculator to graph P and the data on the 
same coordinate axes. 

(d) Use P to predict the pressures at 1500 m and 11,000 m. and compare them to the 
actual values of 846 millibars and 227 millibars, respectively 
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98. World Population Growth Since 2000, world population in millions closely fits 
the exponential function 

y = 6084c n - o,Jn \ 


w here x is the number of years since 2000. (Sottne: U.S. Census Bureau.) 

(n) The world population was about 0853 million in 2010. How closely does the 
function approximate this value? 

(b) Use this model to predict the population in 2020. 

(c) Use this model to predict the population in 2030. 

Q) (d) Explain why this model may not be accurate for 2030. 


99. Dwr Population The exponential growth of 
the deer population in Massachusetts can be 
calculated using the model 

/(.v) = 50,000(1 + Q.06) 1 , 

where 50,000 is the initial deer population 
and 0.06 is the rate of growth, /(.r) is the totul 
population after x years have passed. 

(n) Predict the total population after 4 yr. 

(b) If the initial population was 30,000 and the 
growth rate was 0.12, approximately how 
many deer would be present after 3 yr? 

(c) How many additional deer can we expect in 
5 yr if the initial population is 45,000 and 
the current growth rate is 0.08? 



100. Employee Training A person learning certain skills involving repetition tends 
to learn quickly at first. Then learning tapers off and skill acquisition approaches 
some upper limit. Suppose the number of symbols per minute that a person using a 
keyboard can type is given by 


f(t) = 250 - 120(2.8)-°- 5 ', 

where r is the number of months the operator has been in training. Find each value, 
(a) /(2) (b) /(4) (c) /(10) 

(d) What happens to die number of symbols per minute after several months of 
training? 



1 


H 


solution(s) to the nearest tenth. 

101. 5e^ = 75 102. 6~ x = 1 - .v 


103. 3.x + 2 = 4 1 


104. r = 2 X 


105. A function of the form /(.r) = x r , where r is a constant, is called a power function. 
Discuss the difference between an exponential function and a power function 

106. Concept Check If /(.r) = a * and /(3) = 27, find each value of /(.r) 

(a) /(1) (b) /(-l) (c) /(2) (d) /(0) 


Concept Check Give an equation of the form /(.t) = o' to define the exponential func¬ 
tion whose graph contains the given point. 

107. (3,8) 108. (3,125) 109. (-3.64) 110. (-2.36) 


Concept Check Use properties of exponents to write each function in the form 
f(t) — ka'. where k is a constant (Hint. Recall that «a'~* = a 1 • o'.) 


113. /(/) 



114. /{/) 



111 . f(t) = 3^ 5 


112 . f(t) = 2 3 '** 
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hi calculus, h Is shown that 

r2 


I + X + 


2 * 1 3-2-1 4 • 3 • 2 • I 5'4 • 3 * 2• I 


By using more terms, one can obtain a more accurate approximation for e 1 . 

115. Use the terms shown, and replace x with I to approximate e l =* e to three decimal 
places. Check your result with a calculator. 

116. Use the terms shown, and replace x with —0.05 to approximate e _ao5 to four deci¬ 
mal places. Check your result with a calculator. 


Relating Concepts 


For individual or collaborative investigauon (Exercises 117-122) 

Assume /(.r) = a 1 , where a > I Work these exercises in order. 

117. Is / a onc-io-onc function? If so, based on Section 4.1, what kind of related 
function exists for /? 

118. If / has an inverse function / -l , sketch / and f _l on the same set of axes. 

119. If f~ l exists, find an equation for y = / -l (.r) using the method described in 
Section 4.1. You need not solve for y 

120. If a = 10. what is the equation for y = f -, (x)? ( You need not solve fory.) 

121. If a = e. what is the equation for y = t)? (You need not solve fory.) 

122. If the point ( p . q) is on the graph of /. then the point_is on the 

graph of f~ l 



Logarithmic Functions 




ta Logarithms 
a Logarithmic Equations 
a Logarithmic Functions 
a Properties of Logarithms 


Logarithms The previous section dealt with exponential functions of the form 
y = a M for all positive values of a, where o# 1. The horizontal line test shows that 
exponential functions are one-to-one and thus have inverse functions. The equation 
defining the inverse of a function is found by interchanging .r and y in the equation 
that defines the function. Starting with y = a* and interchanging .v and y yields 

v = a*. 

Here y is the exponent to which a must be raised in order to obtain x We call this 
exponent a logarithm, symbolized by the abbreviation “log.” The expression log* x 
represents the logarithm in this discussion. The number a is called the base of the 
logarithm, and x is called the argument of the expression. It is read “logarithm 
with base a of x ” or “logarithm of x with base a,” or “base a logarithm ofx.” 


Logarithm 

For all real numbers y and all positive numbers a and x, where a # 1, 

y — Iog a x is equivalent to x = a\ 

The expression log* x represents the exponent to which the base a must 
be raised in order to obtain x. 
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Recall thut for invci>e functions / and (/ » g)(.v) 63 U' 0 /)(* v ) = x, We 
can use this property with exponential and logarithmic functions to state two 
more properties. If /(.v) *= a* and g(.v) — log,, .v, then 

(/ c s){x) “ * and (g °/)(. x) = log ( ,(fi A ). 


Theorem on Inversos 

I ‘n a O', u V, the following properties hold. 

= x (furjc > 0) and log tt a* = x 

The following are examples of applications of this theorem. 

7 iug- io _ j Q g s 53 _ 3^ and iog r /-* +1 = k + 1 

The second statement in the theorem will be useful in Sections 4.5 and 4.6 
when we solve other logarithmic and exponential equations. 



Concept Check in Exercises 1 and 2, match the logarithm in Column l with its value in 
Column 11 Remember that log„ .r is the exponent to which a must be raised in order to 
obtain x 

I II 

1. (a) log 2 16 A. 0 


(b) 

log 3 1 

B * \ 

(c) 

log jo 0.1 

C. 4 

(d) 

io g2 Vi 

D. -3 

(e) 

Io S'7? 

E. -1 

(O 

lOgj/2 8 

F. -2 



I 


II 

2 . (a) 

log 3 81 

A. 

—2 

(b) 

!og,j 

B. 

— 1 

(c) 

log 10 0.01 

C. 

O 

(d) 

log 6 V6 

D. 

2 

(e) 

log r 1 

E. 

9 

2 

(0 

log, 27 3/2 

F. 

4 


If the statement is in exponential form, write it m an equivalent logarithmic form. If the 
statement is in logarithmic form, write it in exponential form. See Example I . 

/2\ -3 27 

5 - (j 1 6. 10^ = 0.0001 

9. Jog v ^ 81=8 10. log., = -3 

[=1 11. Explain why logarithms of negative numbers are not defined 

12. Concept Check Why is log a 1 always equal to 0 for any valid base n? 

Solve each logarithmic equation. See Example 2. 

13. x = Iog 5 14. x = log} — 15. log, = 5 


3. 3 J = 81 4. 2 5 = 32 

7. logg 36 = 2 8. log, 5 = 1 
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16. 

27 

lo «'sr 3 

17. 

x = log* >w^8 


18. 

x = 

log,^ 

19. 

x = 3*°*' * 

20. 

x ss 


21. 

X = 

2 loti 9 

22. 

x *= 8* 0 * 411 

23. 

logj 25 = -2 


24. 

log 4 

16 = -2 

25. 

log 4 x = 3 

26. 

log 2 x = 3 


27. 

X = 

IOg4 >/i6 

28. 

x = logj ‘VJ^25 

29. 

5 

Jog 9 x= - 


30. 

log 4 

>1 

II 

31. 

log|/2(* + 3) = 

-4 

32. 

logr/3(x + 6) 

=s — 

•2 

33. 

log (.M- 3 ) 6 = 1 


34. 

Iog{, 

-4, 19 = 

1 


35. 

3x — 15 — log* 

I (x > 0,. 

r ^ I) 36. 

4x - 

24 = log x 1 

(x > 0,. 


37. Compare the summary of characteristics of the graph of f(x) = log 0 x with the sim¬ 
ilar summary about the graph of f(x) = a* in Section 4.2. Make a list of character¬ 
istics that reinforce the idea that these arc inverse functions. 

38. Concept Check The calculator graph of Y = log 2 X shows the values of the ordered 
pair with X = 5. Wlmt does the value of Y represent? 



Sketch the graph of /(x) = log 2 x. Then refer to it and use the techniques of Chapter 2 
to graph each function. Give the domain and range . See Example 4, 

39. /(. x) = (Iog 2 x) + 3 40. /(x) = log 2 (x 4- 3) 41. /(x) = | Iog 2 (x + 3) | 

Sketch the graph of /(x) = log m x. Then refer to it and use the techniques of Chapter 2 
to graph each fimetion. Give the domain and range. See Example 4. 

42. /(x) = (logi /2 x) - 2 43. f(x) = log l/2 (x - 2) 44. /(x) = | log,^(x - 2) | 


Concept Check In Exercises 45—50, match the fimetion with its graph from choices A-F. 
45. /(x) = log 2 x 46. /(x) = log 2 2x 47. /(x) = log 2 ^ 
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Graph each Junction, See Examples 3 and 4, 

51, f(x) 33 1og 4 .v 52, f(x) « |og 10i t 53. /(.v) = log l/2 ( I — x) 

54 . /(.v) «= 1 og,n (3 - a) 55 . /(a) « logj(A — 1 ) + 2 56 . /(.r) = log 2 (.v *t* 2 ) — 3 


( onnecting Graphs with liquations In Exercises 57-62, write an equation for the 
graph given. Each is a logarithmic function f with base 2 or 3. translated and/or 
reflected. See the Note following Example 4. 


57 . v 58 . y 



59. 



Jf 



Use the properties of logarithms to rewrite each expression. Simplify the result if pos¬ 
sible. Assume all variables represent positive real numbers. See Example 5. 


63. log 2 — 
y 

. 4 p 

64. logj — 

q 

5V7 

65. log s -^— 

66. .og 3 ^I 

67. log 4 (2.v + 5y) 

68 . log 6 (7/;i + 3 q) 

69. lo 6 .7f 

70. log,^ 

-71 1 ab 

71. log 2 —7 
cd 

.n* 

72. log-.— 
tqr 

73. >og, ^/ p 
u' 2 Vz 

<tfa • ^/b 
74. log, --= 

Vc • Vrf 2 


Write each expression as a single logarithm with coefficient I. Assume all variables rep 
resent positive real numbers. See Example 6. 


75. loga x 4- Iog fl }' ~ logo m 
77. logo m — logo n — log a t 

79. j logfr x*y* - ^ log fc x 2 y 

81. 2 log a (z + I ) + logo(3z + 2 ) 

2 -.1 

83. — — log 5 5m- + — Iog 5 25m- 


76. log,, k + log,, m — logt a 
78. logfc p - log,, q — logfc r 
1 2 

80. - log, p*q* - - log ,p*q i 

82. 5 logo(z + 7) + logo(2z 4 9) 
3 2 

84. — — log 3 \6p* — — logy 8 p 2 


Given the approximations log to 2 — 0 3010 and logio 3 = 0.4771, find each logarithm 
without using a calculator. See Example 7. 


85. Iog,o 6 


86 . log io 12 


20 

90. Jog io — 


87. 



88 . Iog, 0 - 


9 

89. log io — 


91. log ,0 V 7 30 


92. Iog 10 36 ,n 




















SECTION 4 J Logarithmic Functions 


425 


Solve each problem. 

93. {Modeling) Interest Kates of Treasury Securities The 
table gives interest rates for various U.S. Treasury Securities 
on February 15, 2011. 

(u) Make a scatter diagram of the data. 

(b) Which type of function will model these data best: 
linear, exponential, or logarithmic? 


Time 

Yield 

3-monih 

0 1 3% 

6 -month 

v. i 7% 

2 -year 

0.84* 

5 -year 

2.35* 

10 -year 

3.61* 

30-ycar 

466* 


Source www federal 
reservc.gov 


94. Concept Check Use the graph to estimate each 
logarithm. 

(a) log 3 0.3 (b) log 3 0 8 


> 



95. Concept Check Suppose f(x) = log a x and /(3) = 2. Determine each function 
value. 

(a) /(£) (b) /(27) (c) /(9) (d) /(^) 

96. Use properties of logarithms to evaluate each expression. 

(a) 100 '°E '» 3 (b) log lo ( 0 . 01) 3 (c) Iog lo ( 0.0001 ) 5 (d) 1000 lc *‘» 5 

97. Refer to the compound interest formula from Section 4.2. Show that the amount of 
lime required for a deposit to double is 

1 

l°g2( * +£)" 

98. Concept Check If (5, 4) is on the graph of the logarithmic function with base a , 
which of the following statements is true: 

5 = log 0 4 or 4 = log a 5 ? 



Standard mathematical notation uses log .v as an abbreviation for logi 0 .t. Use the log 
key on your graphing calculator to graph each function. 


99. /(.t) = x log,o-T 


100 . /(. x) = x 2 log io x 


Use a graphing calculator to find the solution set of each equation Give solutions to the 
nearest hundredth. 

101 . log io x — x “ 2 102 . 2 “* = log m x 


x 

103. Prove the quotient property of logarithms log,, — = log„ a — log„ v. 

104. Prove the power property of logarithms log u v r = r log,, x. 
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Summary Exercises on Inverse, Exponential, 
and Logarithmic Functions 

The following exercises are designed to help solidify your understanding of inverse, 
exponential, and logarithmic funit ions front Sections 4. 1-4.3. 

Determine whether the functions in each pair are inverses of each other. 

1. /(a) « -\v - 4, g{ a) = ja + | 2. /(a) = 8 - 5a, tf(A) = 8 + ja 

3. /(a) = l + log 2 a. g (a ) = 2*~‘ 4. f{x) = 3" 5 - 2, «(a) = 5 Jog 3 (A 4- 2) 


Determine whether each function is one-to-one. If it is, then sketch the graph of its in¬ 
verse function. 


5. 




In Exercises 9—12, match 
9. y = log 3 (A + 2) 

11. v = log 2 (5 — a) 



the function with its graph from choices A-D. 
10. >• = 5 - 2' 

12. y = 3* - 2 



C. 


y 



D. 



13. The functions in Exercises 9—12 form two pairs of inverse functions Determine 
which functions are inverses of each other. 

14. Determine the inverse of the function /(.r) = Iog 5 .v. (Hint Replace /(a) with v. 
and write in exponential form ) 
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For each function that is one-to-one, write an equation for its inverse function. Give the 
domain and ranftc of both f and f ~ l . tf the function is not one-to-one, say so. 


15. /(*) - 2x ~ 6 

16. Ax) 

» 2(jr + I ) 3 

17. f(x) = 3x 2 

18. Ax) 

2x - I 

5-3x 

19. /( x) = ^5 -x 4 

20. Ax) 

= Vx 2 - 9. i23 

Write an equivalent statement in logarithmic form. 


-fer— 

to 

• 

II 

23. (\Z5) 4 =9 

24. 4 -3/2 = j 

25. 2 Z = 32 

26. 21 40 = 81 

Solve each equation. 


29. * = log 6 ^ 

*0 

? 

r- 

II 

m 

» 

ft 

28. or — log jo 0.001 

30. log. 5 = 

31. log to 0.01 = x 

32. log. 3 = -1 

33. log. 1 = 0 

34. * = log 2 V8 

35. log.^ = j 

36. log |/3 * = — 5 

37. Iog 10 (log 2 2 10 ) = x 

25 

38. * = logj/5 — 

39. 2Lt — 1 — logs 6* 

40. X = ^ log i /3 ~ 

41. 2 X = logi 16 

42. logs .r = —2 


44. 5 11-6 = 25 i ~ 3 



fcvaluating Logarithms and the Change-of-Base 
Theorem 



B Common Logarithms 

a Applications and 
Models with Common 
Logarithms 

a Natural Logarithms 

B Applications and 
Models with Natural 
Logarithms 

B Logarithms with Other 
Bases 


Common Logarithms Two of the most important bases for logarithms are 10 
and e. Base 10 logarithms are called common logarithms. The common loga¬ 
rithm of .v is written log *, where the base is understood to be 10. 


Common Logarithm 
For all positive numbers *, 

log* = log io*. 


A calculator with a log key can be used to rind the base 10 logarithm of any 
positive number 
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CHAPTER 4 inverse, Exponential, end Logarithmic Functions 



( oucept ( heck Answer each of the following, 

1. For the exponential function /(.v) — «*, where a > 1, is the function increasing or 
decreasing over its entire domain? 

2 . For the logarithmic function g(.v) = 1og u .t, where a > I, is the function increasing 
or decreasing over its entire domain? 

3. If /(.v) = S', what is the rule for /“‘(.t)? 

4. What is the name given to the exponent to which 4 must be raised to obtain 11 ? 

5. A base e logarithm is called a(n)-logarithm, and a base 10 logarithm is 

called a(n)-logarithm 

6 . How is log-j 12 written in terms of natural logarithms? 

7. Why is log 2 0 undefined? 

8 . Between what two consecutive integers must log 2 12 lie? 

9. The graph of y = log.t shows a point on the graph. Write the logarithmic equation 
associoted with that point. 


> 



10. The graph of y — In x shows a point on the graph. Write the logarithmic equation 
associated with dial point. 


y 



Find each value. If applicable, give an approximation to four decimal places. See 
Example /. 


11. log 10 12 
15. log 63 


12. log JO 7 
16. log 94 


13. log 0 I 
17. log 0 0022 


14. log 0 01 
18. log 0 0055 


19. log(387 X 23) 20. log(296 X 12) 21. log 


(IS) 


22. log 


(—) 

\287 ) 


24. log 296 -f log 12 
26. log 643 - log 287 


23. log 387 4- log 23 
25. log 518 - log 342 

[si 27. Explain why the result in Exercise 23 is the same as that m Exercise 19. 
if? 28. Explain why the result in Exercise 25 is the same as that in Exercise 21. 
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For each substance, find the pH from the given hytlranlum ion concentration. See 
Example 2(a). 

29. grapefruit, 6.3 X I0" 4 30. limes, 1.6 X 10" 2 

31. crackers, 3.9 X \(T' J 32, sodium hydroxide (lye). 3.2 X JO" 14 

Find the [ H jO f ] for each substance with the given pH. See Example 2(b). 

33. soda pop, 2.7 34. wine, 3.4 

35. beer, 4.8 36. drinking water. 6 5 

In Exercises 37—42, suppose that water from a wetland area is sampled and found to 
have the given hydronium ion concentration. Determine whether the wetland is a rich 
fen, a poor fen, or a bog. Sec Example 3. 

37. 2.49 X l(T 5 38. 6.22 X I0" 5 39. 2.49 X I O' 2 

40. 3.14 X 10“ 2 41. 2.49 X 10' 7 42. 5.86 X I0" 7 

43. Use your calculator to find an approximation for each logarithm. 

(a) log 398 4 (b) log 39.84 (c) log 3.984 

(d) From your answers to parts (a)—(c), make a conjecture concerning the decimal 
values in the approximations of common logarithms of numbers greater than 1 
that have the same digits. 

[gj 44. Given that log 25 «» 1 3979. log 250 « 2 3979. and log 2500 ** 3.3979, make 
a conjecture for an approximation of log 25,000. Then explain why this pattern 
continues. 

Find each value. If applicable, give an approximation to four decimal places. See 
Example 5. 

45. In e 1 - 6 

AS. 

51. In 0.00013 

54. In(33 X 568) 

57. In 27 + In 943 
59. In 98 — In 13 

61. Explain why the result in Exercise 57 is the same as that in Exercise 53. 

[=] 62. Explain why the result in Exercise 59 is the same as that in Exercise 55. 

Solve each application of logarithms. See Examples 4, 6, 7, and 9. 

63. Decibel levels Find the decibel ratings of sounds having the following intensities. 

(a) 100/„ (b) 1000 /q (c) 100,000/ 0 (d) 1,000.000( 0 

(c) If the intensity of a sound is doubled, by how much is the decibel rating 
increased? 

64. Decibel Levels Find the decibel ratings of the following sounds, having intensities 
as given Round each answer to the nearest whole number 

(a) whisper. U5/ 0 (b) busy street, 9.500.000/,, 

(c) heavy truck. 20 m away. 1,200.000.0O0/ o 

(d) rock music, 895,000,0O0.000/ o 

<e) jetliner at takeoff. 109.000.000.000.000/,, 


46. In e 5JI 

47. 

n?; 

49. In 28 

50. 

In 39 

52. In 0.0077 

53. 

In(27 X 943) 

55. ln(jf) 

56. 

o 


58. In 33 + In 568 
60. In 84 — In 17 


4 Inverse, Exponential, and LoQariihmlc Functions 


65. earthquake intensity The magnitude of an earthquake, measured on the Richter 
scale, is log in where / is the amplitude registered on a seismograph 100 km from 
the epicenter of the earthquake, and / 0 is the amplitude of an earthquake of n certain 
(small) size. Find the Richter scale nitings for earthquakes having the following 
amplitudes. 

(u) 1000/o (b) 1.000.000/,, (c) 100,000,000/ o 

66. earthquake intensity On December 26, 2004, an earthquake simek in the Indian 
Ocean with a magnitude of 9.1 on the Richter scale. The resulting tsunami killed 
an estimated 229,900 people in several countries. Express this reading in terms 
of /„. 

67. hurthquake Intensity On February 27, 2010, a massive earthquake struck Chile 
with a magnitude of 8.8 on the Richter scale. Express this reading in terms of 1q. 

68 . hurthquake Intensity' Comparison Compare your answers to Exercises 66 and 67. 
How many times greater was the force of the 2004 earthquake than that of the 2010 
earthquake? 

69. (Mmleting} Bachelor's Degrees in Psychology The table gives the number of 
bachelor s degrees in psychology (in thousands) earned at U.S. colleges and universities 
for selected years from 1980 through 2008. Suppose* represents the number of 
years since 1950. Thus, 1980 is represented by 30. 1990 is represented by 40, and 
so on. 


Year 

Degrees Earned 
(in thousands) 

1980 

42.1 

1990 

54.0 

2000 

74 2 

2005 

85 6 

2007 

900 

2008 

92.6 


Sourer U S National Center 
for Education Statistics. 



The logarithmic function 


/(.r) = -228.1 + 78 19 In * 

is the best-fitting logarithmic model for the data Use this function to estimate the 
number of bachelor’s degrees in psychology earned in the year 2012. What assump¬ 
tion must we make to estimate the number of degrees in years beyond 2012? 


70. ( Modeling) Domestic leisure Travel 
The bar graph shows numbers of lei¬ 
sure trips within the United States 
(in millions of person-trips of 50 or 
more miles one-way) over the years 
2003-2008 The function 

f(t) = 1393 + 69.49 In r, t > 1. 

where t represents the number of years 
since 2002 and /(f) is the number of 
person-tnps, in millions, approximates 
the curve reasonably well. 


U.S. Domestic Leisure Travel Volume 



Year 

Soane L : S Travel Asvvutinn 
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(n) Use the function to approximate the number of person-trips in 2006. How docs 
this approximation compare to the actual number of 1492 million/ 
g) (l» Explain why an exponential function would not provide a good model for these 
data, 

71. (Modeling) Diversity of Species The number of species S(n) in a sample is given 
by 

S(n) = a In^l 

where n is the number of individuals in the sample, and a is a constant that indicates 
the diversity of species in the community. If a — 0.36. find S(n) for each value of n. 
{Hint: S(n) must be a whole number.) 

(a) 100 (b) 200 (c) 150 (d) 10 

72. (Modeling) Diversity of Species In Exercise 71, find S{n) if a changes to 0.88. Use 
the following values of /i. 

(a) 50 (b) 100 (c) 250 

73. (Modeling) Diversity of Species Suppose a sample of a small community shows 
two species with 50 individuals each. Find the measure of diversity H. 

74. (Modeling) Diversity of Species A virgin forest in northwestern Pennsylvania has 
4 species of large trees with the following proportions of each: hemlock. 0.521; 
beech, 0.324; birch, 0.081; maple, 0.074. Find the measure of diversity H. 

75. (Modeling) Global Temperature Increase In Example 7, we expressed the average 
global temperature increase T (in °F) as 

T{k) = 1.031: In 

Co 

where Co is the preindustrial amount of carbon dioxide, C is the current carbon 
dioxide level, and Jfc is a constant. Arrhenius determined that 10 ^ k £ 16 when 
C was double the value Co. Use T{k) to find the range of the rise in global temper¬ 
ature T (rounded to the nearest degree) that Arrhenius predicted. ( Source: Clime, 
W„ The Economics of Global Warming, Institute for International Economics, 
Washington, D C.) 

76. (Modeling) Global Temperature Increase (Refer to Exercise 75.) According to 
one study by the IPCC, future increases in average global temperatures (in °F) can 
be modeled by 



r(C) = 6.489 in 

where C is the concentration of atmospheric carbon dioxide (in ppm). Ccan be mod¬ 
eled by the function 


C(.r) = 353(1.006)‘- ,wo . 

where x is the year. ( Source . international Panel on Climate Change (IPCC).) 

(a) Write T as a function of .t. 

(b) Using a graphing calculator, graph C(.v) and 7(.r) on the interval (1990. 2275] 
using different coordinate axes. Describe die graph of each function. How are C 
and T related 0 

(c) Approximate the slope of the graph of T What does this slope represent? 

(d) Use graphing to estimate .r and C(.r) when 7(.v) = 10°F 

77. Age of Rocks Use the formula of Example 6 to estimate the age of a rock sample 
having $ = 0.103. 




Exponential, and Logarithmic Functions 


\ v* 78. (Mothling) Manets' Distances from the San amt 
Pcrioth of Revolution The table contains the planets' 
average distances D from the sun and their periods P 
of revolution around the sun in years. The distances 
have been normalized so that Earth is one unit away 
Irom the sun. For example, since Jupiter's distance 
is 5 2, its distance from the sun is 5.2 times further 
than Earth's. 

(n) Using a graphing calculator, make a scatter dia¬ 
gram by plotting the point (In D, In P ) for each 
planet on the .vv-coordinatc axes. Do the datn 
points appear to be (incur? 

(b) Determine a linear equation that models the data 
points. Graph your line and the data on the same 
coordinate axes. 

(c) Use this linear model to predict the period 
of Pluto if its distance is 39.5. Compare your 
answer to the actual value of 248.5 yr. 


I'lauet 

n 

r 

Mercuiy 

0.39 

U.24 

Venus 

0.72 

0.62 

Earth 

1 

1 

Mars 

1.52 

1.89 

Jupiter 

5.2 

11.9 

Sutum 

9.54 

29.5 

Uranus 

19.2 

84 O 

Neptune 

30.1 

164.8 


Source- Ronnn, C., The Natural 
History of the Universe, 
MacMillan Publishing Co . 

New York. 


Use the change-of-base theorem to find an approximation to four decimal places for 
each logarithm. See Example 8. 

79. log: 5 80. log 2 9 81. log* 0.59 82. log«0.7I 

83. logj^3 84. logj /3 2 85. logoi' 86. \og w \/2. 

87 * loe vn 12 88 ‘ Io e v ^5 89. lo g0J2 5 90. logo. 9 i 8 

Let u = In a and v = In b. Write each expression in terms of u and i» without using the 
In function. 

91. ln(b 4 \/a) 92. In — 93. ln.^^ 94. ln(‘'3 // a * b 4 ) 


Concept Check In Exercises 95—9S, use the various properties of exponential and loga¬ 
rithmic functions to evaluate the expressions in parts (a )~(c). 


95. Given g(.r) = c*, find 

96. Given /(.r) = 3 r , find 

97. Given /(.r) = ln.v, find 

98. Given /(.t) — log^x, find 


(a) g(ln 4) (b) g(ln(5 2 )) (c) g(ln(±)). 

(a) /(log 3 2 ) (b) /(log 3 (ln 3)) (c) /(log 3 (2 In 3)). 

(a)/(e 6 ) (b)/(e'"5) (c)/(<?='"*). 

(a)/( 2 7 ) (b) f(2 ,ae -' 2 ) (c) f(2 2to ^ 2 ). 


Work each problem. 

99. Concept Check Which of the following is equivalent io 2 ln(3.v) for x > 0? 

A. In 9 4-In .r B. In( 6 .r) C. In 6 4-In v D. ln(9.v 2 ) 

100. Concept Check Which of the following is equivalent to In(4.\) — ln(2.v) for .r > O? 

A. 2 In -r B. In(2.r) C. 77^7 D. In 2 

ln(2.r) 

101 . The function f(x) = In J.v| plays a prominent role in calculus Find its domain, its 
range, and the symmetries of ns graph 

102. Consider the function f(x) = log 3 J.tj. 

(a) What is the domain of this function? 

i=4=l (b) Use a graphing calculator to graph /(v) = log* 111 in the window [ —4. 4 ] by 

[- 4 . 4 ] 

(c) How* might one easily misinterpret the domain of die function by merely observing 
the calculator graph'' 
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Use the properties of logarithms arul the terminology of Chapter 2 to describe how the 
graph of the given function compares to the graph of g(x) — In x. 

103. f(x) *= ln(e 2 x) 104. f(x) = In - 105. /(x) = In 


Chapter 4 


(Sections 4.1-4,4) 


1. For the one-to-one function f(x) = \^3x — 6, find f~'(x). 

2. Solve 4 2 * +l = 8 1 * -6 . 


3. Graph f(x) = —3*. Give the domain and range. 

4. Graph /(.v) — log 4 (x + 2). Give the domain and range. 

5. Future Value Suppose that SI5,000 is deposited in a bank certificate of deposit at an 
annual rate of 3.5% for 8 yr. Find the future value if interest is compounded as follows. 

(a) annually (b) quarterly (c) monthly (d) daily (365 days) 

6. Use a calculator to evaluate each logarithm to four decimal places. 

(a) log 34.56 (b) In 34.56 

7. What is the meaning of the expression log6 25? 


8. Solve 


(a) x = 3 ,D * 4 (b) log, 25 = 2 (c) log 4 x = -2 

9. Assuming all variables represent positive real numbers, use properties of logarithms 
to rewrite 


l°g 3 


Vx - y 
pq* 


10. Given log& 9 = 3.1699 and log*, 5 = 2.3219, find the value of Iog fc 225. 

11. Find the value of log} 40 to four decimal places. 

12. If /(.v) = 4 X . what is the value of /(log 4 12)? 


I *= 


Exponential and Logarithmic Equations 


Exponential Equations 
Logarithmic Equations 
Applications and Models 


Exponential Equations We solved exponential equations in earlier sections. 
General methods for solving these equations depend on the property below, 
which follows from the fact that logarithmic functions are one-to-one. 


Property of Logarithms 

If x > 0, y > 0, a > 0, and a ^ 1, then the following holds. 

x = y is equivalent to log* x = log*y. 
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CHAPTBR 4 Invoree, Exponential, and Logarithmic Functions 


(b) Replace /(f) with 2b and xolvc lor f. 

25 *= 24.92 ill f — 93.31 /(/) — 25 in the given model 

118.31 « 24.92 In f Add 93 11 


Inf = 


118.31 

24.92 


/ t= f* 118*31/24,92 


f «* 115.3 


Divide by 24 *>2 Rewrite 

Write in expuncnti.nl form 
Use a calculator 


Add 115 to 1900 to get 2015. Based on this model, annual consumption will 
reach 25 quads in 2015. 

%/ Now Try Exercise 105. 



Concept Check An exponential equation such as 

5* = 9 

can be solved for its exact solution using the meaning of logarithm and the change-of- 
base theorem. Since x is the exponent to which 5 must be raised in order to obtain 9. the 
exact solution is 


logs 9, or 


log 9 
log 5' 


or 


In 9 
In 5' 


For each equation, give the exact solution in three forms similar to the forms explained 
above. 


I. 7* = 19 


2. 3’ = 10 




= 4 


Solve each exponential equation. In Exercises 5—28, express irrational solutions as deci¬ 
mals correct to the nearest thousandth. In Exercises 29—34, express solutions in exact 
form. See Examples 1—4. 


5. 3* = 7 



11. 4*“‘ = 3^ 

14 . 3*“ 4 = 7^ 5 

17 . e 3 *” 7 * = 4 e 

-er— 

23. 3(2)'~ 2 4- I = 100 
26. 3( 1.4)* - 4 = 60 
29. e~' - 6e J + 8 = 0 
32. 30^ + 2e x = 1 


6. 5' = 13 

9. 0.8* = 4 

12. 2* +3 = 5 Z * 

15. e* — 100 

18. e 1-3 ’ ♦ <? 5j = 2c 

21. 0.05(1 15)* = 5 

24. 5(I.2) 3 ‘- 2 +1=7 
27. 5(1 015)*- ,9SO = 8 
30. e 24 - Se* + 15 = 0 
33. 5 U + 3(5’) = 28 



10. 0 6’ = 3 

13. 6 x+l = 4 2x ~ l 
16. e 1 ' = 1000 



22. 12(0 9)* = 0.6 

25. 2(1.05)’ + 3 = 10 
28. 6(1 024)*" 1900 = 9 
31. 2e Zx + e x — 6 
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Solve each logarithmic equation. Express all solutions in exact form. See Examples 5-9. 


35. 

5 In x = 10 


36. 

3 In a = 9 


37. 

ln(4.r) = 1.5 


38, 

ln(2A) = 5 


39. 

Jog(2 — x) = 0.5 


40. 

Iog(3 - a) = 0 75 


41. 

log,,(2.x + 4) = 2 


42. 

If»gs(8 - 3a) = 3 


43. 

log 4 (.x 3 + 37) = 3 


44. 

Iog 7 (.r J 4* 65) — 0 


45. 

In .r 4- in .r 2 = 3 


46. 

log a 4- log A 2 = 3 


47. 

log 3 [(.r + 5)(A-3)] 

= 2 

48. 

!og 4 [(3A 4- 8)(a - 6)] 

— 3 

49. 

log 2 [(2.r + 8)(.r + 4)] =5 

50. 

Iog 5 [(3A 4-5 )(a 4* 1)] 

= 1 

51. 

log .v 4- log(jr 4- 15) = 

= 2 

52. 

log A 4- !og(2A 4- I ) — 

I 

53. 

log(.v 4- 25) = !og(.r ■ 

+• 10) 4- log 4 

54. 

!og(3x 4- 5) — Iog(2A - 

f 4) = 0 

55. 

log(.v - 10) - log(.x 

-6) = log 2 




56. 

log(.r 2 + 10.t - 39) - 

- Iog(.r — 3) = log 10 



57. 

ln(5 — .r) 4- In(—3 — 

a) = ln( I — 8a) 




58. 

In( 10 — .r) + ln(—6 - 

-a) = ln(—34 - 

15.x) 



59. 

log 8 (a 4- 2) 4- log H (.r 

4- 4) — logs 8 

60. 

log 2 (5.x — 6) — log 2 (.x 

4- I) = log 2 3 

61. 

log 2 (.v 2 - 100) - log 

2(a 4- 10) = 1 

62. 

Iog 2 (A — 2) 4- l0g 2 (A - 

•I) = l 

63. 

log x 4- log(.t — 21) = 

= log 100 

64. 

log a 4- log(3.x — 13) = 

= log 10 

65. 

log(9A 4- 5) = 3 4- log(.x 4- 2) 

66. 

log( 1 1 a 4- 9) = 3 4- log (a 4- 3) 

67. 

In(4.r — 2) — In 4 = ■ 

-ln(.r - 2) 

68. 

ln(5 4- 4.x) — ln(3 4- a) 

1 = In 3 

69. 

log 5 (.x 4- 2) 4- Iogs(.r 

-2)= 1 

70. 

fog2(A — 7) 4- log 2 A = 

3 

71. 

log 2 (2.x — 3)4- log 2 (. 

x 4- 1) = I 

72. 

log 5 (3.r 4- 2) 4- log 5 (x 

- 1) = 1 

73. 

In — 2 In e — In e 4 


74. 

In e 1 — In e 3 = In e 3 


75. 

fog2(l0g2 A") = 1 


76. 

log a = “S/ log A 


77. 

fog A 2 = (fog A) 2 


78. 

logs V^a 2 = ^ 



79. Concept Check Suppose you overhear the following statement: “1 must reject any 
negative proposed solution when I solve an equation involving logarithms.” Is this 
correct? Why or why not? 

80. Concept Check What values of .v could not possibly be solutions of the following 
equation? 

log 0 (4x - 7) 4- log ( ,(x 2 + 4) = 0 


Solve each equation for the indicated variable Use logarithms with the appropriate 
bases See Example JO. 


81. p = a + 


In a 


for a 


83. T = To + (T x - 7o) I0“ u , for / 


r = p - k In /, for t 
Pr 


84. 4 = 


1 - (1 + r)-"’ 


for u 
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85. / = |(lfori 
87. y =• A + R{ 1 — c~ r *), for .v 
89. log A = log H — C log x % for A 
91. A = P^l + 0". for / 


86. v 


-—-— r -, for b 
I + rtf 6 * 


©• 


88, m = 6 - 2.5 log(j— J. for At 
90. (I = 10 logl t- |, for/ 


©• 


92. D — 160+ 10 log .v, for .v 


For Exercises 93-9S, refer to the formulas for compound interest. 

r \n 

I + — J and A — Pc" (Section 4.2) 

93. Compound Amount If $10,000 is invested in an uccount at 3% annual interest 
compounded quarterly, how much will be in the account in 5 yr if no money is 
withdrawn? 

94. Compound Amount If $5000 is invested in an account at 4% annual interest 
compounded continuously, how much will be in the account in 8 yr if no money 
is withdrawn? 

95. Investment Time Kurt Daniels wants to buy a $30,000 car. He has saved $27,000. 
Find the number of years (to the nearest tenth) it will take for his $27,000 to grow 
to S30.000 at 4% interest compounded quarterly. 

96. Investment Time Find t to the nearest hundredth of a year if S1786 becomes $2063 
at 2.6%. with interest compounded monthly. 

97. Interest Rate Find the interest rate to die nearest hundredth of a percent that will 
produce $2500, if $2000 is left at interest compounded semiannually for 4.5 yr. 

98. Interest Rate At what interest rate, to the nearest hundredth of a percent, will 
$16,000 grow to $20,000 if invested for 5 25 yr and interest is compounded 
quarterly 9 

(Modeling) Solve each application See Example II. 

99. In the central Sierra Nevada (a mountain 
range in California), the percent of mois¬ 
ture that falls as snow rather than rain is 
approximated reasonably well by 

/(.r) = 86.3 In r - 680, 

where .r is the altitude in feet and /(.v) is 
the percent of moisture that falls as snow. 

Find the percent of moisture that falls as 
snow at each altitude 
(a) 3000 ft (b) 4000 ft (c) 7000 ft 

100. C Home Creations finds that ns total sales in dollars. 7"(.v), from the distribution 
of .r thousand catalogues is approximated by 

7*(.r) = 5000 logf.i + 1) 

Find the total sales resulting from the distribution of each number of catalogues 
(a) 5000 (b) 24.000 (c) 49.000 
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101. Average Annual Public University Costs The 
Cubic shows die cost of a year's tuition, room 
and hoard, and fees at 4-ycar public colleges 
for the years 2002-2010. Letting y represent 
the cost and x the number of years since 2002, 
we find that the function 

f(x) = 9318(1.06)' 

models the data quite well. According to 
this function, when will the cost in 2002 be 
doubled? 


Year 

Average Annual Cost 

2002 

S 9,119 

2003 

S 9,951 

200 4 

S 10.648 

2005 

SI 1322 

2006 

S11.929 

2007 

512,698 

2 Go8 

SI 3.467 

2009 

514265 

2010 

$15,067 


Source The College Board. Annual 
Sun'ey of Colleges 


102. Race Speed At the World Championship races held at Rome's Olympic Stadium 
in 1987, American sprinter Carl Lewis ran the 100-m race in 9.86 sec. His speed in 
meters per second after / seconds is closely modeled by the function 

fit) = 11.65(1 - e-"'- 27 ). 

{Source: Banks, Robert B., Towing Icebergs, Falling Dominoes, and Other Adven¬ 
tures in Applied Mathematics, Princeton University Press.) 

(a) How fast was he running as he crossed the finish line? 

(b) After how many seconds was he running at the rate of 10 m per sec? 

103. Women in Labor Force The percent of women in the United States who were in 
the civilian labor force increased rapidly for several decades and then stabilized. If 
x represents the number of years since 1950, the function 


/(*) = 


1 


67.21 

1.08 le-*®*- 71 


models the percent fairly well. ( Source: Monthly Labor Review. U.S. Bureau of 
Labor Statistics.) 

(a) What percent of U S. women were in the civilian labor force in 2008? 

(b) In what year were 55% of U.S. women in the civilian labor force? 


104. Height of the Eiffel Tower One side of the 
Eiffel Tower in Paris has a shape that can be 
approximated by the graph of the function 


fix) = —301 In 


x 

207 


See the figure. ( Source: Banks, Robert B , 
7bn wg Icebergs, Falling Dominoes, and Other 
Adventures in Applied Mathematics, Princeton 
University Press.) 


> 



(a) Explain why the shape or the left side or the Eiffel Tower has the formula given 
by /(—.v ) 

(b) The short honzontal line at the top of the Hgure has length 15 7488 ft Approxi¬ 
mately how tall is the Eiffel Tower 7 

(c) Approximately how far from the center or the tower is the point on the right side 
that is 500 ft above the ground? 


















4S0 


CHAPTER 4 Inverto, Exponential, and Logarithmic Functions 


105. C Y>j Emissions Tax One action tlmt government could take to reduce carbon 
emissions into the atmosphere is to levy a tax on fossil fuel. This tax would be 
based on the amount of carbon dioxide emitted into the air when the fuel is burned. 
The cost-benefit equation 


ln( !-/») = -0.003*1 - 0.0053T 


models the approximate relationship between a tax of T dollars per ton of carbon 
and the corresponding percent reduction P (in decimn) form) of emissions of carbon 
dioxide. (Source; Nordhause, \V., "To Slow or Not to Slow: The Economics of the 
Greenhouse Effect,’* Ynle University, New Haven, Connecticut.) 



(a) Write P as a function of 7*. 

(b) Graph P for 0 s 7 s 1000. Discuss the benefit of continuing to raise taxes on 
carbon. 

(c) Determine P when T = $60, and interpret this result. 

(d) What value of T will give a 50% reduction in carbon emissions? 


106. Radiative Forcing (Refer to Exnmplc 7 in Section 4.4.) Using computer models, 
the International Panel on Climate Change (IPCC) in 1990 estimated k to be 6.3 in 
the radiative forcing equation 


R ~ k In 

C 0 

where Co is the preindustnal amount of carbon dioxide and C is the current level. 

(Source: Clime, \V„ The Economics of Global Warming, Institute for International 

Economics, Washington, D.C.) 

(a) Use the equation R — 6.3 In ^ to determine the radiative forcing R (in watts 
per square meter) expected by the IPCC if the carbon dioxide level in the 
atmosphere doubles from its preindustrial level. 

(b) Determine the global temperature increase Tthat the IPCC predicted would occur 
if atmospheric carbon dioxide levels were to double. (Hint: T(R) = 1.03 R .) 


Find f 1 (.r), and give the domain and range. 

107. f(x) = e*+ l - 4 108. /(.v) = 2 In 3x 


Use a graphing calculator to solve each equation. Give irrational solutions correct to 


the nearest hundredth . 


109. <?* 4- In .v = 5 

110. e 1 - ln(.r + 1) = 3 

111. 2e s + 1 — 3e~* 

112. e x + 6e -J = 5 

113. logj = .r 2 - 8.r + 14 

114. ln.v=-\/.t + 3 

[g] 115. Explain the error in the following 

“proof” that 2 < 1 . 


log 



True sLitemcni 


Rewrite flic left side 


T.ikc the Intjanlhin on c.tsh side 


2 log j < 1 log j 


2 < 1 


Propern nl loLMrilhms ulcniitv propum 
Dn ulc CiIlIi side h\ 
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Applications and Models of Exponential Growth 
and Decay 


■ Thu Exponential Growth 
or Docny Function 

■ Growth Function Models 

■ Decay Function Models 


Tito Expononii.il Growth or Decay Function In many situations that occur in 
ecology , biology, economics, anil the social sciences, u quantity changes at a rate 
proportional to ibe amount present In such eases the amount present at time i is 
n special function of r called an exponential growth or decay function. 


LOOKING AHEAD TO CALCULUS 
The exponential growth and decay 
i ii nc lion formulas are studied in cal 
- u Jus in conjunction with the topic 

known .is differential equations. 


Exponential Growth or Decay Function 

Lei yo be the amount or number present at time 1 = 0. Then, under certain 
conditions, the amount present at any time / is modeled by 

v = y»c k, j where k is a constant. 


When k > 0, the function describe-s growth. In Section 4.2, we saw examples 
of exponential growth: compound interest and atmospheric carbon dioxide, for 
example. When k < 0, the function describes decay; one example of exponen¬ 
tial decay is radioactivity. 

Growth Function Models The amount of time it takes for a quantity that 
grows exponentially to become twice its initial amount is its doubling time. 


Year 

Carbon Dioxide 
(ppm) 

tyyu 

353 

2000 

375 

2075 

590 

2175 

1090 

2275 

2000 


Source International Panel on 
Climate Change (IPCC) 


Determining an Exponential Function to Model the Increase 
of Carbon Dioxide 

In Example Tl, Section 4.2, we discussed the growth oi atmospheric carbon 
dioxide over time. A function based on the data from the table was given in that 
example. Now we can see how to determine such a function from the data. 

(a) Find an exponential function that gives the amount of carbon dioxide y in 
year .r. 

(b) Estimate the year when future levels of carbon dioxide will be double the 
preinduslrial level of 280 ppm 

SOLUTION 

(a) Recall that the graph of the data points showed exponential growth, so the 
equation will take the form 

y = yo***. 

We must find the values of y 0 and k. The data begin with die year 1990, so 
to simplify our work we let 1990 correspond to .t = 0, 1991 correspond to 
x= l, and so on. Since y 0 is the initial amount, y 0 = 353 in 1990 when 
x = 0. Thus the equation is 

V = 353e t *. Let v„ = 353 

From the last pair of values in the table, we know that in 2275 the carbon 
dioxide level is expected to be 2000 ppm. The year 2275 corresponds to 
2275 - 1990 = 285. Substitute 2000 forv and 285 for a, and solve for k. 
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SOLUTION 

(n) NVc must find values for C and k in the given formula. From the given 
information, when / « 0, T 0 = 20, und the temperature of the coffee is 
/(0) — 100. Also, when f = 1, /(1) = 60. Substitute the first pair of val¬ 
ues into the function along with To = 20. 

/(f) *= To 4- Ce~ u Given lomniln 
100 = 20 + Ce~'* Let i = 0. .fill) - 100, and T„ = 20 
100 = 20 + C i"=l 
SO = C Subtnict 20 

Tlte function that models the data can now be given. 

/(f) = 20 + SOe** 4 ' Let T u = 20 und C = SO 
Now use the remaining pair of values in this function to find k. 

/(f) = 20 + S0e~ kl Formula with = 20 and C = SO 

60 = 20 + 80e“ 14 Let / = I and /l. 1 ) ^ 60 

Subtract 20. 


40 = 80e -4 

W* 

2 

In ~ = In c~ k 

In — — —k 
2 

k = —In -- 
2 

k = 0.693 


Div ide by 80. 

Take the logarithm on each vide 

In r* = x. for all x. 

Multiply by — 1 and rewrite. 


Ike a calculator 

Thus, the model is /(f) = 20 + 80e“‘ uw1r . 

(b) To find the temperature after 4 hr, let i — j in die model from part (a). 
/(f) = 20 + 80e-° M3 ' Model from part (a) 


(I) = 20 + 80e<- a6 ”l"' 2 > Lxt / = 1 
/(j) ~ 76.6°C 


Use a calculator 


(c) To find how long it will take for the coffee to cool to 50°C, let /(f) = 50. 

50 = 20 + SOe - ^ 693 ' Lei /(/) = 50 m model from pari la) 


30 = SO*? -0 ' 693 ' 

0.693f 

8 


In — = In e -0 - 693 ' 
8 


Subiracl 20 
Divide h> 80 

Take lhe logarithm on each side 


In - = —0.693f 
8 


f = 


In g 


In c r =• » lor all \ 


Divide bs — I16V1 and rewrite 


-0.693 

/ — 1.415 hr, or about 1 hr. 25 min 


\/ Now Try Excrctse 23. 
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Population Growth A papulation is iru reusing according to the exponential function 
y = 2c"-"’ 1 , where y is in millions and x is the manlier of years Match each question in 
Column / with tin correi t procedure in Column // to answ er the question. 


I 

1. How long will it take for the population lo triple 9 

2. When will the population reach 3 million 9 

3. How large will the population be in 3 yr? 

4. How. large will the population be jn 4 months'/ 


II 

A. Evaluate y = 2e ,un< IO) . 

B. Solve 2e iwlt = 6 

C. Evaluate y = 2e ojj:o '. 

D. Solve 2c 0 - 011 = 3 


i Modeling) The exercises in this set are grouped according to discipline Flies involve 
exponeniitd oi logarithmic models See Examples 1-6. 

Physical Sciences (Exercises 5-24) 

In Exercises 5-10. an initial amount of a radioactive substance v,, is given, alone with 
information ubout the amount remaining after a given tunc t in appropriate units For 
an equation of the form y = \\>e Ll that models the situation, give the exact value ofk in 
terms of natural logarithms 

5. y„ = 60 g; After 3 hr, 20 g remain 6 . y 0 = 30 g. After 6 hr, 10 g remain. 

7. yu = 10 mg. The half-life is 100 days 8. y 0 = 20 mg; The half-life is 200 days. 

9. yo = 2.56 lb. Alter 2 yr. 0 64 lb remains 

10. yo — 8.1 kg. After 4 yr, 0.9 kg remains 

11. Decay of Lead A sample of 500 g of radioactive lead-210 decays to polonium-210 
nccording to the function 

A(t) = SOOt' -0 - 032 *, 

where / is tune in years Find the amount of radioactive lead remaining after 
(a) 4yr. <b> S yr, (c) 20 yr <<!') Find the half-life. 

12. Decay of Plutonium Repeat Exercise II lor 500 g of plutonium-241. which decays 

according to the function A(r) — AoC -0 - 051 ' where t is time in years 

13. Decay of Radium Find the hall-life of radium-226, which decays according to the 
function A(/) = Agr~ eoofMV w here f is time, in years, 

14. Decay of iodine How long w ill it take any quantity of iodnie-131 io decay to 25, c 
of its initial amount, knowing that it decays according to the exponential function 
A(r) = Aoe - ** 0 * 7 ' where t is time in days? 

15. Radioactive Decay If 12 g of a radioactive substance are present initially and 4 yr 
later only 6 g remain, how much of the substance will be present after 7 yr? 

16. Magnitude of a Star The magnitude M 
of a star is modeled by 

M = 6-|log4 

where Iq is the intensity of a just-visible 
star and / is the actual intensity of the star 
being measured. The dimmest stars are 
of magnitude 6, and the brightest are of 
magnitude 1. Determine the ratio or light 
intensities between a star of magnitude 1 
and a star of magnitude 3. 
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17. Carbon-N Dating Suppose nil ligyptinit mummy is discovered in which die nmnuni 
of carbon-14 present is only nhout one-third the umount found in living human be¬ 
ings. About how long ago did the Egyptian die? 

18. ( arboa-14 Dating A sample from a refuse deposit near tile Strait of Magcllun had 
bOr* of the carbon-14 of a contemporary sample, flow old was the sample? 

19. Carbon-14 Dating Paint from the Lascaux eaves of France contains 15% of the 
normal amount of carbon-14. Estimate the age of the paintings. 

20. tUssohing a Chemical The amount of a chemical that will dissolve in a solution 
increases exponentially ns the (Celsius) temperature t is increased according to the 
model 


A{t) = I0t* <u,n "\ 


At what temperature will 15 g dissolve? 

21. Sulfur Dioxide Levels Sulfur diox¬ 
ide (SOj), a gus thut is emitted by 
burning fossil fuels, is a source of nir 
pollution and one of the mujor con¬ 
tributors to acid rain. Reductions in 
emissions of sulfur dioxide in the 
United Slates were mandated by the 
1990 revision of the Clean Air Act. 
The graph displays approximate 
U.S. emissions of sulfur dioxide (in 
thousands of tons) over the period 
1970-2008. 

(a) Use the graph to find an expo¬ 
nential function 


LLS. Sulfur Dioxide Emissions 

/to 



Sm4/vr* U S Environmental Protection Agency 


/(.v) = Aon'-' 970 

that models U.S. emissions of sulfur dioxide over the years 1970—2008. 

(b) Approximate the average annual percent decrease in sulfur dioxide emissions 
over this lime period. 


22. Rock Sample Age Estimate the age of a rock sample using the function 

ln(l + 8.33(g)) 

In 2 

Tests show that £ is 0 175 for the sample. Let T = 1 26 X 10*. 

23. Newton's Law of Cooling Boiling water, at 100°C, is placed in a freezer at O c C. 
Thc temperature of the water is 50^ after 24 min Find the temperature of the water 
after 96 min. (Hint - Change minutes to hours ) 


24. Newton's Law of Cooling A piece of metal is heated to 300°C and then placed m a 
cooling liquid at 50 3 C. After 4 nun. the metal has cooled to 175°C Find its tempera¬ 
ture after 12 min ( Hint: Change minutes lo hours ) 


Finance (Exercises 25-30) 

25. Comparing investments Russ McClelland, who is self-employed, wants to invest 
S60.000 in a pension plan One investment offers 5% compounded quarterly An¬ 
other offers 4 75% compounded continuously 

(a) Which investment will cam more interest in 5 yr 1 

(b) How much more will the better plan earn'’ 

26. Growth of an Account If Russ (see Exercise 25) chooses the plan with continuous 
compounding, how long will it lake for his S60.000 to grow to $80,000? 

27. Doubling lime Find the doubling time of jn investment camine 2 5% interest if 
interest is compounded continuously 
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2K. Doubling tunc If interest is compounded continuously and the interest rate is tri* 
pled, what effect will this have on the lime required for an investment to double? 

29. Growth of an Account How long will it lake an investment to triple if interest is 
compounded continuously at 5%? 

30. Growth of an Account Use the Table feuture of a gruphing calculator to find how 
long it will take $1500 invested at 5.75% compounded daily to triple in value. Zoom 
in on the solution by systematically decreasing the increment for .r. Find the answer 
to the nearest day. (Find the answer to the nearest day by eventually letting the 
increment of x equal The decimal part of the solution can be multiplied by 
365 to determine the number of days greater than the nearest year. For example, 
if the solution is determined to be 16.2027 yr. then multiply 0.2027 by 365 to get 
73.9855. The solution is then, to the nearest day. 16 yr, 74 days.) Confirm the 
answer algebraically. 


Social Sciences (Exercises 3 J-38) 


31. Legislative Turnover The turnover of leg¬ 
islators is a problem of interest to political 
scientists. In a study during the 1970s, it was 
found that one model of legislative turnover 
in the U.S. House of Representatives was 

A/(r) = 434e~ om \ 

where M(t) represents the number of con¬ 
tinuously serving members at time t. Here, 
/ = 0 represents 1965, t — 1 represents 1966, 
and so on. Use this model to approximate the 
number of continuously serving members m 
each year. Z’" 

(a) 1969 (b) 1973 (c) 1979 



32. Legislative Turnover Use the model in Exercise 31 to determine the year in which 
the number of continuously serving members was 338. 

33. Population Growth In 2000 India’s population reached I billion, and it is projected 
to be 1.4 billion in 2025 ( Source; U.S. Census Bureau.) 

(n) Find values for Po and a so that /(at) = P 0 a*- 200 ° models the population of India 
in year*. 

(b) Predict India’s population in 2020 to the nearest tenth of a billion. 

(c) Use / 10 determine the year when India’s population might reach 1.5 billion. 

34. Population Decline A midwestem city finds its residents moving to the suburbs. Its 
population is declining according to the function defined by 

P(t ) = 

where r is time measured in years and P 0 is the population at time r = 0 Assume 
that P 0 = 1,000,000. 

(a) Find the population at lime t = 1 . 

(b) Estimaie the time it will take for the population to decline to 750,000. 

(c) How long will it take for the population to decline to half the initial number? 

35. Health Care Spending Out-of-pocket spending in the United Stales for health care 
increased between 2004 and 2008. The function 

/(.v) = 2572 t « 00J59 ‘ 

models average annual expenditures per household, in dollars In this model, x rep¬ 
resents the year, where .t = 0 corresponds to 2004 (Source U.S. Bureau of Labor 
Statistics.) 

(a) Estimate out-of-pocket household spending on health care in 2008 

(b) Determine the year when spending reached S2775 per household. 
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J6. Recreational Expenditures Personal 
consumpiion expenditures for ivcieniion 
in billions of dollars in the United States 
during the years 2004-2008 can be ap¬ 
proximated by tbe function 

A(r) = 769.5e tvmn3 \ 

where t = 0 corresponds to the year 
2004, Based on this model, how much 
were personal consumpiion expendi¬ 
tures in 2008? (Source.* U.S. Bureau of 
Economic Analysis.) 

37. Housing Costs Average annunl per-household spending on housing over the years 
1990-2008 is approximated by 

H = 8790e tt01l,2 \ 

where t is the number of years since 1990. Find H to the nearest dollar for each yeur 
(Source: U.S. Bureau of Labor Statistics.) 

(n) 2000 (b) 2005 (c) 2008 

38. Evolution of Language The number of years, n, since two independently evolving 
languages split off from a common ancestral language is approximated by 

n —7600 log r, 

where r is the proportion of words from the ancestral language common to both 
languages. 

(n) Find n if r = 0.9. (b) Find n if r = 0.3. 

(c) How many years have elapsed since the split if half of the words of the ancestral 
language are common to both languages? 

Life Sciences (Exercises 39-44) 

39. Spread of Disease During an epidemic, the number of people who have never had 
the disease and who arc not immune (they arc susceptible ) decreases exponentially 
according to the function 

fit) = 15,000c- 0 - 05 '. 

where t is lime in days. Find the number of susceptible people at each time. 

(a) at the beginning of the epidemic (b) after 10 days (c) after 3 weeks 

40. Spread of Disease Refer to Exercise 39 and determine how long it will take For the 
initial number of people susceptible to decrease to half its amount. 

41. Growth of Bacteria The growth of bacteria makes it necessary to time-date some 
food products so that they will be sold and consumed before the bacteria count is too 
high. Suppose for a certain product the number of bacteria present is given by 

f(t) = 500e 01 ', 

where t is time in days and the value or /(;) is in millions Find the number of bac¬ 
teria present at each time 

(a) 2 days (b) 4 days (c) 1 week 

42. Growth of Bacteria How long will it take the bacteria population in Exercise 41 to 
double? 

43. Medication Effectiveness Drug effectiveness decreases over time. If. each hour, a 
drug is only 909c as effective as the previous hour, at some point the patient will not be 
receiving enough medication and must receive another dose If the initial dose was 
200 mg and the drug was administered 3 hr ago. the expression 200(0 90 )\ which 
equals 145 8. represents the amount of effective medication still in the system (The 
exponent is equal to the number of hours since the drug was administered ) 
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The amount of medication still available in the system is given by the function 

/(/) * 200(0.90)'. 

In this model, / is in hours and /(/) is in milligrams. How long will it take for this 
initial dose to reach the dangerously low level of 50 mg7 

Population Size Many environmental situations place effective limits on the growth of 
the number of an organism in an area. Many such limited-growth situations are de¬ 
scribed by the logistic function 

_ MGo 

° W ~ Go + (M - G 0 )e -“"' 

where Go is the initial number present. M is the maximum possible size of the popula¬ 
tion, and k is a positive constant. The screens illustrate a typical logistic function calcu¬ 
lation and graph. 



70 




44. Assume that G 0 = 100, M — 2500, k — 0.0004, and x = time in decades (10-yr 
periods). 

(n) Use a calculator to graph the function, using 0 :£ x ^ 8, 0 ^ y £ 2500. 

(b) Estimate the value of G(2) from the graph. Then evaluate G(2) algebraically to 
find the population after 20 yr. 

(c) Find the x-coordinnte of the intersection of the curve with the horizontal line 
y = 1000 to estimate the number of decades required for the population to reach 
1000. Then solve G(jc) = 1000 algebraically to obtain the exact value of x. 

Economics (Exercises 45—50) 

45. Consumer Price Index The U S. Consumer Price Index for the years 1990-2009 is 
approximated by 

A(r) = lOOe 0-026 ', 

where t represents the number of years after 1990. (Since A (l6) is about 152, the 
amount of goods that could be purchased for SI00 in 1990 cost about $152 in 2006.) 
Use the function to determine the year in which costs will be 100% higher than in 
1990. (Source: U.S. Bureau of Labor Statistics.) 

46. Product Sales Soles of a product, under relatively stable market conditions but in 
the absence of promotional activities such as advertising, tend to decline at a con¬ 
stant yearly rate. This rate of sales decline vanes considerably from product to prod¬ 
uct, but it seems to remain the same for any particular product. The sales decline can 
be expressed by the function 

S(t) = S 0 e-”‘. 

where S(t) is the rate of sales at time t measured in years. 5 0 is the rate of sales at 
ume t — 0, and a is the sales decay constant. 

(a) Suppose the sales decay constant for a particular product is n = 0.10. Let 
5o = 50,000 and find 5(1) and 5(3). 

(b) Find 5(2) and 5(10) if 5 0 = 80,000 and a = 0.05. 

47. Product Sales Use the sales decline function given in Exercise 46. If a = 0 10, 
5o 50,000, and t is time measured in years, find the number of years it will take 
for sales to fall to half the initial sales 
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48. ( 7»\f oj llrcad Assume the cost of «t lout' of bread is $4. With continuous compound¬ 
ing. find the time it would take lor the cost to triple at an annual inflation rule of 4%. 

49. Electricity ( onsnntption Suppose that in a certain arun the consumption of electric¬ 
ity has increased at a continuous rate of 6% per year. If it continued to increase at 
this rate, llnd the number of years before twice us much electricity would be needed. 

50. Electricity ( onsnntption Suppose n conservation campaign, together with higher 
rates, caused demand for electricity to increase at only 2% per year. (See Exercise 49.) 
Find the number of years before twice ns much electricity would be needed. 


( Modeling) Exercises 51 and 52 use another type of logistic function. 

51. Heart Disease As age increases, so does the likelihood of coronary heart disease 
(CHD). The fraction of people x years old with some CHD is modeled by 


fix) 


0.9 

I + 271 e-fc'M* * 


(Source' Hosmer, D., and S. Lcmcshow, Applied Logistic Regression, John Wiley 
nnd Sons.) 

(a) Evaluate/(25) and /(65) Interpret the results. 

(b) At what age docs this likelihood equal 50%? 

Tree Growth The height of a certain tree in feet 
after .r years is modeled by 


1 + 47.5<? -a21 * * 

(a) Make a tabic for / starting at x = 10, and 
incrementing by 10. What appears to be die 
maximum height of the tree? 

(b) Graph / and identify the horizontal asymptote. 
Explain its significance. 

(c) After how long was the tree 30 ft tall? 



Summary Exercises on Functions: Domains and Defining 

Equations 

Finding the Domain of a Function: A Summary To find the domain of a func¬ 
tion. given the equation that defines the function, remember that the value of 
x input into the equation must yield a real number for y when the function is 
evaluated. For the functions studied so far in this book, there are three cases to 
consider when determining domains. 


Guidelines for Domain Restrictions 

X. No input value can lead to 0 in a denominator, because division by 0 is 
undefined. 

2. No input value can lead to an even root of a negative number, because 
this situation does not yield a real number. 

3. No input value can lead to the logarithm of a negative number or 0. be¬ 
cause this situation does not yield a real number. 
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Unless (inrruiins arc otherwise specified, we can determine domains as 
follows, 

• The domain of a polynomial function is the set of all real numbers. 

• The domain of an absolute value function is the set of all real numbers 
for which the expression inside the absolute value bars (the argument) is 
defined. 

• If a function is defined by a rational expression, the domain is the set of 
all real numbers for which the denominator is not zero. 

• The domain of a function defined by a radical with even root index is the 
set of all real numbers that make the radicand greater than or equal to zero. 
If the root index is odd , the domain is the set of all real numbers for which 
the radicand is itself a real number. 

• For an exponential function with constant base, the domain is the set of all 
real numbers for which the exponent is a real number. 

• For a logarithmic function, the domain is the set of all real numbers that 
make the argument of the logarithm greater than zero. 

Determining Whether an Equation Defines y as a Function of x For y to be a 
function of x, it is necessary that every input value of x in the domain leads to 
one and only one value of y. To determine whether an equation such as 


.r — y 3 = 0 or .r — y 2 = 0 


represents a function, solve the equation fory. In the first equation above, doing 
so leads to 



Notice that every' value of .t in the domain (that is, all real numbers) leads to one 
and only one value of y. So in the first equation, we can write v as a function of 
.t. However, in the second equation above, solving for y leads to 


y = ± V*. 


If we let x = 4, for example, we get two values of y: —2 and 2. Thus, in the 
second equation, we cannot write y as a function of .v. 

Find die domain of each function. Write answers using inlenal notation. 


I. /(.v) = 3.x — 6 


2. fix) = Vlr - 7 


3. f(x) = [.t + 41 




6. f{x) = V.r 2 - 9 



8. /(.x) = + 7.v - 4 9. f(x) = log s ( 16 - .r 2 ) 


v x + 7 

10. /(.v) = log 


11. f{x) = V.t 2 - 7.v - 8 12. /(.t) = 2 l,t 




15. fix) = VV - l 


16. fix) = In |.x 2 - 5 | 17. f(.x) = e 


18. f(x) = ~ - \ 

\ -1 
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>9. /( >) - T — 

21. /( v) « lr»( \ 3 + 1) 

23. /(.v) = log 

25. /(v) = 

27. /(v) = ,v lm - ,v'° + v 2 + 5 
29. /(v) = ^uT- .v 4 


31. fix) 


■4 


v 2 - 2-V ~ 63 

A 2 +.V- 12 


4 — x 


33. f(x) = |V5 - ,v| 
35. /(a) = log 
37. fix) = 

39. fix) 


20. fix) 


,p_ 

V.v’-B 


22 . fix) ® V(.v - 3)(.v *F 2)(.v - 4) 
24. /(.v) = ^(4 - .v) 2 (.v+ 3) 

26. /(a) = 


28. fix) 
30. /(a) 


| a 2 — 7 I 
V-.v 2 - 9 

^16 “A 4 


32. /(a) = ^5 - a 

/(•'•) = Trrj 


36. /(a) = 6 


- ftr-9 


38. /(a) =6' ? ' J, ' 2S 
_*> 


= ln ((7TT)('v - 6>) 4# - /w = 


log A 


Determine which one of the choices (A, B, C, or D) is an equation in which y can be writ¬ 
ten as a function of x. 


41. A. 3a + 2y = 

6 

B. 

a = V|y] 

C. 

a= |y + 3| 

D. 

a 2 + y 2 = 9 

42. A. 3a 2 + 2y 2 

= 36 

B. 

a 2 + 3' — 2 = 0 

C. 

a-|v| = 0 

D. 

a = y 2 - 4 

43. A. a = Vy 2 


B. 

A = log V 2 

c. 

A 3 + V 3 = 5 

D. 

1 

■x = . - 

y- + 3 

44. A. y + y = 

1 

B. 

a = 5y 2 - 3 

c. 

X- V‘ 

T-9 =l 

D. 

A = 10' 

2-3* 

45. A. a =- - 

3+3 


B. 

a = ln( 3 * + I ) 2 

c. 

Vr = | y + I | 

D. 

N^ = y 2 

46. A. e r — a 


B. 

t ,>+- = V 

c. 

— .X 

D. 

lO 1 ’ 4 ' 21 = A 

47. A. a 2 = ~ 

3“ 


B. 

. . 1 
x + 2 = — 

V* 

c. 

It = — 

" y 4 

D. 

1 

” v - VT 

48. A. |a| = 13‘| 


B. 

x = |y 2 | 

c. 

_ 1 

\ 

D. 

A 4 + 3 4 = s l 

v 2 

49. A. T - T - 

1 

B. 

3 2 A 2 

4 9 1 

c. 

X \ 

4-9 = ° 

D. 

4 9 

50. A. 3 2 “ V(a 

+ 2) 2 

= 0 


B. 

v - V (a + 2 ) 2 

= 0 


C. > 6 " V(a 

+ l) 2 

= 0 


D. 

3 4 - Vr = 0 
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Key Terms 

4. 1 one-to-one function 

future value 

4.3 logarithm 

1 

4.4 common logarithm 

inverse function 

present value 

base 

pH 

4.2 exponential function 

compound amount 

argument 

natural logarithm 

exponential equation 

continuous 

logarithmic equation 

4.6 doubling time 

compound interest 

compounding 

logarithmic function 

half-life 

New Symbols 





the inverse of J(x) log x common (base 10) logarithm of x 

e a constant, approximately 2.718281828459045 1° x natural (base e ) logarithm of ,r 

loga x the logarithm of x with the base a 


Quick Review 


Concepts 


Inverse Functions 
One-to-One Function 

In a one-to-one function, each .v-value corresponds to only 
one y-value, and each y-value corresponds to only one 
.r-value. 

A function / is one-to-one if, for elements a and b in the 
domain of f. a ^ b implies /(«) /(fc). 

Horizontal Line Test 

A function is one-to-one if every horizontal line intersects 
the graph of the function at most once. 

Inverse Functions 

Let / be a one-to-one function. Then g is the inverse func¬ 
tion of / if 

(/ ° £)(*) = J for every x in the domain of g 

and 

(S = jr for every x in the domain of / 

To find «*( v), interchange .t and v in y = /(.\), solve for y, 
and replace > with g(.i). which is /“‘(-\) 


Examples 


The function y = x 2 is not one-to-one. because y — 16, 
for example, corresponds to both .r = 4 and .r = —4. 


. 

The graph of /(.v) = 2.v — 1 is a straight line with slope 2 
/ is a one-to-one function by the horizontal line test. 

Find the inverse of v = /(.»•) = 2\ — |. 


v = 2y - 1 

Interchange and \ 

-Y + 1 

V = - 

2 

Solve lor \ 

, x + l 

/"'u) = — v ~ 

Replace » \v ith / 1 


*_-_J — * i __ i 

J s -» — v l 


(continued) 
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Decide whether each function a\ defined or graphed Is one-to-one. 



4 - V = v' + 1 5. v = (a + 3) 2 6. y = V3a 2 + 2 

Write an equation, if posxdde, for each inverse function in the form y = / -, (.v). 

7. /(a) = v' - 3 8. /(a) = V25 - a 3 

9. C ancept t heck Suppose f(t) is the amount un investment will grow to / years after 
200*1 What does / _I (S50,000) represent' 1 

10. Concept Check The graphs of two functions arc 
shown. Based on their graphs, arc these functions 
inverses? 


-10 


10 



11. Concept Check To have an inverse, a function must be a(n)_function. 

12. Concept Check Assuming that / has an inverse, is it true that every A-intercept of 
the graph of y = /(a) is a y-intcrcept of the graph of y = /"'( a)? 


Match each ecpuiuon with the figure that most closely resembles its graph. 

13. y — logoj a 14. y — e‘ 15. y = In a 16. y 

A. , B. V C. >• D. 


= 0.3 J 


y 



X 


Write each equation in logarithmic form. 

17. 2 5 = 32 18. 100' - =10 19. ( - ) ' = - 

20. Graph y = (I.5) f+2 

Write each equation in exponential form. 

3 - 1 

21. log 1000 = 3 22. logy 27 = - 23. In \ e = — 

24. Concept Check What is the base of the logarithmic function whose graph contains 
the point (81.4)? 

25. Concept Check What is die base of the exponential function whose graph contains 
the point ( —4. ^ ) ? 
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Use properties of logarithms to rewrite each expression. 
Assume all variables represent positive numbers. 

26. log j (a 2 )* 4 '$/m*p ) 27. logj 


Simplify the result, if possible. 
28. Iog7(7* + 5 r 7 ) 


Find each logarithm. Round to four decimal places. 
29. log 0.0411 30. log 45.6 

32. In 470 33. Iog M § 

O 


31. In 144.000 
34. logj769 


Solve each exponential equation. Unless otherwise specified, express irrational solu¬ 
tions as decimals correct to the nearest thousandth. 


35. I6 x+4 = 8 31 " 2 
38. 2 X+3 = 5* 

41. c 2 ~* = 12 
44. 5 I+2 - 2 2j ~ 1 
47. e bt • e x — e 2i 

50 . + 2=0 


36. 4 J = 12 

39. 6* 4-3 = 4 s 

42. 2e 5x+2 = 8 

45. 6*-* = 3 4,+l 

48. 100(1.02) 1 ' 4 = 200 

51. 4(I.i 


37. 3 2x ~ 5 = 13 

40. e 1 ' 1 = 4 

43. I0e 3 *" 7 = 5 

46. e** * e 1 * = e 20 

49. le 2 * - 5e z - 3 = 0 
(Give exact form.) 

I x + 2 = 8 


52. Concept Check Which one or more of the following choices is the solution set of 
5 1 = 9? 


A. {log 5 9} B. {logg 5} 



F5 


Solve each logarithmic equation. Express all solutions in exact form. 


53. 3 In x = 13 

54. 

ln(5x) = 16 

55. log(2x + 7) = 0.25 

56. 

In .r + In x 3 = 12 

57. logi(x 3 + 5) = 5 

t>8. 

log 3 (x 2 - 9) = 3 

59. log^[(3.r+ I)(x — 4)] =2 

60. 

In e Xnx - In(.t — 4) = In 3 

61. log.v + iog(13 — 3r) = 1 

62. 

l°gi(3.r + 2) — log 7 (x — 2) = 1 

63. In(6.v) - ln(.r + 1) = In 4 

64. 

IogieVx + 1 =4 

4 

65. ln[ln(e -x )] = In 3 

66. 

S = a In ^ l + , for n 

67. d = 10 logf j V for fa 

68. 

D — 200 + 100 log a, for x 


69. Use a graphing calculator to solve the equation e x = 4 - In .r. Give solution(s) to 
the nearest thousandth. 


Solve each problem. 

70. Earthquake Intensity On September 30. 2009. the region of Indonesia known as 
Sumatra was shaken by an earthquake that measured 7.5 on the Richter scale. 

(n) Express this reading in terms of / 0 . (See Section 4.4 Exercises) 

(b) On May 12. 2008. a quake measunng 7 9 on the Richter scale killed about 88.000 
people in East Sichuan Province. China. Express the magnitude of a 7 9 reading 
in terms of 4>. 

(c) How much greater was the force of the earthquake that measured 7.9> 
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71. harthquakr Intensity 

(n) The San Francisco earthquake of 1906 lmd u Richter settle ruling of 8.3. Express 
the magnitude of this cntihquuke us a multiple of /<j. 

(h) In 1989. the San Francisco region experienced an curthquakc with a Richter scale 
rating of 7.1. Express the magnitude of this earthquake ns a multiple of / 0 . 

(c) Compare the magnitudes of the two San Francisco earthquakes discussed in 
parts (a) and (b). 

72. ( Modeling) Decibel Leeds In Section 4.4 we found that the model for the decibel 
rating of the loudness of a sound is 

d = 10 log 

Ai 

A few years ago. there was u controversy ubout a proposed government limit on 
factory noise One group wanted a maximum of 89 decibels, while another group 
wanted 86. Tins difference seemed very small to mnny people. Find the percent by 
which the 89-dectbel intensity exceeds that for 86 decibels. 

73. Interest Kate What annual interest rate, to the nearest tenth, will produce $5760 if 
$3500 is left at interest compounded unnualiy for 10 yr? 

74. Growth of an Account Find the number of years (to the nearest tenth) needed for 
S48.000 to become $58,344 at 5*>r interest compounded semiannually. 

75. Growth of an Account Manuel deposits $10,000 for 12 yr in an account paying 4*7r 
compounded annually. He then puts this total amount on deposit in another account 
paying 5% compounded semiannually for another 9 yr. Find the total amount on 
deposit after the entire 21-yr period. 

76. Growth of tin Account Anne Kelly deposits $12,000 for 8 yr in an account paying 
59c compounded annually. She then leaves the money alone with no further deposits 
at 6% compounded annually for an additional 6 yr. Find the total amount on deposit 
after the entire 14-yr period. 

77. Cost from Inflation Suppose the inflation rate is 4%. Use the formula for continuous 
compounding to find the number of years, to the nearest tenth, fora SI item to cost S2. 

PfH 78. (Modeling) Drug Level in the bloodstream After a medical drug is injected directly 
into the bloodstream, it is gradually eliminated from the body. Graph the following 
functions on the inter.'al [0. 10 ]. Use [0, 500] for the range of A(t). Determine 
the function that best models the amount A(r) (in milligrams) of a drug remaining in 
the body after t hours if 350 mg were initially injected 

(a) A(/) = t 2 - t + 350 (b) ,t(r) = 350 log(/ + 1 ) 

(c) A(t) = 350(0.75)' (d) A(r) = 100(0 95)' 

79. (Modeling) Chicago Cubs’ Payroll The table shows the total payroll (in millions of 
dollars) of the Chicago Cubs baseball team for the years 2007—2010 



Total Payroll 

Year 

(millions of dollars) 

2007 

115 9 

2008 

1183 

2009 

134.8 

2010 

146 6 


Source vtvt w baseball.about com. 
wwu espn go tom 
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Letting y represent the total payroll and x represent the number of years since 2007. 
we find that the function 

f(x) = H3.2e l,mUu 

models the data quite well. According to this function, when would the total payroll 
double its 2010 value? 

HO. (Modeling) Transistors on Computer 
Chips Computing power of personal 
computers has increased dramatically as 
a result of the ability to place an increas¬ 
ing number of transistors on a single pro¬ 
cessor chip. The table lists the number 
of transistors on some popular computer 
chips made by Intel. 

(a) Make a scatter diagram of the data. 

Let the .r-axis represent the year, where 
,r = 0 corresponds to 1985, and let 
the y-axis represent the number of 
transistors. 

(b) Decide whcdicr a linear, a logarithmic, 
or an exponential function describes 
the data best. 

(c) Determine a function / that approximates these data. Plot / and the data on the 
same coordinate axes. 

(d) Assuming that this trend continues, use / to predict the number of transistors on 
a chip in the year 2012. 

81. Financial Planning The traditional IRA (individual retirement account) is a com¬ 
mon tax-deferred saving plan in the United States. Earned income deposited into an 
IRA is not taxed in the current year, and no taxes are incurred on the interest paid in 
subsequent years. However, when you withdraw the money from the account after 
age 59 r, you pay taxes on the entire amount you withdraw. 

Suppose you deposited S5000 of earned income into an IRA. you can cam an an¬ 
nual interest rate of 4%, and you are in a 25% tax bracket. (Note: Interest rales and 
tax brackets are subject to change over time, but some assumptions must be made 
to evaluate the investment) Also, suppose that you deposit the S5000 at age 25 and 
withdraw it at age 60. and that interest is compounded continuously. 

(a) How much money will remain after you pay the taxes at age 60? 

(b) Suppose that instead of depositing the money into an IRA. you pay taxes on the 
money and the annual interest. How much money will you have at age 60? (Afore* 
You effectively start with $3750 (75% of $5000), and the money earns 3% (75% 
of 4%) interest after taxes.) 

(c) To the nearest dollar, how much additional money will you earn with the IRA? 

(d) Suppose you pay taxes on the original S5000 but are then able to earn 4% in a 
tax-free investment. Compare your balance at age 60 with the IRA balance. 

82. Consider /(.v) = log 4 (2-t- — ,v) 

(n) Use the change-of-base theorem with base e to write log 4 (2.r 2 - .t) in a suitable 
form to graph with a calculator. 

(b) Graph the function using a graphing calculator Use the window [-2 5 ”>5] by 
(-5.25] 

(c) What are the .v-intercepts? 

(d) Give the equations of die vertical asymptotes. 

(e) Explain why dierc is no y-intercept. 



Year 

Chip 

Transistors 

1985 

386DX 

275.UU0 

1989 

486DX 

1,200,000 

1994 

Pentium 

3,300,000 

1999 

Pentium 3 

9.500,000 

2000 

Pentium 4 

42,000,000 

2006 

Core 2 Duo 

291.000,000 

2008 

Core 2 Quad 

820.000,000 


Source Intel 
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l. Consider the function /(.v) = > v / 2.y — 7. 

(n> Whm nre the domain and range of/? 

(U) Explain why / ’ exists. 

(c) Find the rule for / -, (.v). 

(cl) What nre die domain and rungc of f -1 ? 

(c) Graph bolh / and / _l . How are die two graphs relnied to the line y = .r? 


2 , 


Match each equation with its graph. 



3. Solve Q0~' ' = 16**'. 

4. (n) Write 4- V2 = 8 in logarithmic form. 

2 

(b) Write log H 4 = ~ in exponential form. 

5. Graph /(.r) = 00 and g(.r) = logj^ .r on the same axes. What is their relationship? 


6 . Use properties of logarithms to write 

, v-\^ 

log 7 - — 

as a sum, difference, or product of logarithms. Assume all variables represent posi¬ 
tive numbers. 


Use a calculator to find an approximation for each logarithm. Express answers to four 
decimal places. 

7. log 2388 8. In 2388 9. logg 13 

10. Solve the following 

x 20 = 25 

Solve each exponential equation. If applicable, express solutions to the nearest thousandth. 

11. 12'= I 12. 9* = 4 13. I6' l,+ 1 = 8 lT 

14. 2'' H — y~* 15. e OAt = 4*-‘ 

16. 2c 2x — 5e J +3 = 0 (Give both exact and approximate values ) 

Solve each logarithmic equation. Express all solutions in exact form. 

17. log, = 2 18. !og ; (.r - 4)(t - 2) = 3 


19. Iog 2 x + log : (.Y + 2) = 3 
21. logj(.r + I) - logj(.v - 3) = 2 


20. In .r - 4 In 3 = lnf-v 

v 5 
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22. One of your friends is taking another mathematics course and tells you, M I have no 
idea what an expression like log^ 27 really means.*’ Write an explanation of what n 
means, and tell how you can find an approximation for it with a calculator. 

Solve each problem. 

23. (Modeling Skydiver l oll Speed A skydiver in free fall travels at a speed modeled by 

v(/) = 176(1 - e- a,, ‘') 

feet per second after t seconds. How long will it take for the skydiver to attain a 
speed of 147 ft per sec (100 mph)? 

24. Growth of an Account How many years, to the nearest tenth, will be needed for 
$5000 to increase to $18,000 at 3.8% annual interest compounded (a) monthly 
(b) continuously 9 

25. Tripling Time For any amount of money invested at 3.8% annual interest com¬ 
pounded continuously, how long will it take to triple? 

26. (Modeling) Radioactive Decay The amount of radioactive material, in grams, present 
after / days is modeled by 

A(t) = 600e~ a - Oil . 

(a) Find the amount present after 12 days. 

(b) Find the half-hfe of the material. 







•iSOr! 


A system of equations can describe 
the relationships between quantities 
combined in a mixture, such as a 
blend of several types of coffee 
beans, used to achieve a perfect 
balance of flavor, boldness, and 
acidity. 


1 1 Systems of Linear Equations 








Matrix Solution of Linear 
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CHAFTLft it SyiiUiiii and Mitricn 



Changes in Population Matty factors may 
contribute to papulation changes in metropol¬ 
itan areas. The graph shows the populations 
of the New Orleans, Louisiana, ami the Jack¬ 
sonville. Florida, mciropitlitan areas over the 
years 2004-2009. 

1. In whni years was the population of the 
Jacksonville metropolitan area greater 
than that of the New Orleans metropolitan 
area? 

2. At the time when the populations of the 
two metropolitan areas were equal, what 
area? 


Papulation of Metropolitan Arens 



Year 

AVw/rr U S Ccmut Durtmi 


was the approximate population of each 


3. Express the solution of the system ns nn ordered pair. 

4. Use the terms increasing, decreasing , and constant to describe the trends for the 
population of the New Orleans metropolitan area. 

3. If equations of the form y = /(/) were determined that modeled cither of the two 

graphs, then the variable t would represent_and the variable y 

would represent_ 

[h! 6. Explain why each graph is that of a function. 


Solve each system by substitution. See Example I. 

7. 4.r + 3y = -13 8. 3x + 4y = 4 

—t + y — 5 x - y = 13 


9. x - Sy = 8 
x — 6 y 


10. 6x-y = 5 
v = 1 l.r 


11. 8A- - I0j’ — -22 
3.r + y = 6 


12. 4x — 5y — —11 
2x+ y = 5 


13. lx — y = -10 
3 v - a - 10 

16. 3.v - 7y = 15 
3x + 7y = 15 


14. 4.v + 5y - 7 
9 y = 31 + 2x 

17. 3 y = 5.v + 6 
x + y = 2 


15. -2a = 6y + 18 
-29 = Sy ~ 3x 


18. 4v = 2x - 4 
a* — y = 4 


Solve each system by elimination. In Exercises 27-30, first clear denominators See 
Example 2 . 


19. 3x - y = -4 

20. 4a 4- y = -23 

21. 

x + 3y = 12 

1 

to 

II 

1 


22. 4,r + 3y - - 1 

23. 5a 4- 7v = 6 

24. 

2.r 4- 5y = 3 

10a - 3v = 46 


25. 6a 4- 7y 4- 2 = 0 

26. 5a 4- 4y 4- 2 = 0 

27. 

lx — 6y — 26 = 0 

4 a - 5y - 23 = 0 



28. -jr + - = -2 

29. + 

1 - = 4 

30 

2 2 

3 

4 


X V 

r + 3 

a — v 


- + - = 0 


-- “ 3 


9 7 

2 

3 



2.x - 3y = -7 
5x + 4y = 17 


l 2 a - 5 y = 9 
3 a - 8v = - 1S 


x v 
- + — 
2 3 

3a 3y 

~> 


4 

15 


x + 6 2v — 
-4- 


A 


10 

A + 2 3v + 2 
- + —- 


1 

-3 
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Solve each system. State whether it is inconsistent or has infinitely many solutions, If 
the system has infinitely many solutions, write the solution set with y arbitrary. See 


/Examples 3 ami 4, 

31. 9.r — 5y =» 1 

-I8x + JOy = I 

34. 3* + 5y = —2 
9x + I5y = —6 

37. lx + 2y = 6 
I4.r + 4y — 12 


32. 3x + 2)' 3 5 
6x + 4y ** 8 

35. 5 x-Sy- 3 = 0 
x- y — 12 = 0 

38. 2*-8y = 4 
x — 4>‘ = 2 


33. 4x - y = 9 

-8* + 2y= -18 

36. 2x - 3y - 7 = 0 
—4.r + 6y — 14 = 0 

39. 2x - 6y = 0 
—7 jc+ 2Iy = 10 


40. Concept Check Which screen gives the correct graphical solution of the system? 
{Hint: Solve Tory first in each equation and use the slope-intercept forms to help you 
answer the question.) 

4x — 5y — — 11 


2x + 

10 



y = 5 

B. 


10 



c. 


10 



10 


D. 


10 



Connecting Graphs with Equations Determine the system of equations illustrated in 
each graph. Write equations in standard form. 



Use a graphing calculator to solve each system. Express solutions with approximations 
to the nearest thousandth. 


43. y.T + >‘ = 0.5 
0.6.t — y = 3 

45. y/lx 4* V5y - 3 = 0 

V6.v - v - V3 = 0 


44. VSv — y = 5 
lOO.r 4- y = 9 

46. 0.2x + V2y = 1 
V5* + O.ly = l 


Solve each system. See Example 6. 

47. .v + )+ ;= 2 48. 2* + y 4- z = 9 

2x 4 y — z = 5 x — y 4 z = 1 

V - X + Z = -2 3.v ->' + 2 = 9 


49 . 


a + 3v 4 Az — 14 
2a - 3y + 2z = 10 
3a — \ + 2 = 9 





















Matrices 


50 . 


55. 


4.y — y 4- 3c = -2 

Xv 4- 5y - c=15 
-2.v y 4* 4; = 14 

51 . x 4- 4y - c = 6 52. 4,v — 3y 4- z *=» 9 

2,v - y 4* c « 3 3,v 4- 2y — 2c = 4 

Xv 4- 2y 4* 3c “ 16 x — y 4* 3c = 5 

,v - 3y — 2c «= — 3 

Xv 4* 2y - z = 12 
-.v — v 4 4c = 3 


54. x 4 y 4 c = 3 

Xv - 3y - 4c = — 1 

X 4 y 4 3c = 11 

2a 4 6y - c = 6 

4a- - 3v 4 5c = —5 

6.t + 9y - 2j » 11 


56. 8a- — 3y 4 6z = — 2 

4.v 4 9y 4 Az = 18 

12 x ~ 3y 4 8c = -2 

2a - 3v 4- 2c - 3 = 0 


58. x 4 2y - z - 1 = 0 


0 




Solve each system in terms of the arbitrary variable x. See Example 7. 


59. x ~~ 2y 4 3c = 6 
2.t - V + 2z = 5 

62. X v - 5y - 4c = -7 

v - - = —13 


60. 3.t - 2y + z = 15 
.r 4- Ay — z = 11 

63. 3.v 4- 4y — z = 13 
x+ y + 2z= 15 


61. 5.t — 4y 4- z — 9 
y + z — 15 

64. .t — y + z — —6 
4.r + y + z — 7 


Solve each system. State whether it is inconsistent 


the system has infinitely many solutions. 
Examples 3, d, 6, and 7. 

65. 3.y 4- 5y — z = —2 

4.r - y + 2z = 1 
—6r - 10y + 2z = 0 

67. 5.r — 4y 4- z — 0 
x 4- y = 0 

- 10.t 4- 8y - 2z = 0 


or has infinitely many solutions. If 
write the solution set with z arbitrary. See 

66. 3.y 4- y 4 3z — I 
x + 2y- z — 2 
2x — y 4 4z = 4 

68. 2.r 4* y — 3z — 0 
4.r 4* 2y — 6c = 0 
Jf“ y+ £ = 0 


Solve each system. (Hint: In Exercises 69—72, let j = t and \ = u.) 



7a. Concept Check For what value(s) of k will the following system of linear equations 
have no solution? infinitely many solutions? 


-v - 2v = 3 
-2.x 4- 4y = k 

76. Concept Check Consider the linear equation in three variables x 4 y 4- - = 4 Find 
a pair of linear equations in three variables that, when considered together with 
the given equation, form a system having (a) exactly one solution, (b) no solution, 
(c) infinitely many solutions 


(Modeling) Use a sy stem of equations to solve each problem. Sec Example 8. 

77. Find the equation of the line y = ax + b that passes through the points (— 2, 1) and 

(- 1 .- 2 ) 
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78. Find the equation of (he line y ax + b iJ»a( passes through the points (3, -4) and 

(-1.4). 

79. Find the cquulion of the parabola y = ax 2 + bx + c that passes through the points 
(2,3), (-1.0), and (-2.2). 

80. Find the equation of the parabola y «= ax 2 + bx + r that passes through the points 
(-2.4), (2, 2). and (4.9). 

81. Connecting Graphs with Equations 82. Connecting Graphs with Equations 

Use a system to find the equation of Use a system to find the equation of 

the line through the given points. the parabola through the given points. 



83. Connecting Graphs with Equations Find the equation of the parabola. Three views 
of the same curve are given. 



84. (Modeling) The tabic was generated using a func¬ 
tion defined by Yj — oX 2 + £X + c. Use any three 
points from the table to find the equation that defines 
the function. 


X 

Vi 



SAM 

- 


ZJB 


‘1 



0 

S6 


1 

J- 


z 

U*B 


3 

HJi 


X= "3 

V ' "... 



(Modeling) Given three noncoliinear points, there is one and only one circle that passes 
through them. Knowing that the equation of a circle may be written in the form 

x- + y- + at + by + c = 0, (Section 2-2) 
find the equation of the circle passing through the given points. 

85. (-1,3), (6,2), and (-2.-4) 86. (-1,5), (6,6), and (7,-1) 

87. (2, 1), (-1,0), and (3,3) 88. (-5. 0). (2,-I), and (4. 3) 

89. Connecting Graphs with Equations 90. Connecting Graphs with Equations 





























Matrices 


( M tuh'ltnti > Use tin * method of Example S to work Exercises 91 anti 92, 


91. Umospherte ( arbon Dioxide Carbon dioxide concentrations 
(in parts per million) have been measured directly from the 
atmosphere since I960. This concentration has increased qua* 
dmticully. The table lists readings for three years. 

(n) II the quadratic relationship between the carbon dioxide con¬ 
centration ('and the year / is expressed as C = at * + bt + c, 
where / - 0 corresponds to 1960, use a system of linear 
equations to determine the constants a, b, and r, and give the 
equation. 

(t») Predict w hen the amount of carbon dioxide in the atmosphere 
w ill be double its 1960 level. 


\ ei»r 

< < 

I960 

317 

1980 

339 

2009 

385 


Source- U S 


Department of 
Energy. Carbon 
Dioxide 
Information 
Analysis Center 


92. Aircraft Speed mul Altitude For certain aircraft there exists a quadratic relation¬ 
ship between an airplane's maximum speed S (in knots) and its ceiling C. or highest 
altitude possible (in thousands of feet). The table lists three airplanes that conform to 
this relationship 


Airplane 

Mux Speed (S) 

Celling (C) 

Hnwkeye 

320 

33 

Corsair 

600 

40 

Tomcut 

1283 

50 


Sourer Sunders. D., Statistic*: A First Course, 
Sixtli Edition, McGnm Hill. 


(n) If the quadratic relationship between C and S is written as C = aS 2 + bS + c, 
use a system of linear equations to determine the constants a, b and c, and give 
the equation. 

(b) A new aircraft of this type has a ceiling of 45,000 ft Predict its top speed. 

Solve each problem. See Examples 5 and 9 . 

93. Unknown timbers The sum of two numbers is 47, and the difference between the 
numbers is 1. Find the numbers. 

94. Costs of Goats and Sheep At the Brendan Berger ranch, 6 goats and 5 sheep sell for 
S305, while 2 goats and 9 sheep sell for $285. Find the cost of a single goat and of a 
single sheep. 

95. Fan Cost Index The Fan Cost Index (FCI) 
is a measure of how much n will cost a fam¬ 
ily of four to attend a professional sports 
event. In 2010, the FCI prices for Major 
League Baseball and the National Foot¬ 
ball League averaged S307 76. The FCI 
for baseball was S225.56 less than that 
for football What were the FCIs for these 
sports'* ( Source . Team Marketing Report ) 

96. Money Denominations A cashier has a total of 30 bills, made up of ones, fives, and 
twenties The number of twenties is 9 more than the number of ones The lotal value 
of the money is S35I. How many of each denomination of bill are [here' 7 

97. Mixing W ater A sparkling-water distributor wants to make up 300 gal of sparkling 
water to sell lor $6.00 per gallon She wishes to mix three grades of water scllinc for 
S9.00, S3 00. and S4.50 per gallon, respectively She must use twice as much of the 
S4.50 w ater as of the S3 00 water How many gallons of each should she use' 7 
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98. Mixing (Hue A glue company needs to make some glue that it can sell for $120 
per barrel. It wants to use 150 barrels of glue worth 5100 per barrel, along with 
some glue worth 5150 per barrel and some glue worth 5190 per barrel. It must use 
the same number of barrels of SI50 and SI90 glue. How much of the 5150 und 
$190 glue will be needed? How many barrels of $120 glue will be produced? 

99. Triangle Dimensions The perimeter of a triangle is 59 in. The longest side is 
11 in. longer than the medium side, and the medium side is 3 in. longer than the 
shortest side. Find the length of each side of the triangle. 



jk-t ! 


100. Triangle Dimensions The sum of the measures of the angles of any triangle is 
180°. In a certain triangle, the largest angle measures 55° less than twice the 
medium angle, and the smallest angle measures 25° less than the medium angle. 
Find the measures of all three angles. 

101. Investment Decisions Patrick Summers wins 5200,000 in the Louisiana state lot¬ 
tery. He invests part of the money in real estate with an annual return of 3% and 
another part in a money market account at 2-5% interest. He invests the rest, which 
amounts to $80,000 less than the sum of the other two parts, in certificates of 
deposit that pay 1.5%. If the total annual interest on the money is $4900, how 
much was invested at each rate? 



Amount 

Invested 

Rate 

(as a decimal) 

Annual 

Interest 

Kcal Estate 


0.03 


Money Market 


0.025 


CDs 


0.015 



102. Investment Decisions Jane Hooker invests $40,000 received as an inheritance in 
three parts. With one part she buys mutual funds that offer a return of 2% per year. 
The second part, which amounts to twice the first, is used to buy government bonds 
paying 2.5% per year. She puts the rest of the money into a savings account that 
pays 1 25% annual interest. During the first year, the total interest is $825. How 
much dtd she invest at each rate? 



For individual or collaborative investigation IExercises 103-1081 


Supply ami Demand In many applications of economics, as the price of an item 
goes up. demand for the item goes down and supply of the item goes up The price 
where supply and demand are equal is the equilibrium price, and the resulting sup¬ 
ply or demand is the equilibrium supply or equilibrium demand. 

Suppose the supply of a product is related to its price by the equation 


■> 



where p is in dollars and q is supply in appropriate units. (Here, q stands for 

quantity.) 


(continued) 
















Matrices 


i'urthennore, suppose demand and pin e for lilt' 
same pnutin i an related by 

I 

/> ~ ^ </ ♦ 18, 

where p is price tout «/ n demand. The system 
formed h\ these two equations Inis solution 
(18, 12), <j.\ seen in the graph Use this informa¬ 
tion to work I'xcrciscs 1 0.1- 1 OS in order. 

103. Suppose the demand and price for a certain model of electric can opener 
are related by p = 10 — , </, where p is price, in dollars, and i\ is demand, in 
appropriate units Find the price when the demand is at each level. 

(a) 0 units (h) 4 units (c) 8 units 

104. Find the demand for the electric can opener at each price. 

U») $6 (hi SI I (c) SI6 

105. Graph p = 16 — jr/ 

106. Suppose the price and supply ol the can opener arc related by p = }</, where q 

represents the supply and p the price Find the supply at each price. 

(a) SO <h) $10 (c) $20 

107. Graph p = ^ on the same axes used for Exercise 105. 

10S. Use the result ol Exercise 107 to find the equilibrium price and the equilib¬ 
rium demand 


/' 



109. Solve the system of equations (4), (5). and (6) from Example 9. 

25 -v + 40y + 20z - 2200 (4) 

4x+ 2y+ 32 = 280 (5) 

3* + 2y + z=I80 (6) 

110. Check your solution in Exercise 109, showing that it satisfies all three equations of 


the system. 

111. Mending Coffee Beans Three vari¬ 
eties of coffee—Arabian Mocha 
Sanani, Organic Shade Grown Mexico, 
and Guatemala Antigua—are com¬ 
bined and roasted, yielding a 50-lb 
batch of coffee beans. Twice as many 
pounds of Guatemala Antigua, which 
retails for $10.19 per lb, are needed 
as of Arabian Mocha Sanani, which 
retails for $15.99 per lb Organic 
Shade Grown Mexico retails for 
$12.99 per lb. How many pounds of 
each coffee should be used in a blend 
that sells for $12 37 per lb? 



112. Biending Coffee Beans Rework Exercise 111 if Guatemala Antigua retails 
for $12.49 per lb instead of $10.19 per lb Does your answer seem reasonable? 
Explain. 
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Matrix Solution of Linear Systems 


■ Tho Gnuss-Jordnn 
Method 

■ Spocial Systems 



Matrix 


Since systems of (incur equations occur in so many practical situations, computer 
methods have been developed for efficiently solving linear systems. Computer 
solutions of linear systems depend on the idea of a matrix (plural matrices), 
a rectangular array of numbers enclosed in brackets. Each number is an element 
of the matrix. 


The Gauss-Jordan Method In this section, we develop a method for solving 
linear systems using matrices. We start with a system and write the coefficients 
of the variables and the constants as an augmented matrix of the system. 

Linear system of equations Augmented matrix 


x + 3y + 2z = 1 

"1 

3 

2 

r 

<— 

2,r+ y — z = 2 can be written as 

2 

1 

-1 

2 

<- 


1 

1 

1 

2 

V— 

x + y + z = 2 



t 




Column-. 


The vertical line, which ts optional, separates the coefficients from the con¬ 
stants. Because this matrix has 3 rows (horizontal) and 4 columns (vertical), 
we say its dimension* is 3 X 4 (read “three by four'’). The number of rows is 
always given first. To refer to a number in the matrix, use its row and column 
numbers. For example, the number 3 is in the first row, second column. 

We can treat the rows of this matrix just like the equations of the corre¬ 
sponding system of linear equations. Since the augmented matrix is nothing 
more than a shorthand form of the system, any transformation of the matrix that 
results in an equivalent system of equations can be performed. 


Matrix Row Transformations 

For any augmented matrix of a system of linear equations, the following 
row transformations will result in the matrix of an equivalent system. 

1. Interchange any two rows. 

2. Multiply or divide the elements of any row by a nonzero real number. 

3. Replace any row of the matrix by the sum of the elements of that row and 
a multiple of the elements of another row. 


These transformations are restatements in matrix form of the transforma¬ 
tions of systems discussed in the previous section. From now on, when referring 
to the third transformation, we will abbreviate “a multiple of the elements of a 
row” as “a multiple of a row.” 

Before matrices can be used to solve a linear system, the system must be 
arranged in the proper form, with variable terms on the left side of the equation 
and constant terms on the nght. The variable terms must be in the same order in 
each of the equations. 


•Other terms used to describe the dimension of n matrix arc order and uzc 
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Solving i System with infinitely Many Solutions 

Use the Gnuss*Jordan method to solve the system. 


2.v - 5 v + 3z = 1 
a — 2 y — 2z — 8 


SOLUTION Recall from the previous section that a system with two equations 
in three variables usually has an infinite number of solutions. We can use the 
Gauss-Jordan method to give the solution with z arbitrary. 



-5 

3 1 M 


—2 

—2 1 8 J 

Write the augmented matrix. 

—2 

-2 I 8l 

Interchange rows to get 1 in the 

-5 

3 1 lj 

first row. first column position 

—2 

-2 I { 

0 

-1 

7 1 

j J -2RI + R2 

—2 

-2 I 8l 


1 

—7 1 15 J 

-1R2 

0 

-16 I 38] 

2R2 + R1 

1 

“7 1 15 J 



It is not possible to go further with the Gauss-Jordan method. The equations that 
correspond to the final matrix arc 


x 16z = 38 and y — 7 z— 15. 

Solve these equations for.v and 3 *, respectively. 

-v - 16z = 38 y-lz- 15 

x = 16z + 38 y — lz + 15 (Section 1.1) 

The solution set, written with z arbitrary, is {(16z + 38, lz + 15,z)}. 

/ Now Try Exercise 37. 


Summary of Possible Oases 

When matrix methods are used to solve a system of linear equations and the 

resulting matrix is written in diagonal form: 

1 . If the number of rows with nonzero elements to the left of the vertical 
line is equal to the number of variables in the system, then the system has 
a single solution. Sec Examples 1 and 2. 

2. If one of the rows has the form [0 0 * • * 0 1 a ] with o^O, then the sys¬ 
tem has no solution. See Example 3. 

3. If there are fewer rows in the matrix containing nonzero elements than 
the number of variables, then the system has either no solution or in¬ 
finitely many solutions. If there are infinitely many solutions, give the 
solutions in terms of one or more arbitrary variables. See Example 4, 
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Exercises 


Use the given raw transformatio/1 to t hange eat h ntatrix as indli uu d, See Examplt /. 

t a 


-4 iJmcs row 1 
added to row 2 


3. 


1 5 6 

-2 3 -I 
4 7 0 


2 times row I 
' added to rov. 2 


-4 

0 


-7 times row I 

♦ufdi*d to row 2 


4. 


I 5 6 
-4 -1 2 

.3 7 1 


4 umes iow l 

» 

* added to row 2 


Concept Check Write the augmented matrix for each system and give it v dimension. Do 
not solve. 


5. 2x 4 3y = 11 
.v 4 2y — 8 

7. 2x 4 y 4- z — 3 = 0 
3x — Ay 4 2z 4 7 = 0 
x + y+ z — 2 = 0 


6. 3x 4 5y = —13 
2x 4* 3v = -9 

8. 4x - 2y 4 3z - 4 = 0 
3x 4 5y r - 7 = 0 
5x — v44;-7 = 0 


Concept Check Write the system of equations associated with each augmented matrix. 
Do not solve. 




3 

2 

1 


r 


‘2 

1 


3 

12' 

9. 


0 

2 

4 

22 

10. 

4 

-3 


0 

10 



1 

—2 

3 

15. 


.5 

0 


-4 

-11J 


*1 

0 

0 

2 ~ 



'1 

0 

0 

4' 


11. 

0 

1 

0 


3 


12. 

0 

1 

0 

2 



.0 

0 

I 

— 

2 



^0 

0 

1 

3. 



13. 


cm 


110 3 

0 2 1 -4 

10-15 


14. 



Use the Gauss-Jordan method to solve each system of equations. For systems in two vari¬ 
ables with infinitely many solutions, give the solution with y arbitrary. For systems in three 
variables with infinitely many solutions, give the solution with z arbitrary. See Exam ples 1—4. 


15. x + y = 5 
x — y = — 1 

18. 2x-5 y= 10 
3x 4 v = 15 

21. 2.x - y = 6 
4.v — 23=0 


24. 



y~ 


4 


10.r4 12y = 5 


27. 


x 4 y — z = 6 
2.v — 3-4 z = —9 
x - 2v 4 3z = 1 


16. x 4 2y = 5 
2x4 y = —2 

19. 6x - 3y — 4 = 0 
3x 4 6y — 7 = 0 

22. 3x — 23 ’ = 1 
6x — 43 * = — 1 


17. 3x 4 23 ' = -9 
2x — 53 * = -6 

20. 2x - 3y - 10 = 0 
2x 4 2y — 5 = 0 

„ 3 _i 1 

8 X 7? ~ 8 
— 6 x 4 83 ’ = —14 


25. 


*+ y ~ 5z— — 18 

3x — 3 s’ 4 z — 6 
x 4 3y - 2z = -13 


28. 


x + 33 - — 6z = 7 
—t — y 4 z = 1 
x 4 2v 4 2z = — 1 


26. 


-x 4 2y 4 6z = 2 
3x 4 23 * 4 6z — 6 
x 4 4y - 3z = 1 


29. x - z = -3 
v 4 z = 9 
x 4 z = 7 
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JO. 


33. 

35. 


37 


39. 


41. 


~.v + v = -l 31. y = 

v - c = 6 x = 

v + c ~ - 1 c = 

2\ - v + 3: « 0 
v -t- 2\~z~ 5 
2v -t c ~ I 

3.v + 5v - : + 2 = 0 
4 v - v + 2z - I = 0 
-6a - lOy + 2z = 0 

v - 8v + c = 4 
3\ - \ + 2z ~ — 1 

x - y + 2z + w = 4 
v + c = 3 
c - »«• = 2 
-v - v = 0 


a + 3v — 2c — »«' = 9 

4a + y + c + 2ic = 2 

—3a — y + z ~ »»' = —5 

v — v — 3c — 2 m* = 2 


-2.i - 2z + I 32. .v = -y »- I 

-2v - c + 2 c “ 2 a- 

- v y = -2c - 2 

34. »l.v 2y - 3c = 6 
x — 4y + c = —4 
-a + 2c = 2 

36. 3.v + y + 3c - l = 0 
a + 2v - c - 2 = 0 
2.t — v + 4c — 4 = 0 

38. 5a - 3y + c = 1 
2 a + y — c = 4 

40. a + 2y + c - 3i»* = 7 
.v + c = 0 
a — w = 4 
-A + y = -3 

42. 2a + v — c + 3ir = 0 

3a — 2y + c — 4 it’ = — 24 

a + y — c + ii’ = 2 

a - y + 2c — 5t»* = — 16 


3 Solve each system using a graphing calculator capable of performing row operations 
Give solutions with values correct to the nearest thousandth. 


43. 0 3 a + 2.7y - V2z = 3 
V7.v - 20y + 12c = -2 

4.x+V3y- I2z = — 


44. V5a - 1 .2v + z = -3 



3y + 4c = 


4 

3 


4a + 7y - 9z = V2 


Graph each system of three equations together on the same axes, and determine the 
number of solutions (exactly one, none, or infinitely many). If there is exactly one solu¬ 
tion, estimate the solution. Then confirm your answer by solving the system with the 
Gauss-Jordan method. 

45. 2a + 3y = 5 46. 3 v - 2y = 3 

-3a + 5y = 22 -2.v + 4y = 14 

2a + y = -1 v + v = 11 


For each equation, determine the constants A and B that make the equation an identity . 
(Hint: Combine terms on the right, and set coefficients of corresponding terms in the 
numerators equal ) 


47. 


1 

(a - 1 )(a + I) 


A 


A - 1 


B 

- 

A + 1 


48. 


-V + 4 A B 

—— = — + — 

A - A A * 


49. - — - 

(a - a)( a + a) 


A B 

-+ - 

a a a + a 


50. 


2 a 

(a + 2 )(a - 1 ) 


A 

- + 

A + 2 



Solve each problem using matrices 


51. Daily Wages Dan Abbey is a building 
conlractor. If he lures 7 day laborers and 
2 concrete finishers, his payroll for the 
day is $1384 If he hires l day laborer 
and 5 concrete finishers, his daily cost is 
S952 Find the daily wage for each type ol 
worker. 
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52. Mixing Xu/s At the Everglades Nm Company. 5 lb of peanuts and 6 lb of cashews 
cost $33.60, while 3 lb of peanuts and 7 lb of cashews cost $32.40. Find the cost of a 
single pound of peanuts and a single pound of cashews. 

53. Unknown Sunthers Find three numbers whose sum is 20, if the first number is 
three limes the difference between the second und the third, and the second number 
is two more than twice the third. 

54. Car Sales Quota To meet a sales quota, a car salesperson must sell 24 new cars, 
consisting of small, medium, and large cars. She must sell 3 more small cars than 
medium cars, and the same number of medium cars as large cars. How many of each 
size must she sell? 

55. Mixing Acid Solutions A chemist has two prepared acid solutions, one of which is 
2% acid by volume, the other 7% acid. How many cubic centimeters of each should 
the chemist mix together to obtain 40 cm 3 of a 3.2% acid solution 9 

56. Financing an Expansion To get the necessary funds for a planned expansion, a 
small company took out three loans totaling $25,000. The company was able to bor¬ 
row some of the money at 4% interest. It borrowed $2000 more than one-half the 
amount of the 4% loan at 6%, and the rest at 5%. The total annual interest was 
$1220. How much did the company borrow at each rate? 

2)57. Financing an Expansion In Exercise 56, suppose we drop the condition that the 
amount borrowed at 6% is $2000 more than one-half the amount borrowed at 4%. 
How is the solution changed? 

[if) 58. Financing an Expansion Suppose the company in Exercise 56 can borrow only 
$6000 at 5% Is a solution possible that still meets the given conditions? Explain. 

59. Planning a Diet In a special diet for a hospital patient, the total amount per meal 
of food groups A. B, and C must equal 400 g. The diet should include one-third as 
much of group A as of group B. The sum of the amounts of group A and group C 
should equal twice the amount of group B. How many grams of each food group 
should be included? (Give answers to the nearest tenth.) 

2)60. Planning a Diet In Exercise 59, suppose that, in addition to the conditions given 
there, foods A and B cost SO 02 per gram, food C costs $0.03 per gram, and a meal 
must cost $8. Is a solution possible? Explain. 



(Modeling) Age Distribution in the United States As people live longer, a larger per¬ 
centage of the U.S population is 65 or over and a smaller percentage is in younger age 
brackets. Use matrices to solve the problems in Exercises 61 and 62. Let . r = 0 repre¬ 
sent 2010 and x = 40 represent 2050. Express percents in decimal form. 

61. In 2010, 13 0% of the population was 65 or older. By 2050, this percentage is expected 
to be 20 29c The percentage of the population aged 25-34 in 2010 was 13.5%. That 
age group is expected to include 12 8% of the population in 2050. ( Source . U.S. 
Census Bureau.) 

(n) Assuming these population changes arc linear, use the data for the 65-or-older age 
group to wntc a linear equation. Then do die same for the 25-34 age group. 

(b) Solve the system of linear equations from part (a) In what year will the two 
age groups include the same percentage of the population 9 What is that 
percentage? 

® (c) Does your answer to part (b) suggest that the number of people in the U.S. popu¬ 
lation aged 25-34 is decreasing? Explain. 


62. In 2010. 13.3% of the U S. population was aged 35-44. Tins percentaee is expected 
to decrease to 12 5% in 2050 (Source: U S Census Bureau ) 

(a) Wntc a linear equation representing this population change 

(b) Solve the system containing the equation from part (a) and the equation from 
Exercise 61 for die 65-or-older age group Give the year and percentaee when 
these two age groups will include the same portion of die population 
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63. (Modeling) Athlete's Weight ami Height 
The relationship between n professional bas¬ 
ketball player's height H (in inches) and 
weight W (in pounds) was modeled using two 
different samples of players. The resulting 
equations that modeled the two samples were 

W = 7.46// - 374 

and W = 7.93// - 405. 

(n) Use each equation to predict the weight of 
u 6 ft 11 in. professional bnskctball player. 

(b) According to each model, whut change in 
weight is associated with u I-in. increase 
in height? 

(c) Determine the weight and height where 
the two models agree. 



64. (Modeling) Traffic Congestion 
At rush hours, substantial traffic con¬ 
gestion is encountered at the traffic 
intersections shown in the figure. (All 
streets arc one-way.) The city wishes 
to improve the signals at these cor¬ 
ners to speed the flow of traffic. The 
traffic engineers first gather data. As 
the figure shows, 700 cars per hour 
come down M Street to intersection 

A, and 300 cars per hour come to intersection A on 10th StrceL A total of X\ of these 
cars leave A on M Street, while x 4 cars leave A on 10th Street. The number of care 
entering A must equal the number leaving, which suggests the following equation. 



x\ + x 4 — 700 + 300 
jtj 4- x 4 = 1000 


For intersection B, X| cars enter B on M Street, and x 2 cars enter B on 11th Street. 
As die figure shows. 900 cars leave B on 11th, while 200 leave on M, which leads to 
the following equation. 

jci + x 2 = 900 + 200 
-t| + X 2 — 1100 


At intersection C, 400 cars enter on N Street and 300 on 11th Street, while x 2 

leave on 11 th Street and x 3 leave on N Street. 

x 2 + x 3 = 400 + 300 
x 2 + xj = 700 

Finally, intersection D has x 3 cars entering on N and x 4 entering on 10th. There 

are 400 cars leaving D on 10th and 200 leaving on N. 

(a) Set up an equation for intersection D 

(b) Use the four equations to write an augmented matrix, and then transform it so 
that Is are on the diagonal and 0s are below This is triangular form. 

(c) Since you got a row of all 0s. the system of equations does not have a unique 
solution Write three equations, corresponding to the three nonzero rows of the 
matrix. Solve each of the equations for ,v 4 

(d) One of your equations should have been x 4 = 1000 - x, What is the greatest 
possible value of X| so that .r 4 is not negative 9 

(e) Another equation should have been ,v 4 = x 2 — 100 Find the least possible value 
of r 2 so that x 4 is not negative 

(O Find the greatest possible values of x 3 and .t 4 so dial neither variable is negative. 

(g) Use the results of parts (a)-(O to give a solution for the problem in which all the 
equations arc satisfied and ail variables are nonnegative Is the solution unique 9 
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Relating Concepts 


For individual or collaborative investigation (Exorcises 65-681 

l Modi hut;l \iimbt i of / own Fo modi’l 
the spring fawn count / from the adult 
pronghorn population A, ilie precipitation 
I*, and llie seventy of the winter W. envi¬ 
ronmentalists have used the equation 

F — </ + bA + cP + dW, 

where the coefficients a, h. c. and d are 
constants that must he determined before 
using the equation (Winter severity is scaled between I and 5, with 1 being mild 
and 5 being severe I Work Exercises 65—68 in order. (Source Brase. C and C 
Brasc. Understandable Statistics. D C Meath and Company. Bureau of Land Man¬ 
agement.) 

65. Substitute the values for F, A, /■*. and W from the table for Years 1-4 into the 
equation 

F = a + bA + cP + dW 

and obtain four linear equations involving a, b. c. and d 



Ye;ir 

Fawns 

Adults 

I’recip. (in inches) 

Winter Severity 

i 

239 

871 

11 5 

3 

2 

234 

847 

12.2 

2 

3 

192 

685 

106 

5 

4 

343 

969 

14 2 

1 

5 

9 

960 

12.6 

3 


66. Write an augmented matrix representing the system in Exercise 65, and sohe 
for a. b, c, and d 

67. Write the equation for F using the values found in Exercise 66 for the coef¬ 
ficients 

68. Use the information in the table to predict the spring fawn count in Year 5. 
(Compare this with the actual count ol 320.) 


(Modeling) Number of Calculations When computers are programmed to solve large 
linear systems involved in applications like designing aircraft or electrical circuits, they 
frequently use an algorithm that is similar to the Causs-Jordan method presented in this 
section. Solving a linear sy stem with n equations and n variables requires the computer 
to perform a total of 

n , 0 = + _ 1 „ 

arithmetic calculations, including additions, subtractions, multiplications, and divi¬ 
sions. Use this model to solve the problems in Exercises 69-72. ( Source: Burden. R. and 
J. Faires. Numerical Analysis, Sixth Edition, Brooks/Cole Publishing Company.) 

69- Compute T for the following values of n. 

n = 3, 6, 10. 29, 100. 200. 400. 1000. 5000. 10,000. 100.000 
Write the results in a table. 
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70. in 1940, John Nlnnoson a physicist from Iowa 
st.it* I'nivi isitN warned to solve a 29X29 
linear system of equations. How many arithmc- 
tic operations would this have required? Is this 
too many to do by hand? (AlannsofTs work led 
to the invention of the first fully electronic digi¬ 
tal computer.) (Source.* The Gaze tie.) 

71. If the number of equations and variables is 
doubled, docs the number of arithmetic opera¬ 
tions double? 



Atanasoff-Berry Computer 


72. A Cray-T90 supercomputer can execute up to 60 billion arithmetic operations per second. 
How many hours would be required to solve a linear system with 100,000 variables? 



Determinant Solution of Linear Systems 


a Determinants 
b Colnctors 

■ Evaluating n x n 
Determinants 

b Determinant Theorems 
B Cramer's Rule 


Determinants Every n X n matrix A is associated with a real number called 
the determinant of/\, written \A |. The determinant of a 2 X 2 matrix is defined 
as follows. 


Determinant of a 2 X 2 Matrix 


a\\ 

«I2 

, then 

A | = 


a\z 

.^21 

<722 - 



an 

an 



NOTE Matrices are enclosed with square brackets, while determinants 
are denoted with vertical bars. A matrix is an array of numbers, but its de¬ 
terminant is a single number. 


The arrows in the diagram in the margin will remind you which products to find 
when evaluating a 2 X 2 determinant. 


Evaluating a 2 X 2 Determinant 

Let A = J ^ gj. Find |A1. 


ALGEBRAIC SOLUTION 


GRAPHING CALCULATOR SOLUTION 


Use the definition with 


a\z — 4, 

021 = 6, a~>-> — 8. 

= -3*8 

— 6*4 

t f 

t f 


t7;i an 

= -24 - 

24 

= -48 



We can define a matrix and then use the capability of 
a graphing calculator to find the determinant of the 
matrix. In the screen in Figure 8, the symbol det([A ] ) 
represents the determinant of [ A ]. 


tRl 

[-3 4 1 


L 6 8i 

detC[R]> 

-48 


Figure 8 


l/ Now Try Exercise 1- 
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LOOKING AHEAD TO CALCULUS 

Determinant* ure used In calculus tu 
find vector cross products, which are 
used to study the effect of forces in the 
plane or In space 


Determinant of a 3 x 3 Matrix 

. then the determinant of A. symbolized | A |, is 



"11 

OJ2 

OiJ 

IM = 

Oh 

(l 2 2 

<‘K 


-Oji 

o.u 

"33. 

defined 

os follows. 



On 

"12 

" 13 

Ml = 

«2I 

a 22 

"2.1 


«3I 

"32 

"33 


= (a 1 1 " 22 ° 33 ■+■ fl l 2 fl 23 fl 3 l + 

— (r/3i«22"i3 + OjiOzjO it + 


The terms on the right side of the equation in the definition of | A ] can be 
rearranged to gel the following. 


Oil 

012 

0|3 

021 

O22 

023 

031 

O32 

O33 


— oi 1(022033 — 032023 ) — Ojj ( 012 O 33 — 032013 ) 
+ 031(012023 — O22O13) 


Each quantity in parentheses represents the determinant of a 2 X 2 matrix 
that is the part of the 3X3 matrix remaining when the row and column of the 
multiplier are eliminated, as shown below. 


0ll(022033 

— 032023) 

on 

021 

012 

«22 

013 

023 



-O31 

O32 

033- 



'o„ 

012 

0| 3 ” 

021(012033 

~ 0320| 3 ) 

021 

022 

023 



_03| 

O32 

033- 



Oil 

0|2 

0|3 _ 

031 (012O23 

~ O22O13) 

C/21 

1 322 

«23 



-Oil 

032 

033 _ 


Cefaclors The determinant of each 2X2 matrix above is the minor of the 
associated element in the 3 X 3 matrix. The symbol M u represents the minor 
that results when row 1 and column j are eliminated. The following list gives 
some of the minors from the matrix above. 


Element 

Minor 

Element 

Minor 

Oil 

A/,» » 

a 22 022 

c/32 a X* 


"22 

II 

< 

"Jl "13 

"31 "j3 


"21 

A/ 2 , = 

"12 "13 

"32 "33 


"23 

*/23 = 

"II "12 

"31 "32 


"31 

A/31 = 

"12 "13 

"22 "u 


"33 

A/jj = 

"II "12 

"21 "22 
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Find the value of each determinant. See Example I. 


1. 


4. 


7. 


-5 9 

4 -l 

6 -4 

0 -1 

3 4 

5 —2 


2 . 


5. 


8 . 


-1 

—2 

9 

-3 

-9 


3 
9 

3 

-1 

7 
6 


3. 


6 . 


9. 


-I -2 
5 3 

0 2 
1 5 


-7 

3 


10. Concept Check Refer to Exercise 5. Make a conjecture about the value of the deter¬ 
minant of a matrix in which one row is a multiple of another row. 

Find the cofactor of each element in the .second row for each determinant. See Example 2. 



—2 

0 

1 


1 

-1 

2 


1 

2 

-1 


2 

-1 

4 

11. 

1 

2 

0 

12. 

1 

0 

2 

13. 

2 

3 

-2 

14. 

3 

0 

1 


4 

2 

1 


0 

-3 

1 


-1 

4 

1 


-2 

1 

4 


Find the value of each determinant. See Example 3 . 

8 -2 -4 


15. 


18. 


4-7 8 

2 1 3 

-6 3 0 


2 1 
4 7 
2 4 


-1 

—2 

0 


16. 


19. 


7 0 
5 -1 

10 2 
-1 4 
-3 8 


3 

2 

1 

3 

10 


17. 


20 . 


1 

-I 

0 

7 

1 

-2 


2 0 
2 -1 

1 4 

-1 I 
-7 2 
I 1 



1 

—2 

3 


2 

3 

0 



3 3 

-I 


21. 

0 

0 

0 

22. 

1 

9 

0 


23. 

2 6 

0 



1 

10 

-12 


-1 

—2 

0 



-6 -6 

2 



5 

-3 


2 


1 0 

0 




1 0 0 



24. 

-5 

3 

— 

2 

25. 

0 1 

0 



26. 

0-10 




1 

0 


1 


0 0 

1 




1 0 1 




—2 

0 

I 



0 

0 

— 

1 


Vl 

4 

0 

27. 

0 

1 

0 


28. 

-1 

0 


1 

29. 

1 -Vs 

7 


0 

0 

-1 



0 

-1 


0 


-5 Vs 

1 


30. 


vS 

1 

0 


0.4 

-0.8 

06 



-0.3 

-0.1 

0.9 

V7 

4 

-1 

ffg 31. 

0.3 

09 

0.7 

t± 

32. 

2.5 

4.9 

-3.2 

5 

O 

1 


3.1 

4.1 

-2.8 


-0.1 

0.4 

0.8 


Relating Concepts 




For individual or collaborative investigation (Exercises 33-36) 
The determinant of a 3 X 3 matrix A is defined as follows. 


IfA = 


an 

a 12 

a 13 " 


a\i 

"12 

OJ3 

a 2 i 

022 

023 

, then | A [ = 

02 1 

022 

«23 

-031 

a 3 2 

033. 


<131 

032 

033 


— (ai|fl22U33 + U|2023£lj| + 011^*32 ) 

— (031022013 + 033023011 4 “ 4333021^12)- 
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Work th esc exercises in order. 

33, 'flic (IcicriniM.ini of a 1 / 1 matrix can also he I mind using the method 
of "diajgonul Fo use this method, fir t rewrite columns l and 2 ..i matrix 
A to the right of matrix \ Next, identify the diagonals d\ through </ and 
multiply ihcii elements Find thi turn ■ the products from d\, d.. and </. 
Then subtract the sum of the products from d\ d ■. and d, from that sum 
(d, + d 2 + d\) - (dt + di + d, t ) Verify that this method produces the same 
results us the method given above 


tfjl 

uiz <hy 

'OX 

rij z 


a 21 

a 2 : o: \ 

a 2 

(I 2 2 



Uy 1 

3*1 

U}2 


i dt 

d 

X </| 

dz J 

Fuel 


dlilt 


34. Find the determinant 


I 

0 

7 


3 

2 

I 


2 

6 

5 


using the method of “diagonals " 


35. Refer to Exercise 34. Find the determinant by expanding about column I and 
using the method or cefaclors Do these methods give the same determinant for 
3x3 matrices? 


36. Concept Check Does the method of finding a determinant using “diagonals" 
extend to 4 x 4 matrices' 7 


Solve each equation for x. 

37. 


D 

-3 


40. 


43. 


2x x 
11 x 

5 3; 

0 ' 
4 -I 


= 6 


38. 

1 

O 

2 

X 

= 

0 

39. 

x 3 

X X 




—2 

0 

I 



4 

= 6 


41. 

-1 

3 

X 

= 3 

42. 

2 




5 - 

-2 

0 



-3 

-3 



2.v 1 


-1 



X 

-I 

= -7 

44. 

0 4 


X 

= X 

45. 

2 — 

X 



3 0 


2 



X 


= 4 


3 

0 

.r 

0 

-3 

0 


0 

1 

-1 

-1 

•T 

7 


= 5 


= 12 


46. Concept Check Write the sign array representing (—1) ,+ > for each element of a 
4X4 matrix. 


Area of a Triangle A triangle with vertices at (.t|,y,), 

V;). and (x 3 , 3 * 3 ). as shown in the figure, has area 
equal to the absolute value of D, where 

At 3’t 1 

Xj 3*2 1 . 

a 3 33 1 

Find the area of each triangle having vertices at P, Q, and R. 

47. P(0, 0). Q(0, 2), /?(1, 4) 48. P(0, 1). <5(2, 0). R{ 1, 5) 

49. P(2. 5). 2( — 1.3). P(4, 0) 50. P(2,-2), 0(0. 0), P(-3.-4) 

51. Area of a Triangle Find the area of a triangular lot whose vertices have coordinates 
in feet of 

(101.3.52.7). (117,2.253.9). and (313.1,301.6) 

(Source: Al-Khnfaji, A. and J. Tooley, Numerical Methods in Engineering Practice. 
Holt. Rinehart, and Winston ) 



>• 
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«u 

«»I2 


52, Let A a 

<»:i 





<hj 

‘»o. 


. Find |/\ | by expansion about row 3 of the matrix. Show 


that your result is really equal to \A | ns given in the definition of the determinant or 
a 3 x 3 matrix nt the beginning of this section. 


Use the determinant theorems and the fact that 
each detenninant 


2 

5 

9 


3 

6 

10 


= 3 to /hui rite value of 



4 

5 

6 


3 

2 

1 


5 

10 

15 

53. 

1 

2 

3 

54. 

6 

5 

4 

55. 

4 

5 

6 


7 

9 

10 


10 

9 

7 


7 

9 

10 



1 

20 

3 


1 

2 

3 


1 

2 

0 

56. 

4 

50 

6 

57. 

4 

5 

6 

58. 

4 

5 

-6 


7 

90 

10 


8 

11 

13 


7 

9 

-11 


Use the detenninant theorems to find the value of each detenninant. See Example 4. 



1 

0 

0 


-1 

2 

4 


6 

8 

-12 

59. 

1 

0 

1 

60. 

4 

-8 

-16 

61. 

-1 

0 

2 


3 

0 

0 


0 

0 

0 


4 

0 

-8 


62. 


4 8 0 

-I -2 1 

2 4 3 


63. 


-4 1 4 

2 0 1 
0 2 4 


64. 


6 3 2 
1 0 2 
5 7 3 


65. 


71. 


0 I -3 
7 5 2 

1 -2 6 


66 . 


9 -3 

-6 2 
1 0 


67. 


I 6 7 
0 6 7 
0 0 9 



7 

0 

0 


2 

-1 

3 


9 

1 

7 

68. 

1 

6 

0 

69. 

6 

4 

10 

70. 

12 

5 

2 


4 

2 

4 


4 

5 

7 


11 

4 

3 


-I 

0 

2 


3 


5 

1 

4 

2 



4 

0 0 

2 

5 

4 

-3 


7 

72. 

4 

-3 

8 

7 

-3 

-4 


73. 

-1 

0 3 

0 

8 

2 

9 

— 

5 

5 

6 


2 

4 0 

1 

4 

4 

-1 

10 


9 

9 

0 

8 



0 

0 1 

2 

_2 

0 

4 

2 



3 

-6 

5 

— 

1 


4 

5 

-1 

3 

6 

0 

4 


75. 

0 

2 

-1 


3 

76. 

2 

-3 

1 

0 

0 

0 

3 



-6 

4 

2 


0 

-5 

1 

3 

9 

0 

2 

-1 



-7 

3 

1 


1 


0 

— 2 

I 


74. 


77. Concept Check For the system below, 
match each determinant in (a)-(d) with 
its equivalent from choices A—D 

4.v + 3y - 2c = I 
lx - 4y + 3c = 2 
—2.r + v - 8c = 0 
(a) D (b) D, (c) D . (d> D, 


A. 


C. 


1 3 

2 -4 
0 1 

4 1 
7 2 
-2 0 


_i 

3 

-8 

— 2 
3 

-8 


B. 


D. 


4 

7 

4 

7 


3 

-4 

I 

3 

-4 

1 


-1 

O 

9 

5 

1 

2 

O 


— 2 
3 

— 8 
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78, Concept Check For the following system, D — -43, O t -43, D f - 0, and 

O t = 43. What is the solution set of the system? 

x + 3y - Gz = 7 
2.r - y + z - I 
x + 2y + 2z = — I 


Use Cramer’s rule to solve each system of equations. If D — 0. use another method to 
determine the solution set. Sec Examples 5-7. 


79. .r 4- y = 4 
2x -y = 2 

82. 4.r — y — 0 
Zr + 3y = 14 

85. 1.5x + 3y = 5 
Zr + 4y = 3 

88. 4x + 3y = 9 
IZr + 9y — 27 


91. Zv — y + 4z = —2 
3.r -f 2y — z — —3 
x + 4y + 2c — 17 

93. 4x — 3y 4- z + I = 0 
5x 4- 7y + 2z + 2 = 0 
3x - 5y - z “ 1 = 0 

95. x + 2y + 3c = 4 
4x 4- 3y + 2z = I 
-r - 2y - 3s = 0 

97. —Zv — 2y + 3z = 4 
5.x + 1y- z = 2 
Zv + 2y - 3c = -4 

100. 3-t + 5y = -7 
2x + lz = 2 
4y + 3c = -8 


80. 3x + 2y = -4 
Zr — y = -5 

83. 5x + 4y — 10 
3x — 7y = 6 

86. 1 Zv + 8y = 3 
I_5x + y = 0.9 

89. -* + :[•>’= 2 
2 3 



5.r - 

98. 3* - 2y + 4c = 1 

4x 4- y — 5c = 2 
—6.v + 4y - 8c = -2 

101. .v + 2y = 10 
3x + 4c = 7 
-y ~ z=i 


81. 4x + 3y = -7 
2x + 3y = — 11 

84. 3x + 2y = -4 
5x - y = 2 

87. 3x + 2y = 4 
6x + 4y = 8 

3 2 

90. - -x + -y = 16 
5 1 

-x + -y = -37 
2 2 

y+ c = 4 


y+ c = 2 

99. 5x — y = —4 
3x + 2c = 4 
4y + 3z = 22 

10Z 5x - 2y = 3 
4y+ z = 8 
x + 2r = 4 


92. x + 

Zr - y + 3z = 4 
4x + 2y- z = -15 

94. Zr — 3y 4- z - 8=0 
—x — 5y + z + 4 = 0 
3x - 5y + 2z - 12 = 0 

96. Zr — y + 3c = 1 
-Zr + y - 3c = 2 


(Modeling) Solve the sy stems in Exercises 103 and 104. 


103. Hoof Trusses The simplest type of roof truss is a triangle. The truss shown in the 
figure is used to frame roofs of small buildings. If a 100-pound force is applied at 
the peak of the truss, then the forces or weights W x and W 2 exerted parallel to each 
rafter of the truss are determined by the following linear system of equations. 



Solve the system to find H', and \V 2 . ( Source: Hibbeler. R . Structural Analysts. 
Fourth Edition. Reprinted by permission of Pearson Education, Inc . Upper Saddle 
River. NJ.) 
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HU, / / (RolVr in Exorcise 103.) Use llie 

loilowiii, s>su m uf imitations to determine the 
louvsoi weights H't nnd lVj exerted on cnch rafter 
•or the truss shown in die figure. 

W'x 4- V2\V ; « 300 

V3M't - V2U' 2 = 0 


ISO Ih 



Salve each system for x and y axing Cramer's rule. Assume a and h arc nonzero 
constants. 


105. hx 4- y = n 2 106. av 4* by = — 

ax + v = b~ a 

I 

,r+ ,• = - 

107. b *v 4- <i*v = b 2 108. x + by — b 

ax 4* by = a ax 4- v = a 

109. Use Cramer's Rule to find the solution set if a, b, c, d, e, nnd /are consecutive 
integers. 

av 4- by — c 
dx 4- ey = / 

110. In the following system, a, b, c . I are consecutive integers. Express the solu¬ 

tion set in terms of r. 


av 4- by 4* cz = d 
ex + fy 4- gz = h 
Lx 4- jv + kz = I 



Partial Fractions 




B Decomposition of 
Rational Expressions 

B Distinct Linear Factors 
a Repeated Linear Factors 

a Distinct Linear and 
Quadratic Factors 

■ Repc.-tad Quadratic 

Factor: 


Decomposition of Rational Expressions The sums of rational expressions 
are found by combining two or more rational expressions into one rational ex¬ 
pression. Here, the reverse process is considered: 

Given one rational expression, express it as the sum of two or more 
rational expressions. 

A special type of sum involving rational expressions is a partial fraction 
decomposition—each term in the sum is a partial fraction. The technique of 
decomposing a rational expression into partial fractions is useful in calculus and 
other areas of mathematics. 


Add rational expressions ♦ 


2 3 5.v 4- 3 

* - — — - 

X 4- | .V ,v(.v 4- | ) 



Partial traction decomposition 
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LOOKING AHEAD TO CALCULUS 

In calculus, panful Truciiim dccnmposi- 
tuin provides u powerful icclinhjue 
for determining integrals of rational 
functions. 


Partial Fraction Decomposition of 

To form a partial fraction decomposition of a rational expression follow 
these steps. 

Step / If is not a proper fraction (a fraction with the numerator at leaser 
degree than the denominator), divide f(x ) by g(x). For example, 

£izi£l±^±i£ ,, _ 3x _ 2 + 

x 2 + 3 x 2 + 3 

Then apply the following steps to the remainder, which is a proper 
fraction. 

Step 2 Factor the denominator g(x) completely into factors of the form 
(ax + b) m or (ex 2 + dx -f* e) n , where cx 2 + dx + e is irreducible 
and m and n ore positive integers. 

Step 3 (a) For each distinct linear factor (ax + b)„ the decomposition 
must include the term ^ 

(b) For each repeated linear factor (oa *r b the decomposition 
must include the terms 

Ai + a 2 + ... + . 

ax+b (ax + b) 2 (ax + b) m ‘ 

Step 4 (a) For each distinct quadratic factor (cx 2 4- dx 4 e), the decom¬ 
position must include the term 

(b) For each repeated quadratic factor (cx 2 + dx 4 the decom¬ 
position must include the terms 

+ C, , B2x + C2. . ^ b„x -r C„ 

ct 2 4- dx 4- e (cx 2 + dx 4- e) 2 (cx 2 4 dx 4 e) n * 

Step 5 Use algebraic techniques to solve for the constants in the numera¬ 
tors of the decomposition. 


To find the constants in Step 5, the goal is to get a system of equations with 
as many equations as there are unknowns in the numerators. 


Distinct Linear Factors 


«*> fc &phgtH Findings Partial Fractionpecqmposition 


Find the partial fraction decomposition of 


2.x 4 


- 8x 2 4 5x - 2 

a 3 — 4x 


SOLUTION The given fraction is not a proper fraction— the numerator has 
greater degree than the denominator. Perform the division. 

2x _ 

x 3 — 4x)2.v J - 8.x 2 4 5.v — 2 (Section R.3) 

2.x 4 - 8.x 2 _ 

5a- - 2 


2.x 4 - 8a- 2 4 5a - 2 

= 2x 4 


5 a - 2 
A 3 “ 4.V 


The quotient is 


a 3 — 4a 
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For fractions with denominators that have quadratic factors, another method 
is often more convenient. The system of equations is formed by equating coef¬ 
ficients of like terms on each side of the partial fraction decomposition. For 
instance, in Kviimplc A equation (I) was 

•v 3 -4- 3.v - l = /\(a 3 -4- 2) -4- {Bx + C){x *4* I). (1» 

Multiply on the right and collect like terms. 

v 3 + 3 a - I = Av 2 + 2/1 + Bx 2 + Bx + C.v + C 

I a 2 -4* 3a - 1 = ( \ + B)x 2 + (B + C).v + (C + 2/t) 

Now, equate the coefficients of like powers of a to obtain three equations. 

1 = A + B 

3 = B + C 

- I = C + 2A 

Solving this system for A B , and C gives the partial fraction decomposition. 
Repeated Quadratic Factors 


*3 s I U Ir*,- Finding a Partial Fraction Decomposition 

Find the partial fraction decomposition of ---. 

(a- + 1 )-(a - 1) 

SOLUTION This expression has both a linear factor and a repeated quadratic 
factor. Use Steps 3(a) and 4(b) from the beginning of this section. 

2a Ay + B Cx + D E 

(a 2 -4- 1 ) 2 (.v - I) ” a 2 + 1 + (a 2 + 1 ) 2 + a - 1 

Multiply each side by (a 2 + I ) 2 (.v — 1). 

2a = (Ay + B )(a 2 + I )(a - 1 ) -4- (Ca + D)( a - l ) + £(a 2 + I ) 2 <1 > 

If a = I, then equation (1) reduces to 2 = 4 E, or E — Substitute 4 for E in 
equation (1). and expand and combine like terms on the right. 

2a = ^4 + ^a 4 + {-A + B) a 3 + (>t - B + C + 1 ).v 2 


+ 


{-A + B + D- 



(2l 


To get additional equations involving the unknowns, equate the coefficients of 
like powers of a on the two sides of equation (2) Setting corresponding coeffi¬ 
cients of a 4 equal, 0 = ,4 + ?,or/l = — =L From the corresponding coefficients 
of a 3 , 0 — —A 4- B. Since A — — B = *~v* 

Using the coefficients of v 2 . 0 — A — B + C + 1 Since A = — 4 and 
B — —j. C — — I Finally, from the coefficients of v. 2 = -A + B + D — C. Sub¬ 
stituting for A B. and C gives D = I With A = — 4, B = — 4, C ~ — I. D — 1. 
and E = 5 , the given fraction has the following partial fraction decomposition 


2a 2 ' 2 —a + 1 2 

(a 2 + I ) 2 (A' - f) = A 2 + r + iPTT) 2 + A - 1 • 

2.V _ — ( v + I ) —a + 1 I 

(a 2 + 1 ) 2 (a - 1 ) ~ 2 (a 2 + I) + (a 2 -TI) 2 + 2 (.\ - 1 ) 


Smiphl \ miiipli \ 

ll .It l lOIlX 

(Section R 5) 


1 / Now Try Exercise 25 
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In summary, lo solve for the constants in the numerators of a partial fraction 
decomposition, use either of the fallowing methods or a combination of the two. 

Techniques for Decomposition into Partial Fractions 

Method / For Linear Factors 

Step 1 Multiply each side of the resulting rational equation by the common 
denominator. 

Step 2 Substitute the zero of each factor in the resulting equation. For 
repeated linear factors, substitute os many other numbers as necessary 
to find all the constants in the numerators. The number of substitu¬ 
tions required will equal the number of constants A, B t .... 

Method 2 For Quadratic Factors 

Step / Multiply each side of the resulting rational equation by the common 
denominator. 

Step 2 Collect like terms on the right side oi theequauon 

Step 3 Equate the coefficients of like terms to get a system of equations. 

Step 4 Solve the system to find the constants in the numerators. 



Find the partial fraction decomposition for each rational expression. See Examples 1—4. 


1. 

4. 

7. 

9. 

11 . 


13 


3y(2a + I) 
x + 2 

(*+ «)(*“ 0 
4 

.v(l -x) 

4x 2 — x ~ 15 
-*(x + 1)(.T- t) 

2a + 1 
(x + 2) 3 

A 2 


2 . 


o. 


3.Y- 1 
x(x + 1) 

.r 

X 2 + 4x — 5 


3. 


4x + 2 


(x + 2)(2x—1) 


, 5x — 3 

1 - , 

-y— 2.Y — 3 


' A 2 + ZY + 1 

2x s + 3.V* - 3.x 3 - 2x 2 + ,y 


15. 


17. 


2x 2 + 5x + 2 
.T 3 4- 4 


9.v 3 — 4.v 


-3 

19. -r-T 


21 . 


23. 


-v 2 (-y 2 + 5) 

3.v - 2 

(.v + 4)(3.t 2 + I) 

_l_ 

x(2x + l)(3v : + 4) 


8 . 


10 . 


12 . 


.y(.y - 3) 
3 


14. ~ 

16. 

18. 

20 . 


(x + l)(x + 3) 
lx 

(-Y+ I )(.Y + 2) 2 


•Y-(.Y + 3) 

6-Y 5 4- 7.Y 4 — ,Y 2 4- 2.Y 

3a 2 4- 2x - l 

A 3 + 2 


a 3 - 3x 2 4- 2 a 
I 


T) 


24. 


•y 2 (.y 2 - 2) 

2a + 1 

(.v 4- 1 )(.v 2 + 2) 

_3_ 

*(y + 1 )(v- + I) 
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25. 

27. 

29. 

31. 


3x - l 


a(2a j + l) 2 

-a 4 - K.v 2 4 3v - 10 
(.v + 2)(x 2 + 4) 2 

5 a > 4- lO.v 4 - 15a 3 -i- 4x 2 4- L\y - 9 
.v' 4* 2a 2 - 3a 


x* - l 


4 a * - 3a - 4 
.r' 4- a 2 — 2x 


26, 


28. 


30. 


32. 


34. 


A 4 4- I 
A*(a J I) : 

3A 4 + A 1 + 5a 2 — A- 4- 4 

(A - l)(A 2 + I) 2 

3.i h + 3x 4 4- 3 a 
a 4 4-a 2 

-2a 2 - 24 
a 4 - 16 

2a + 4 


A 5 - 2a 2 



Solve each system, using the method indicated, if possible. 


1. (Substitution) 

2x 4- y = —4 
-x 4- 2y = 2 

4. (Elimination) 
2x-3y= 18 
5a + 2y = 7 

7. (Elimination) 

a 4* y 4- z = 1 
—a -4- y 4- z — 5 
y + 2z = 5 


2. (Substitution) 

5 a + |0y = 10 
a + 2y = 2 

5. (Gauss-Jordan) 

3a + 5y = -5 
—2a 4- 3y = 16 

8. (Gauss-Jordan) 

2x 4* 4y 4- 4z — 4 
a 4- 3y 4- z = 4 
-a 4- 3y + 2z = — 1 


3. (Elimination) 
x — y — 6 
x — y — 4 

6. (Cramer’s rule) 

5a 4- 2y = -3 
4a - 3y = -30 

9. (Cramer’s rule) 

7a + y - z = 4 
2a — 3)'+ z — 2 
-6a 4- 9y - 3z = -6 


Solve each problem. 


10. Spending on Food In 2008, the amount 
spent by a typical American household on 
food was about S6450. For every S10 spent 
on food away from home, about S14 was 
spent on food at home. Find the amount of 
household spending on food in each category. 
(Source: U.S. Bureau of Labor Statistics.) 



11. Investments A sum of $5000 is invested in three accounts that pay 3%, 4%. and 6^t 
interest rates. The amount of money invested in the account paying 6% equals the total 
amount of money invested in die other two accounts, and the total annual interest from 
all three investments is $240. Find the amount invested at each rate 


12. Let A = 


-5 

2 


13. Evaluate 




Find \A |. 


4 
-3 

5 


Use determinant theorems if desired 


Find the partial fraction decomposition for each rational expression 


10x4- 13 
a* - x - 20 


2x 2 ~ 15 a ~ 32 
(x - I ) ( a 2 + 6.v 4- S) 


14. 


15. 
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Nonlinear Systems of Equations 


■ Solving Nonlinear 
Systems with Root 
Solutions 

■ Solving Nonlinonr 
Systems with Nonrool 
Complex Solutions 

■ Applying Nonlinear 
Systems 


Solvinq Nonlfn<*nr wtfh fipnl Soitmon** A system of equations in 

which ul least one equation is not linear is a nonlinear system. 

.t 2 — y = 4 .r 2 + y 2 = 16 

Nonlinear s\stems 

v + y = -2 \x\ + y = 4 

The substitution method works well for solving many such systems, particu¬ 
larly when one of the equations is linear, as in the next example. 


.Mu• Solving a Nonlinear System by Substitution 

Solve the system. 

x 2 — y — 4 1 1) 

V + y = —2 {2) 


ALGEBRAIC SOLUTION 


GRAPHING CALCULATOR SOLUTION 


When one of the equations in a nonlinear system is 
linear, it is usually best to begin by solving the linear 
equation for one of the variables. 

V — —2 — i Solve equation (2) for \ 


Solve each equation fory and graph them in the same 
viewing window. We obtain 

Y, = X 2 - 4 

and 


Substitute this result fory in equation (1). 


- v = 4 
-r 2 -(-2-.v) = 4 
x 2 + 2 + * = 4 
a- 2 + .v — 2 = 0 


(a* + 2)(.v — 1) =0 


( 1 ) 

Lei V = -2 - r (Section 5.1) 
Distributee property (Section R.2) 
Standard form (Section 1.4) 

Factor (Section R.4) 


-v + 2 = 0 or a - I = 0 

Zero-factor property (Section 1.4) 
.v = —2 or x = 1 




Substituting —2 for.v in equation (2) gives y = 0. 
If x = I, then y = —3. The solution set of the given 
system is {(—2, 0), (1, —3)}. A graph of the system 
is shown in Figure 9. 



Y 2 = -X - 2. 

The screens in Figure 10, which indicate that the 
points of intersection are (—2,0) and (1, —3), sup¬ 
port the solution found algebraically. 




Figure 9 


l / Now Try Exercise 9. 
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5JT 0 —85 300 

5 25 -300 


J _ 5 -60 

t '<». I fit IU1U i»l .» 

»|ii.nlr.itK p«>l\nnntMl t.iwloi 

(Section 3.2) 


0 


Hie two equations form this system. 

,v 2 y = 75 <ii 
.v 2 + *4.vy = 85 t2i 

7 S 

Step */ Solve the system. Solve equation (I) fory to gel y = jj, and substitute 
into equation (2). 


,= + -U0 ) = 85 

I d i ( s m (2) 

a 2 + — = 85 

A 

Muliiph 

a' + 300 = 85a 

MnltipK l'\ » where i U 

3 - 85.v + 300 = 0 

Suhti.ut SSi 


We are restricted to positive vnlues for .v, and considering the na¬ 
ture of the problem, any solution should be relatively small. By 
the rational zeros theorem, factors of 300 arc the only possible ra¬ 
tional solutions. Using synthetic division, as shown in the margin, 

we see that 5 is a solution. Therefore, one value of .v is 5, and y = = 3 

We must now solve 

a 2 + 5 a - 60 = 0 

for any other possible positive solutions. Use the quadratic formula to 
find the positive solution. 


Qu.idrutu. lumiulu with 

= 5.639 - I. /» - 5. < -- -<’<> 

(Section 1.4) 


-5 + V5 2 — 4( 1)(—60) 

* V " 2(1) 

This value of a leads to y = 2.359 
Step 5 State the answer. There are two possible answers. 

First answer: length = width = 5 in.; height = 3 in. 

Second answer: length = width ~ 5.639 in.; height ~ 2.359 in. 
Step 6 Check. The check is left for Exercise 63. 

i/ Now Try Exercises 61 and 63. 


Exercises 


Concept Check In Exercises 1—6 a nonlinear nstcin is given, along with the graphs of 
both equations in the system Verify that the points of intersection specified on the graph 
are solutions of the system by substituting directly into both equations 


1. .r 2 = y - 1 
v = 3.r + 5 


2. 2.v 2 = 3> + 23 
v = 2.v — 5 




2 1 
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3. x 2 4 y 3 = 5 

-3x + 4y =» 2 





.t 3 - y 3 = 4 


3 



4, x 4 y = —3 
x 2 4 y 2 = 45 





6. y ~ ln(2x 4 3) 


y — V2 - 0,5x 2 
3 



7. Concept Check In Example 1, wc solved the following system. How can we tell, 
before doing any work, that this system cannot have more than two solutions? 


.v 3 — y = 4 
t + y — —2 


8. Concept Check In Example 5, there were four solutions to the system, but there 
were no points of intersection of the graphs. If a nonlinear system has nonreal com¬ 
plex numbers as components of its solutions, will they appear as intersection points 
of the graphs? 


Give all solutions of each nonlinear sy stem of equations, including those with nonreal 
complex components. See Examples 1—5. 


9. .v 3 — y = 0 
x 4y = 2 

12. y = .r 2 4 6x 4 9 
x 4 2y = —2 

15. 3.t 2 4 2y 3 = 5 
x — y = —2 

18. .t 2 4 y 2 = 10 

2x 2 - y 2 = 17 

21. 3.r 2 + y 2 = 3 
4.x 2 4 5y 2 = 26 

24. 3.x 2 4 5y 2 = 17 
2.x 2 - 3y 2 = 5 

27. 2.x 2 - 3y 2 = 12 
6.x 2 4 5y 2 = 36 

30. .xy = 8 

3x4 2y = -16 

33. 3.x 2 - .v 2 = 11 
xy = 12 

36. 3.x 2 + 2.yy — y 2 = 9 
x 2 - .XX’ + v 2 = 9 


10. x 2 + y = 2 
x — y = 0 

13. y = x 2 4- 4x 
2x — y = —8 

16. x 2 4- y 2 = 5 
—3x +4y =2 

19. 5.x 2 - y 2 = 0 
3x 2 + 4y 2 - 0 

22. x 2 + 2y 2 = 9 
x 2 + y 2 = 25 

25. 2.x 2 + 2y 2 = 20 
4x 2 4 4y 2 = 30 

28. 5.x 2 - 2y 2 = 25 

lOx 2 4 y 2 = 50 

31. 2.xy 4 1=0 
x 4 I6y = 2 

34. 5.x 2 - 2y 3 = 6 
.xy = 2 

37. ,r 2 4 2.x> — v 2 = J4 
x 2 - y 2 = -16 


11. y = x 2 -2x4 1 
x — 3y = — 1 

14. y = 6x 4 x 2 
4x — y = —3 

17. x 2 4 y 2 = 8 
x 2 - y 2 = 0 

20. x 2 4 y 2 = 0 
Zx 2 - 3y 2 = 0 

23. Zx 2 4 3v 2 = 5 
3.x 2 - 4y 2 = -1 

26. x 2 4 y 2 = 4 
5x 2 4 5y 2 = 28 

29. xy = — 15 
4x 4 3y = 3 

32. —5xy 4 2 = 0 
v - 15y = 5 

35. x 2 — xy 4 y 2 = 5 
2.x 2 + xy - y 2 = 10 

38. x 2 + 3.yy - y 2 = 12 

x 2 - v 2 = -12 
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39, ,r J t v 2 ° 25 

40. .v 2 + v 2 = 9 

|.v| - y « 5 

l-v| + V « 3 

41. .v = | v | 

42. 2.v + |.v| = ‘1 

•V* + y 2 = 18 

.v J + y 2 = 5 

43. 2\ 2 - v 2 = 4 

44. a 2 + v 2 = 9 

M = 1 v 1 

l v | = |v| 


CiH Mans nonlinear systems cannot be sol veil algebraically, so graphical analysis is; the only 
w ay to determine the solution s of such systems. Use a graphing calculator to solve each 
nonlinear system Give a- and y -coordinates to the nearest hundredth. 


45. v = log(.\ + 5) 
v = v- 

47. v = c‘ 4 ' 

2a + y = 3 


46. y = 5* 
av = I 

48. y = \/.v - 4 
.v* + y 2 = 6 


Solve each problem using a system of equations r/i /»•« variables. See Example 6. 

49. Unknown Xumbers Find two numbers whose sum is 17 and whose product is 42. 

50. L nknown Xumbers Find two numbers whose sum is 10 and whose squares differ 
by 20. 

51. Unknown Xumbers Find two numbers whose squares have a sum of 100 and a dif¬ 
ference of 28. 

52. Unknown Xumbers Find two numbers whose squares have a sum of 194 and a dif¬ 
ference of 144 

53. Unknown Xumbers Find two numbers whose ratio is 9 to 2 and whose product is 
162. 

54. Unknown Xumbers Find two numbers whose ratio is 4 to 3 and are such that the 
sum of their squares is 100. 

55. Triangle Dimensions The longest side of a right triangle is 13 m in length. One 
of the other sides is 7 m longer than the shortest side. Find the lengths of the two 
shorter sides of the triangle. 

56. Triangle Dimensions The longest side of a right triangle is 29 ft in length. One of 
the other two sides is 1 ft longer than the shortest side. Find the lengths of the two 
shorter sides of the mangle. 

57. Does the straight line 3.t — 2y = 9 intersect the circle v 2 + y 2 = 25? ( Hint To Find 
out. solve the system formed by these two equations ) 

58. For what valuc(s) of b will the line .t + 2> = b touch the circle v 2 + y 2 = 9 in only 
one point 7 

59. Find the equation of the line passing through the points of intersection of the graphs 
of y = a 2 and .r 2 + y 2 = 90 
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[-*) 60, Suppose you arc given Ihc equations of two circles that arc 
known lo intersect in exactly two points. Explain how you 
would find the equation of the only chord common to these 
circles. 


> 



61. Dimensions of o llox A box with an open top has a square 
base und four sides of equal height. The volume of the box is 
360 ft 5 . If the surface area is 276 ft 2 , find the dimensions of 
the box. (Round answers to the nearest thousandth, if neces¬ 
sary.) 



62. Dimensions of a Cylinder Find the radius and height (to the nearest thousandth) of 
an open-ended cylinder with volume 50 in . 5 and lateral surface area 65 in. 2 . 




I 

h 

I 


h 


2 nr 


63. Cheeking Answers Check the two answers in Example 6 . 

64. (Modeling) Equilibrium Demand and Price The supply and demand equations for 
a certain commodity are given. 


2000 

5Upply: P = 2000 — q 


and 


demand: p = 


7000 - 3q 
2 q 


(a) Find the equilibrium demand. 

(b) Find the equilibrium pnee (in dollars). 

65. (Modeling) Equilibrium Demand and Price The supply and demand equations for 
a certain commodity are given 

supply, p — VOLlq + 9 — 2 and demand: p = V25 — 0.1 <7 

(a) Find the equilibrium demand. 

(b) Find the equilibrium price (in dollars). 

66 . (Modeling) Circuit Gain In electronics, circuit gain is modeled by 


where R is the value of a resistor, r is temperature, R, is the value of Rat temperature 
r, and B is a constant. The sensitivity of the circuit to temperature is modeled by 


S = 


BR 

(ft + R,) 2 


If B = 3 7 and t is 90 K (kclvins). rind the values of R and R, that will result in the 
values G = 0 4 and S = 0.001 

















Matricos 


67 . (MiUit ling) Carbon Dioxide Emissions The emissions of carbon dioxide from con¬ 
sumption of fossil fuels from 1990 through 2007 arc modeled in the graph for both 
the United Suites and Chinn. 


Cnrhon Dioxide Kntlsshms from 
CuitMimptlon of Fossil Fuels 



Soun-c U S Energy Infumuilon AJminittraiion 


(a) Interpret this graph. How are emissions changing with time? 

(b) During what years were the carbon dioxide emissions in China decreasing? 

(c) Use the graph to estimate the year and the amount of emissions when the carbon 
emissions for both countries were cquul. 

(d) The following equations model carbon dioxide emissions in the United States 
and in China. Use the equations to determine the year and emissions levels when 
U = C. 

U = 5092 ( 1 . 0105 )b-'wo> United States 
C = 2082( 1 0638)«'- l9W > China 



For individual or collaborative investigation (Exercises 63-74) 
Consider the following nonlinear system 


y = a* - 4 

Work Exercises 6S—74 in order, to sec how concepts from previous chapters are 

n lated to tin graphs and the solutions of this system. 

68 . How is the graph of j = |ar 1| obtained by transforming the graph of 

v = \.x\' } 

69. How is the graph ol y = x* — 4 obtained by transforming the graph of y = .v 2 ? 

70. Use the definition of absolute value to write y = |.r — 1J as a piecewise- 
defined function. 

71. Write two quadratic equations that will be used to solve the system. {Hint; Set 
both parts of the piecewise-defined function in Exercise 70 equal to .v 2 — 4 .) 

72. Use the quadraUc formula to solve both equations from Exercise 71. Pay close 
attention to the restriction on x 

73. Use the values of x found in Exercise 72 to find the solution set of the system. 

74. Check the two answers in Exercise 73. 
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Summary Exercises on Systems of Equations 


This chapter has introduced methods for solving systems of equations, including sub¬ 
stitution and elimination, and matrix methods such as the Gauss-Jordan method and 
Cramer’s rule. Use each method at least once when solving the systems below. Include 
solutions with nonreal complex number components. For systems with infinitely many 
solutions, write the solution set using an arbitrary variable. 


I. Zt + 5y = 4 
3x-2y = -13 

4. 2x - 3y = -2 
x + y = — 16 
3x — 2y + z = 7 

7. x + 2y + z~ 5 
y + 3z = 9 


10. .v + 2y 4* z = 0 
x + 2y — z = 6 
Zt — y = —9 

13. y + 1 = x 2 + Zt 
y + Zt = 4 


2. x - 3y = 7 
—3x + 4y = — I 

5. fix — y = 5 
xy = 4 


8. x — 4 = 3y 
x 2 + y 2 = 8 

II. x 2 + y 2 = 4 
y = x + 6 

14. 3x + 6z— —3 
y- z = 3 
Zt + 4z = — 1 


3. Zr 2 + y 2 = 5 
3 x 2 + 2y 2 = 10 

6 . 4x + 2z — -12 
x + y-3z = 13 
—3x + y — 2z = 13 

9. 3x + 6y - 9 z= 1 
Zr 4- 4y - 6z = 1 
3x + 4y + 5z = 0 

1Z x + 5y = —23 
4y - 3z = -29 
2x + 5z= 19 

15. Zt + 3y + 4z = 3 
—4x + 2y — 6z = 2 
4x + 3z = 0 



19. Zt 2 + y 2 = 9 
3.v — 2y = —6 


17. 


—5x + 2y + z = 5 
—3x - 2y - z = 3 
—x + 6y = 1 


20. Zt — 4y — 6 = 0 
-x + 2y + 3 = 0 


22. 2y = 3x — x 2 
x + 2y = 12 


25. x 2 + 3y 2 = 28 

y ~ x =-2 


28. x + y + z = -1 
Zt + 3y + 2z = 3 
Zt + y + 2z= -7 


23. 4x - z = -6 

3 1 

- y + -z = 0 



26. 5x — 2z = 8 
4y + 3z = -9 
1 2 

-x + -y = -1 
2 3 


29. 


x + 2z = 9 
y + z = 1 
3x - 2y = 9 


18. x + 5y + 3z = 9 
Zt + 9y + 7z = 5 


21. x + y — z — 0 
2y - z = 1 
2x -4* 3y — 4z = —4 

24. x- y+ 3z = 3 
-Zt + 3y - 1 Iz = -4 
x — 2y + 8z = 6 


27. Zt 2 + 3y 2 = 20 
x 2 + 4y 2 = 5 


30. x 2 - y 2 = 15 
x — 2y =2 


31. -x + y = -1 
x + z = 4 
6x — 3y + 2z = 10 


32. Zt - y — 2z = -1 33. xy = -3 

—x + 2y + 13z = 12 x + y = -2 

Zt + 9z — 6 


34. — 3x + 2z = 1 
4x + y — 2z — —6 
x + y + 4z = 3 

37. 2x - 3y = -2 
x + y — 4z = —16 
3-v - 2v + z = 7 


35. y = x 2 + 6x 4- 9 36. x 2 *f y 2 = 9 

x + y = 3 2x - v =3 

38. 3x — y = —2 
v + 5z = -4 
—Zt + 3v — z = — 8 


39. v = ( v - 1 ) 2 + 2 
v = 21 — 1 
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Robin lakes v of the SO. 10 capsules and y of die SO.20 chewuble tablets, 
and she gets 8 units of vitamin A from each capsule and 2 units of vita¬ 
min A from each tablet. Altogether she gets 8.v + 2v units of A per day. 
Since she wants at least 16 units, 

8.v *f 2y ^ 16. 

Each capsule and each tablet supplies 1 unit of vitamin B|. Robin wants 
at least 5 units per day, so 

x -f y 2 5. 

For vitamin C, the inequality is 

2.v + 7y 2 20. 

Since Robin cannot take negative numbers of multivitamins, 

x 2: 0 and y 2: 0. 

Step 2 Figure 23 shows the intersection of the graphs of 

8.v + 2y s 16. .v + y 2: 5, 2.v + 7v 2 20. .v 2 0, and y 2 O. 

Step 3 The vertices are (0, 8). (1.4), (3, 2), and (10, 0). 

Steps 4 and 5 See the table The minimum cost occurs at (3, 2). 


Point 

Cost = IOx + 20y 

(0.8) 

10(0) +20(8) = 160 

(1.4) 

10(1) + 20(4) = 90 

(3.2) 

10(3) + 20(2) = 70 

(10.0) 

10(10) + 20(0) = 100 


Robin’s best choice is to take 3 capsules and 2 chewable tablets each 
day, for a total cost of $0.70 per day. She receives just the minimum 
amounts of vitamins B, and C, and an excess of vitamin A. 

i/ Now Try Exercises 71 and 81. 



Graph each inequality. See Examples 1—3. 

1 . .v + 2y £ 6 

2 . 

.V - V 2 2 

3. 2.r + 3y 2 4 

4. 

4y - 3» < 5 

5. 3 t - 5) >6 

6 . 

v < 3 + 2\ 

7. 5.v < 4y - 2 

8 . 

** 

V 

1 

4 - 

9. x < 3 

10 . 

\ ^ -2 
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II. y < 3x 2 + 2 
13. y > (.x - l) J + 2 


12 . y S x 2 -4 

14. y > 2(x + 3) 2 - I 


15. x 2 4- (y + 3) 2 £ |6 16, (* " 4) 2 + y 2 2: 9 

17. y > 2' + I 18. y £ logfar - I) - 2 

jP) 19. Explain how to determine whether the boundary of the graph of an inequality is solid 
or dashed 

[P)20. When graphing y £ 3x — 6, would you shade above or below the line y = 3.x — 6 ? 
Explain your answer. 


Concept Cheek Work each problem. 

21. For Ax + By a C, if B > 0 . would you shade above or below the line? 

22 . For At + By 3: C, if B < 0. would you shade above or below the line? 

23. Which one of the following is a description of the graph of the inequality 

(.v - 5 ) 2 + (y - 2 ) 2 < 4? 

A. the region inside a circle with center (—5. — 2) and radius 2 

B. the region inside a circle with center (5, 2) and radius 2 

C. the region inside a circle with center (—5, —2) and radius 4 

D. the region outside a circle with center (5, 2) and radius 4 

24. Find an example of a linear inequality in two variables whose graph does not inter¬ 
sect the graph of y s 3x + 5. 


Concept Check In Exercises 25—28, match each inequality with the appropriate cal¬ 
culator graph. Do not use your calculator. Instead, use your knowledge of the concepts 
involved in graphing inequalities. 


25. y — 3.t — 6 


26. y S 3x — 6 


27. y £ - 3 .r - 6 


28. y ^ — 3 .r - 6 


A. 10 B. 10 



Graph the solution set of each system of inequalities. See Example 3 . 


31. 2 .x + v > 2 
.v — 3y < 6 


29. x + y > 0 
2 .x - y > 3 

32. 4.x + 3y < 12 
V + 4.x > -4 

35. 4.x — 3y £ 12 
y £ x 2 


30. x + v £ 4 
x — 2 y ^ 6 

33. 3.x + 5y £ 15 
r - 3y s= 9 

36. v £ —.x 3 
v > v 2 - 6 


34. v £ .x 

.V 3 + y- < 1 

37. x + 2y £ 4 
> ^ .r : - l 
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.38, v + x ^ 9 
a — y 3 

39, v (x 4- 2)- 
v s ~2.v : 

40. a - v < l 

- 1 < y < 1 

41. x 4 v =2 .1(1 

-4 v 4 

42. v s (a - 2) 3 4- 3 

V “(A - 1) : 4- f> 

43. y ^ a 2 4- 4.x 
y < -a 2 

44. .x 0 

v 4- v ^ 4 

2 .x 4 v r_ 5 

45. 3.x — 2v ^ 6 
.x 4- y =s -5 
v 4 

46. -2 < a < 3 
- 1 :S v s 5 
2.X 4- y < G 

47. -2 < x < 2 
v > 1 
v - v > « 

48. a 4- y s 4 
x - v s 5 

4a 4- y £ —4 

49. a 4 

A & 0 

v £= 0 
a 4- 2y s 2 

50. 2x' 4- x — —5 

V ^ 3 + A 
v S 0 
y s 0 

51. 2.x 4- 3y ^ 12 

2.x 4- 3y > — 6 

3a 4- v < 4 

A s 0 

y s 0 

52. y a 3* 
y 2: 2 

53. v S (i)‘ 
y S 4 

54. In a — y S 1 
.V* — 2a — y s 1 

55. v ^ log.v 
y s |.v - 2| 

56. *•”’ — v ^ 1 
a - 2y 2 : 4 

57. y > a J 4- 1 
v — — 1 

58. y ^ a 3 — a 
v > -3 


?4=j Use the shading capabilities of your graphing calculator to graph each inequality or 
system of inequalities. 


59. 3.v 4- 2y ^ 6 

61. a + y > 2 
.v + v j£ 6 


60. y £ ,v* 4- 5 

62. y & |x + 2\ 
y s 6 


Connecting Graphs with equations In Exercises 63-66, determine the system of in¬ 
equalities illustrated in each graph. Write inequalities in standard form. 

63. y 64. * 






67. Concept Check Wnie a system of inequalities for which the graph is the region 
in the first quadrant inside and including the circle with radius 2 centered at the 
origin, and above (not including) the line that passes through the points ( 0 , — I ) 
and ( 2 . 2 ) 
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68 . Cost of Vitamins The figure shows ihe region of 
feasible solutions for the vitamin problem of Exam¬ 
ple 5 and the straight-line graph of all combinations 
of capsules and chewable tablets for which the cost 
is $0.40. 

(u) The cost function is I0,r + 20y. Give the linear 
equation (in slope-intercept formj of the line of 
constant cost c. 

(b) As r increases, does the line of constant cost 
move up or down? 

(c) By inspection, find the vertex of the region of feasible solutions that gives the 
optimal solution, 



The graphs show regions of feasible solutions. Find the maximum and minimum values 
of each objective function. Sec Examples 4 and 5. 

69. objective function = 3.t + 5y 70. objective function = 6x + y 




Find the maximum and minimum values of each objective 
function over the region offeasible solutions shown at the 
right. See Examples 4 and 5. 

71. objective function = 3.r + 5j* 

72. objective function = 5.r + 5y 

73. objective function = lOy 

74. objective function = 3x — y 


\ 



Write a system of inequalities for each problem, and then graph the region of feasible 
solutions of the system. See Examples 4 and 5. 


75. Vitamin Requirements Jane Lukas was 
given the following advice. She should 
supplement her daily diet with at least 
6000 USP units of vitamin A, at least 
195 mg of vitamin C, and at least 600 USP 
units of vitamin D. She finds that Mason's 
Pharmacy carries Brand X and Brand Y 
vitamins. Each Brand X pill contains 3000 
USP units of A, 45 mg of C. and 75 USP 
units of D, while the Brand Y pills contain 
1000 USP units of A. 50 mg of C, and 200 
USP units of D. 



76. Shipping Requirements The California Almond Growers have 2400 boxes of 
almonds to be shipped from their plant in Sacramento to Des Moines and San Amomo. 
The Des Moines market needs at least 1000 boxes, while the San Antonio market 
must have at least S00 boxes. 
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Solve each linear pioghimming problem. See / samples -l and 5. 

77. \i<l in l)i\asn i \ iemm \n agency wants 10 ship lootl and clothing lo tsunami vic¬ 
tims in Japan Commercial carriers have volunteered to transport ihe packages, 
provided they tit in the available cargo space hath 20-ft’ box ol lood weighs 
40 III ami each 30- It box ol clothing weighs 10 lb. The total weight cannot exceed 
16,000 lb. and the total volume must be at most I 81 QQO. (C.P.ich carton <>1 food will 
Iced It) people, and each canon ol clothing will help R people. 

(u) How many cartons ol torn! and clothing should be sent to maximize the number 
of people assisted? 

(b) What is the maximum number assisted? 

7 S. \iJ i.> Di\ii\i t r \ niinn li.irtlujuake victims 111 Haiti 
need medical supplies and bottled water. Each medical 
ku measures 1 ft 1 and weighs 10 lb. Each container 
»>1 " atcr is also 1 it 1 but weighs 20 lb. 'Hie plane can 
carry only <S( ),000 lb vs Jth a total volume of 6000 ft 3 , 
l acb mcdic.il kit will aid 4 people, and each container 
of water will serve 10 people 

(a) How many of each should be sent to maximize 
the number of people helped '• 

<b) If each medical kit could aid 6 people instead of 
4 how would the results from part fa) chnngc7 


79. S r,C npncit\ An office manager wants to buy some filing cabinets. He knows 
that cabinet A costs S10 each, requires 6 ft 2 of floor space, and holds 8 ft 3 of files. 
Cabinet B costs S20 each, requires 8 ft 2 of floor space, and holds 12 ft 3 of files. He 
can spend no more than $140 due to budget limitations, and his office has room for no 
more than 72 ft 2 of cabinets. He wants to maximize storage capacity within the limits 
imposed by funds and space. How many of each type of cabinet should he buy? 

80. Gasoline Revenues The manufacturing process requires that oil refineries manufac¬ 
ture at least 2 gal of gasoline for each gallon of fuel oil. To meet the winter demand 
lor fuel oil, at least 3 million gal per day must be produced. The demand for gasoline 
rs no more than 6.4 million gal per day. If the price of gasoline is $2.90 per gal and 
the price of fuel oil is $2.50 per gal, how much of each should be produced to maxi¬ 
mize revenue? 

81. Diet Requirements Theo, who is dieting, requires two food supplements, I and IL 
He can get these supplements from two different products, A and B, as shown in 
the table. Theo’s physician has recommended that he include at least 15 g of each 
supplement in his daily dieL If product A costs S0.25 per serving and product B costs 
$0.40 per serving, how can he satisfy his requirements most economically? 


Supplement (p/serving) 

I 

11 

ProductA 

3 

2 

Product B 

2 

4 



82. Profit from Televisions Seall Manufacturing Company makes television monitors. 
It produces a bargain monitor (hat sells for SI00 profit and a deluxe monitor that 
sells for S150 profit. On the assembly line the bargain monitor requires 3 hr, and the 
deluxe monitor takes 5 hr. The cabinet shop spends 1 hr on the cabinet for the bargain 
monitor and 3 hr on the cabinet for the deluxe monitor Both models require 2 hr 
of lime for testing and packing. On a particular production run. the Seall Company 
has available 3900 work hours on the assembly line, 2100 work hours in the cabinet 
shop, and 2200 work hours in the testing and packing department How many of each 
model should it produce to make the maximum profit? What is the maximum profit? 
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Properties of Matrices 


■ Basic Definitions 

■ Adding Matrices 

■ Special Malricos 

■ Subtracting Matrices 
b Multiplying Matrices 

B Applying Mntrix Algobra 


We used matrix notation to soket a system of linear equations earlier in tin 
chapter. In this section and the next, we discuss algebraic properties of matrices 

Basic Definition'. It is customary to use capital letters to name matrices ami iu 

use subscript noiauon to name elements of a matrix, as in the following matrix A. 

The first row, firsi un.i Jj.ient 
is it \i (laat' “a-sub- n« be 

second rou, third c»>lu»*i ! n: -nt 
is tin: and in general, ft: nb row, 

^th column clement is a,,. 

Certain matrices have special names. An n x n matrix is a square matrix 
because the number of rows is equal to the number of columns. A matrix with 
just one row is a row matrix, and a matrix with just one column is a column 
matrix. 

Two matrices are equal if they have the same dimension and if correspond¬ 
ing elements, position by position, are equal. Using this definition, the matrices 

and [_’ l] are not equal 

(even though they contain the same elements and have the same dimension), 
since the corresponding elements differ. 




0|| 

o 12 

013 

* * * 0i« 


021 

<*22 

023 

'** 02« 

A = 

03 1 
• 

032 

• 

033 

9 

* * ' 03« 

9 

9 


« 

_GfTtl 

w 

Gftll 

9 

tf/nl 

9 

Qmn 



Finding Values to Make Two Matrices Equal 


Find the values of the variables for which each statement is true, if possible. 




SOLUTION 


(a) From the definition of equality given above, the only way that the statement 
can be true is if 2 = .v, 1 = y t p = — 1, and q — 0. 

(b) This statement can never be true since the two matrices have different 
dimensions. (One is 2 X 1 and the other is 3 X 1.) 

& Now Try Exercises 1 and 7. 


Adding Matrices Addition of matrices is defined as follows. 


Addition of Matrices 

To add two matrices of the same dimension, add corresponding elements. 
Only matrices of the same dimension can be added. 


It can be shown that matrix addition satisfies the commutative, associative, 
closure, identity, and inverse properties. (See Exercises 87 and 88.) 
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> Using Matrix Multiplication to Modol Plans (or n Subdivision 

A contractor builds three kinds of houses, models A, B, and C, with a choice of 
two styles, colonial or ranch. Matrix P below shows the number of each kind of 
house the contractor is planning to build for a new 100-home subdivision. The 
amounts for each of the main materials used depend on the style of the house. 
These amounts are shown in matrix Q t while matrix R gives the cost in dollars 
for each kind of material. Concrete is measured here in cubic yards, lumber in 
1000 board feet, brick in 1000s, and shingles in 100 square feet. 

( nlnm.il K.iruh 


Colonial 

Rauch 


10 

50 


Mmlcl A 

0 

30 



Model 11 

10 

20 

= P 


Model C 

_20 

i 20. 


Cost |vr 
Liiii 

Lumber Brick Similes 

Concrete 

20“ 

2 0 

2* 

= Q 

Lumber 

180 

1 20 

2. 


Brick 

Shingle* 

60 

_ 25 _ 


= R 


(a) What is the total cost of materials for all houses of each model? 

(b) How much of each of the four kinds of material must be ordered? 

(c) What is the total cost of the materials? 

SOLUTION 

(a) To find the materials cost for each model, first find matrix PQ, which will 
show the total amount of each matenal needed for all houses of each model. 


Concrete Lumber Brii-L Shingles 


PQ = 


0 30 

10 20 
20 20 


10 2 0 2 

50 1 20 2 


1500 

1100 

1200 


30 600 

40 400 
60 400 


60 

60 

80 


Model A 
Model B 
Model C 


Multiplying PQ and the cost matrix R gives the total cost of materials for 
each model 


C UNl 


(PQ)R = 


'1500 

30 

600 

60" 

20 " 

180 

60 

25 _ 


"72,900“ 

1100 

40 

400 

60 

= 

54,700 

_ 1200 

60 

400 

80. 


.60,800. 


Model -\ 
Model B 
Model C 


(b) To find how much of each kind of material to order, refer to the columns 
of matrix PQ. The sums of the elements of the columns will give a matrix 
whose elements represent the total amounts of all materials needed for the 
subdivision. Call this matrix T, and write it as a row matrix. 

r=[3800 130 1400 200] 

(c) The total cost of all the materials is given by the product of matrix T . the total 
amounts matrix, and matrix R. the cost matrix To multiply these matrices 
and get a I x 1 matrix, representing the total cost, requires multiplying a 
1 X 4 matrix and a 4 X I matrix This is why in pan (b) a row matrix was 
written rather than a column matrix. 
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77? = [3800 130 1400 200] 


= [188,400]. 


The total materials cost is given by 77?, so 

20 ' 

180 
60 

L 25 J 

The total cost of materials is $188,400. This total may also be found by 
summing the elements of the column matrix (PQ)R> 

i/ Now Try Exercise 81 . 



Find the values of the variables for which each statement is true, ifpossible. See Exam¬ 
ples 1 and 2. 


■I; 5 a 

5. [x y z] — [21 6] 


=■[; -'J-K"] 
-[41 


4 1 
' —4j 


P 

q 

r 


7. 


0 

5 

JC 


0 

ii' 6 



■5 

-T — 4 

-1 

3 

y + 2 


-l 

3 

0 


8. 

2 

-3 

4 

1 

Z 


4 

1 

8. 



_6 

0 

•7 +z 

4r 8s] 

■\~ 9 

8r 2 

•1 

_r ^ 

36 

27] 

6p 

2 5 

1 1 

L 2 

5 

A 

»J 

L20 

7 

12aJ 


y + 3 2 9 

z + 4 -3 8 

6 0 w 


r« + 2 3z + 1 5m 1 [ 3a 2z 5m 1 f 10 -14 801 

10 * [ 8k 0 3j U* 5 6j [lO 5 9j 

11. Concept Check Two matrices are equal if they have the same_and if corre¬ 
sponding elements are- 

12. Concept Check In order to add two matrices, they must have the same_ 


Concept Check Find the dimension of each matrix. Identify any square, column, or row 
matrices. 


f-4 8*1 

, 4 r -9 6 

2] 


'-6 

8 

0 

o' 

L 2 3 J 

14. 

L 4 1 

8 J 

15. 

4 

1 

9 

2 





3 

-5 

7 

1 . 


16. [S -2 4 6 3] 17. |^J is. [-9] 

19. Your friend missed the lecture on adding matrices Explain to hitn how to add two 
matrices. 


/ft 20. Explain how to subtract two matnees 
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Perform each operation when possible. See Examples 2 ami 3, 


23. 


29. 


12 

-1 


3 

-6 

]*[ 

-9 

J l + 

1 

3j + 

X. 

& 

+ 

-1 

8 1 

_[ 

oj 

l- 


8~ 

— 

4 

. 

.-1. 


-8 2 
6 —3 


!] 


—2 

-4 

-6 


22 . 


24. 


26. 


28. 


9 4 
-8 2 


r-3 2i 

1-4 7j 


4 

-3' 


9 

-10“ 

7 

2 

+ 

0 

5 

6 

8. 


.-1 

6. 


n 

-6 


n o 

-4 o 


31. [-4 3] - [5 8 2] 

2V3 


33. 


V3 -4 
2 -V5 
-8 Vs 


—o 


9 

V5 


35 


-7 3\/2 

. [ 3 - r+ - v _ 2 - v i+f“ r 3 >i 

L * + 2y 3>'J L5.v .v J 


0 12l 

.0 -14J 

30. [10 -4 6] - [-2 5 3] 

32. [4 «]-[*] 

[ 2 V7I r -1 5V7] 

* L 3 V 28 -6 J L 2 V 7 2 J 


36. 


4k - 8v 
6; - 3,t 
2k + 5a 
—4 m + 2/i 



5k + 6 y 


2z + Sx 


4 k a- 6 a 


_4m — 2/i _ 


f-2 4l 1 

—6 

2" 

Let A = 

and B = 


L 0 

3 J 

. 4 

0. 


Find each of the following . See Example 4. 


37. 2 A 
41. 2A-3B 


38. -3 B 
42. -2A + 4 B 


39. \b 


43. -4 + —B 
1 


40. --A 


44. -A - B 
4 


Suppose that matrix A has dimension 2X3 , B has dimension 3X5, and C has dimen¬ 
sion 5x2. Decide whether the given product can he calculated If it can, determine its 
dimension. See Example 5. 


45. AB 46. CA 47. BA 48. AC 49. BC 

Find each matrix product when possible. See Examples 5-7. 


50. CB 


■ [; :r;] 

■ [i ^;] 


52. 


-1 5 
7 0 


-I 

4 


- [1 


-6 3 5 

9 ] 


rV2 V2 -vis 

55 * [V3 V27 0 


8 -10 


9 

0 


12 


56. 


-9 2 I 

3 0 0 


— 2 
0 

3 J 

V5 
V20 
- 2 V 5 J 


57. 

r V3 1 1 

' Vi 


-V6 

58. 

V 7 

0 

2\ 

•'3 — V 7 * 

.2V5 3V / 2j 

,4V 3 


0. 

2 

V 28. 

. 

0 -6 . 

59. 

-3 0 2 l 

r -4 

L 0 

2 " 
l . 


60. 

-1 

. 0 

2 4 

1 ' 

r 1 2 4 

.4 0 2 6. 



2 -3 

5 

[-2 5 1 
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'3 

-2 

4' 






—2 

6 

3 ' 


61 . [ -2 4 1 ] 

2 

1 

0 


62 . | 

[0 3 


- 4 ] 

0 

4 

2 




.0 

-1 

4 . 






."1 

1 

4 . 



'-2 -3 • 

- 4 ' 

’0 

1 

4 


'-1 

2 

0 ‘ 

'2 

-1 


2 * 

63 . 

2 -I 

0 

I 

2 

-1 

64 . 

0 

3 

2 

0 

2 


1 


. 4 -2 

3 . 

.3 

2 

- 2 . 


0 

1 

4 . 

.3 

0 

— 

1 . 


Given A = 


r 4 - 2 " 

1 

'5 

r 

1 

[-5 

4 f 


k- 

0 

.3 

-2 

7 . 

, and C = 

L 0 

3 6. 


, find each product when 


possible. Sec Examples 5-7. 

65. BA 66. AC 67. BC 

69. AB 70. CA 71. A 2 


68. CB 
72. A 3 

(Hint: A 3 = A 2 • /%) 


73. Concept Check Compare the answers to Exercises 65 and 69, 67 and 68, and 66 
and 70. How do they show that matrix multiplication is not commutative? 

[g| 74. Your friend missed the lecture on multiplying matrices. Explain to her the process of 
matrix multiplication. 


For each pair of matrices A and B, find (a) AB and ( b ) BA. See Example 7. 


75. 

A = 

3 

-2 

4 

1 

k 

-B 

0 

] 


76. 

H 


n 

k 

■14 


i] 




"0 

1 

-r 


"1 

0 

0 " 



’-1 

0 

r 


"0 

0 

f 

77. 

A = 

0 

1 

0 

,B = 

0 

I 

0 

78. 

A = 

0 

1 

1 

.B = 

0 

1 

0 



.0 

0 

1 . 


.0 

0 

1. 



.-1 

-1 

0 . 


_1 

0 

0. 


79. Concept Check In Exercise 77, AB = A and BA = A. For this pair of matrices, B 

acts the same way for matrix multiplication as the number_acts for mul¬ 

tiplication of real numbers. 

80. Concept Check Find AB and BA for 

A=[“ *] and B = [ ‘ °], 

What do you notice? Matrix B acts as the multiplicative_element for 

2x2 square matrices. 


Solve each problem. See Example 8. 

81. Income from Yogurt Yagcl's Yogurt sells three types of yogurt: nonfat, regular, 
and super creamy, at three locations. Location I sells 50 gal of nonfat, 100 gal of 
regular, and 30 gal of super creamy each day. Location II sells 10 gal of nonfat, and 
Location III sells 60 gal of nonfat each day. Daily sales of regular yogurt are 90 gal 
at Location II and 120 gal at Location III. At Location II, 50 gal of super creamy are 
sold each day. and 40 gal of super creamy are sold each day at Location III. 

(a) Write a 3 x 3 matrix that shows the sales figures for the three locations, with the 
rows representing the three locations. 

(b) The incomes per gallon for nonfat, regular, and super creamy are $12, SI0. and 
$15, respectively. Write a 1 X 3 or 3 X 1 matrix displaying the incomes. 

(c) Find a matrix product that gives the daily income at each of the three locations. 

(d) What is Yagel’s Yogurt's total daily income from the three locations'’ 
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62. / . . » 1 he Bread Box, a small neighborhood bakery, scll.s lulir tlioin 

it.nts sweet rolls, hi. ail, cakes, ami pies I he amount ol each mgieiliciit tin CUpit, 
except for eggs) required lor these items is given by matrix 


I 


Rolls 


(tin 


I 


Rie.nl ileal > 

Cake 

l*ie u nisti 


0 

4 

_0 


I loin 
4 
3 
3 

I 


Sugat Shortening Milk 

1 1 n 

4 4 1 

0 J 0 

2 I I 

0 } 0 . 


/\ 


The co*( (in cents) lor each ingredient when purchased in large lots or small lots is 
given by matrix II 


Cost 

I-.u e I 1 Small Lot 


Eggs 

5 

5 

Flour 

8 

10 

Sugar 

10 

12 

Shortening 

12 

15 

Milk 

5 

6 


(a) Lie matrix multiplication to find a matrix giving the comparative cost per bakery 
item for the two purchase options 

fb> Suppose a day’s oixlers consist of 20 do<en sweet rolls, 200 loaves of bread, 50 cakes, 
and 60 pies. Write the orders os a 1 X 4 matrix, and, using matrix multiplication, 
u rite ns a matrix the amount of each ingredient needed to fill the day’s orders. 

(c) Lse matrix multiplication to find a matrix giving the costs under the two pur¬ 
chase options to fill the day’s orders. 


S3, i Miuh lim; > \>»rthern Spotted Owl Population 
Several years ago, mathematical ecologists 

1 nested a model to analyze population dynam¬ 
ics of the endangered northern spotted owl in 
the Pacific Northwest. The ecologists divided 
the female owl population into three catego¬ 
ries: juvenile (up to 1 yr old), subadult (1 to 

2 yr old), and adult (over 2 yr old). They con¬ 
cluded that the change in the makeup of the 
northern spotted owl population in successive 
years could be described by the following 
matrix equation. 


y«+i 


0 

0 

0.33“ 

jn 

•Tft+I 

= 

0.18 

0 

0 


_ 


. 0 

0.71 

0.94. 




The numbers in die column matrices give the numbers of females in the three age 
groups after n years and ii + I years. Multiplying the matrices yields the following. 

j„+i — 033a n bach year 33 juvenile females arc bom lor each I (X) adult 

females. 

= 0.1 Sj„ Each year 18*5- of the juvenile females survive to become 

subadulis 


a„+i — 0.7Ij n + 0-94o n Each vear 7I'» of the suhadults survive to become adults, 

and 94 r r ol the adults survive 

(Source. Lamberson, R. H , R. McKelvey. B R. Noon, and C. Voss. “A Dynamic 
Analysis of Northern Spotted Owl Viability in a Fragmented Forest Landscape.” 
Conservation Biology. Vol. 6. No. 4 ) 
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(a) Suppose there arc currently 3000 female northern spotted owls mode up of 
690 juveniles, 210 subadulls, and 2100 adults. Use the matrix equation on the 
preceding page to determine the total number of female owls for each of the 
next 5 yr. 

(Ii) Using advanced techniques from linear algebra, we can show that in the long run, 


Jm *-1 

J'ofl 


0.98359 


Jn 

Sn 

. &n . 


What can we conclude about the long-term fate of the northern spotted owl? 

(c) In the model, the main impediment to the survival of the northern spotted owl is 
the number 0.18 in the second row of the 3 X 3 matrix. This number is low for 
two reasons. 


• The first year of life is precarious for most animals living in the wild. 

• In addition, juvenile owls must eventually leave the nest and establish their 
own territory. If much of the forest near their original home has been cleared, 
then they arc vulnerable to predators while searching for a new home. 

Suppose that, thanks to belter forest management, the number 0.18 can be increased 
to 0.3. Rework part (a) under this new assumption. 


84. (Modeling) Predator-Prey Relationship In 
certain parts of the Rocky Mountains, deer 
provide the main food source for mountain 
lions. When the deer population is large, the 
mountain lions thrive However, a large moun¬ 
tain lion population reduces the size of the 
deer population. Suppose the fluctuations of 
the two populations from year to year can be 
modeled with the matrix equation 


I"win-fil I" 0.51 0.4 

L d„+|j L-0.05 1.05 JL d„\' 



The numbers in the column matrices give the numbers of animals in the two pop¬ 
ulations after n years and n + I years, where the number of deer is measured in 
hundreds. 

(a) Give the equation for </„+j obtained from the second row of the square matrix. 
Use this equation to determine the rate at which the deer population will grow 
from year to year if there are no mountain lions. 

(b) Suppose we start with a mountain lion population of 2000 and a deer population 
of 500,000 (that is, 5000 hundred deer). How large would each population be 
after 1 yr? 2 yr? 

(c) Consider part (b) but change the initial mountain lion population to 4000. Show 
that the populations would both grow at a steady annual rate of 1.01 

85. Northern Spotted Owl Population Refer to Exercise 83(b). Show that the number 
0.98359 is an approximate zero of the polynomial represented by 


-x 0 0.33 

0.18 -x 0 

0 0 71 0 94 -x 


86 . Predator-Prey Relationship Refer to Exercise 84(c). Show that the number l .01 is 
a zero of the polynomial represented by 


0.51 — x 0 4 
-0.05 1.05 - t 
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/•'or / \erci\e\ .S‘7-9-/, lei 


\ 


<in 

.‘ J 2I 


On 

flu 


n 


l> II />I2 

hj) l> 22 


Olltl 


c = 


C|| 

-Cji 


• 12 

L'22 


win it t ill ili, , h meats ,u> i, ,il number s l v< these tnattltes to show iluu eat h statertttirit 
is line for 2x2 matrices. 


K7. \ -t II II + ,\ 

(commutative properly) 

S‘>. (AII)C \(IJC) 

(associative propem» 

‘>1. c(.\ + D) = i A + cfl, 
tor nny peal number c, 

‘>3. i. \)</ - (rd\A for nny real numbers 

r nncl </. 


HS. \ T* (fl 4* C) = (/l 4* B) 4* C 
tassociative properly) 

90. A(fl 4* C) = AB 4- Ar 
(distributive property) 

92. (c + ^ = d + <M ( 

for any real numbers c and d. 

94. {cd)A — c(<M), for any real numbers 
c and d. 


Matrix Inverses 




Identity Matrices 
Multiplicative Inverses 

Solving Systems Using 
Inverse Matrices 


In the previous section, we saw several parallels between the set of real numbers 
and the set of matrices. Another similarity is that both sets have identity and 
inverse elements for multiplication. 

Identity Matrices By the identity property for real numbers, 
a • 1 = a and 1 • a- a (Section RJ2) 
for any real number a. If there is to be a multiplicative identity matrix /. such that 

AI — A and /A = A, 

for any matrix A, then A and / must be square matrices of the same dimension. 


2x2 Identity Matrix 

If I 2 represents the 2X2 identity matrix, then 


To verify that I 2 is the 2X2 identity matrix, we must show that AI = A 
and IA — A for any 2X2 matrix A. Let 


A = 


.v 

z 


y 

»» 


Then 

AI 

and 


_ y IT 1 0] = \ x * 1 4 - y • 0 .V • 0 4 - y ■ 1 1 r v y 1 

L Z w J L o I J L z * 1 4- U' • 0 z * 0 4- IV * 1 J IZ H* J 


f 1 Ol fjc y 1 P -JC + 0- 2 

M = lo lL M'J = [o • .t + I - z 


1 

0 


• lr 


r.v r 1 

• \\\ 


.Z U’J 


Generalizing, there is an n X n identity matrix for every’ « X « square ma¬ 
trix. The n X n identity matrix has Is on the main diagonal and Os elsewhere. 
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n x n identity Matrix 

The // x n identity matrix is /„, where 



The element </„ = I When / = J (the 

otherwise. 


• • • a 
.. . o 

a u : 

... i 

diagonal elements), .md oy* 0 


Verifying the Identity Property of /j 


Let /\ — 
A/ 3 = A. 


-2 

3 

0 


4 

5 
8 


0 

9 


. Give the 3X3 identity matrix / 3 and show that 


-6 


ALGEBRAIC SOLUTION 


The 3X3 identity matrix is 


h = 


1 0 0 
0 1 0 
0 0 1 


By the definition of matrix 
multiplication, 


A/ 3 = 


-2 4 
3 5 
0 8 

-2 4 
3 5 
0 8 



1 0 0 

0 1 0 

_0 0 1 

= /\. 


GRAPHING CALCULATOR SOLUTION 

The calculator screen in Figure 27(a) shows the identity matrix for n = 3. 
The screens in Figures 27(b) and (c) support the algebraic result. 


identit,y<3> 

f t 0 0] 
0 10 
10 0 lj 


tRJ 

-2 4 
3 5 

l 0 8 

(a) 




(b) 


lHl*ielentit.yC3) 
f -2 4 0 1 
3 59 
l 0 8 -6i 








9 

-6 


(c) 

Figure 27 


V Now Try Exercise f. 


Multiplicative Inverses For every nonzero real number a, there is a multi¬ 
plicative inverse 5 that satisfies both of the following. 

1 1 

a * — — 1 and “ * a — 1 (Section Ft2) 

(Recall: J is also written a -1 .) In a similar way, if A is an n X n matrix, then its 
multiplicative inverse, written A~ x , must satisfy both of the following. 

AA~ l = /„ and A~ X A = /„ 

This means that only a square matrix can have a multiplicative inverse . 


CAUTION Although a 1 = i for any nonzero real number a, if A is a matrix, 
then A~ l * VV'e do no/ nse //ie symbol since 1 is a number and A is 
a matrix . 
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A '( \X) /\ '/i 

( \ '.\)\ \ 1 // A ... (Section 5.7) 

/ \ \ /\ 1 It Im.-f' piopcrty 

V = /\ '/f M'. mils prupcils 

Matrix \ 'H gives the solution of the system. 


Solution of the Matrix Equation AX = B 

ll \ is an n x n matrix with inverse A -1 , X is an n X I matrix of variables, 
and li is an ;i X 1 matrix, then the matrix equation 

AX = It 

has the solution A' = A~ l Ii. 


This method of using matrix inverses to solve systems of equations is useful 
w hen the inv erse is already known or when many systems of the form /TV = B 
must be solved and only It changes. 


(a) 2.v — 3v = 4 
x Hr 5y — 2 

ALGEBRAIC SOLUTION 

(a) The system can be written in matrix formas 

2 —3 


l A ' ii v Solving Systems of Equations Using Matrix Inverses 
Use the inverse of die coefficient matrix to solve each system. 

(b) x + z=-l 


where 


(; 

•H; 1]- *-[;]■ - 


An equivalent matrix equation is AX = B with solution X = A~ l B. 
Use the methods described in this section to determine that 


A" 1 = 


J_ 3. 
13 13 

J_ X 
13 13. 


Now, find A~ X B. 


A~ X B = 


_5_ J_ 
13 13 

X JL 
13 I3J 


Since X — A~ X B, 


GI-GI 
- H - H 


The final matrix shows that the solution set of the system is {(2, 0)}. 


2x — 2y - z = 5 
3jc = 6 

GRAPHING CALCULATOR SOLUTION 

(a) Enter [a] and [b], and then 
find the product [a] _, [B] as 
shown in Figure 29. 



The column matrix indicates 
the solution set. {(2, 0)}. 
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(l») The coefficient matrix A for this system fa 

"I 0 r 

A= 2 -2 -I 
.3 0 0. 

and its inverse A~ l was found in Example 2. Let 

-]' 

and B = 5 

6 . 


X = 


.r 

LZJ 

Since X = /l” 1 /?, we have 


x 

y 

LZJ 


0 0 


1 

2 

1 


1 

2 


i 

3 

1 

2 


0 -T 


-1 

5 

. 6 . 


A' 1 from Example 2 

2 


1 

.-3. 

The solution set is {(2, 1, —3)}. 


(Jj) Figure 30 shows die coeffii tent 
matrix [A * awl the column ma¬ 
trix of constants [B j Note that 
when r A ] is determined, 
it is n<»t necessary to display 
[a]“*. As long as the inverse 
exists, the product will be com¬ 
puted. 



Si f Now Try Exercises 37 and 51. 



1. Show that Tor 



‘—2 

4 

o' 



0 

O' 

A = 

3 

5 

9 

and Is = 

0 

1 

0 


0 

8 

-6. 


.0 

0 

1. 


I 3 A — A. (This resulL, along with that of Example 1, illustrates that the commuta¬ 
tive property holds when one of the matrices is an identity matrix.) 

2. Let A = ^ and Iz = ^ j. Show that AI 2 — /jA = A, thus proving that I 2 

is the identity element for matrix multiplication for 2 X 2 square matrices. 


Decide whether or not the given matrices are inverses of each other. (Hint: Check to see 
whether their products are the identity matrix /„.) 



5 7l 


r 

3 


7l 




‘2 

3l 



r-i 

3 

n 



3. 

1 and 







4. 



and 






1 

L 2 3 J 


L 

—2 


c 

5j 



1 

.1 

lJ 



L 1 


u 



I 

r -l 2 




5 

* 

>1 


1 

'2 

l1 



r ° 

il 




5 . 


and 





6. 


1 

and 






1 

L 3 -5 




3 

— 

lJ 


1 

1.3 

2j 



1-3 

2J 





'0 1 

O' 



’l 

0 

r 


'l 

2 

0 " 



'1 

—2 

o' 


7. 

0 0 

-2 

) 

and 


1 

0 

0 

8 . 

0 

1 

0 


and 

0 

1 

0 



.1 -I 

0. 



.0 

-1 

0. 


.0 

1 

0 . 



_0 

-1 

1. 



"1 0 

O' 




I 

0 

o' 


'l 

3 

3 ' 



7 


3 

-3" 

9. 

0 -1 

0 


and 


0 

-1 

0 

10. 

1 

4 

3 


and 

-l 


1 

0 


_1 0 

1. 




-1 

0 

1_ 


.1 

3 

4 . 



_-l 


0 

1. 
























































Mfttricoa 


Find the inverse, if ii exists, for each matrix. See Examples 2 ami 3. 
2 

-1 


n. 


-i 
_ ■> 


12 . 


14. 


.1 

l-S 


-l 

i 


IS. 


' ~'l 

2 OJ 

5 10 ] 

-3 -6J 


13. 


Hi. 




*1 

0 

r 



‘l 


0 ()‘ 




"2 

3 

3“ 



17. 

0 

-1 

0 


18. 

0 


-1 0 



19. 

1 

4 

3 




T 

1 

i. 



.1 


0 1 . 




.1 

3 

4. 




" _ 2 

2 

4* 




n 

mm 

2 

-4' 




2 

4 

6" 


20. 

-3 

4 

5 


21. 


2 

6 

0 


22. 

— 

1 

-4 

-3 



_ 1 

0 

2 




3 

-3 

5. 




0 

1 

-1 _ 



"l 

1 

0 

2~ 



l 

—2 

3 

0 “ 


"3 


2 

0 

-1 “ 

23. 

2 

-1 

1 

-1 

24. 


0 

1 

-1 

1 

25. 

2 


0 

1 

2 


3 

3 

2 

—2 



•2 

2 

-2 

4 


1 


2 

-1 

0 


.1 

2 

1 

0 _ 



0 

2 

-3 

1 _ 


”7 


-1 

1 

1 _ 


2) 26. Explain the process for finding the inverse of a matrix. 


Each graphing calculator screen shows A -1 for some matrix A. Find each matrix A. 
(Hint: (A -1 ) -1 — A.) 


27. 



28. 



SfaMnnitBras 



For individual or collaborative investigation (Exercises29-34) 
It can be shown that the inverse of matrix A = 


b 

d 


is 


A" 1 = 


-b 


ad — be ad — be 
—c a 


_ ad — be ad — be _ 

Work Exercises 29—34 in order ,; to discover a connection between the inverse and 
the determinant of a 2 X 2 matrix 


29. With respect to the matrix A 


a b 1 

~~ . c </} W 


hat do we call ad — be ? 


30. Refer to A -1 as given above, and write it using determinant notation. 

31. Write A~ l using scalar multiplication, where the scalar is yyj-. 

32. Explain how the inverse of matrix A can be found using a determinant. 

4 2l 

33. Use the method described here to find the inverse oT A = 

L7 3J 

34. Complete the following statement: The inverse or a 2 x 2 matrix A docs not exist 

if the determinant of A has value - (Hint- Look at the denominators in A ~ 1 

as given earlier.) 
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Solve each system by usinft the inverse of the coefficient matrix. See Example 4, 


35. -x 4 y 
2* — y 


38. x 4 3y *= — 12 
2x — y = 11 

41, 6* 4 9y 13 3 

-8* 4 3y = 6 

44. 0.5* 4 0.2y = 0.8 
0.3* — 0. \y — 0,7 


36. 

x + y =* 5 

37. 

2x - y - -8 


* - y ts - | 


3* 4 y = —2 

39. 

3* 4 4y ® -3 

40, 

2* - 3 y = 10 


-5* 4 8y = 16 


2* 4 2y = 5 

42. 

5* - 3y *= 0 

43. 

0,2* + 0,3y = -1.9 


10* 4 6y = —4 


0.7* - 0.2>* = 4.6 


1 1 49 

46. 

1 1 12 

45. 

— X + —’V 5=8 — 

2 3 > 18 

r*v m T 


1 4 


I 1 s 


2 x + 2ym 3 


—x + —y = — 

10 y 6 

the matrix inverse method cannot 

be used to solve each 


system. 


47. 

r<1 

11 

rV 

1 

£ 

48. 

* - 2y 4 32 = 

4 


14* — 4y — 1 


2* — 4y 4 6z = 

8 



3* - 6y 4 9z = 

14 

Sol i 

ve each system by using the inverse 

of the coefficient matrix 

For Exercises 51 

the 

inverses were found in Exercises 19- 

-24. See Example 4. 


49. 

x + y + z = 6 

50. 

2* 4 5y 4 2z = 

9 


2* 4 3y - z = 7 


4* — ly — 3 z — 

7 


3* — y — z = 6 


3* — 8y — 2 z = 

9 

51. 

2* 4 3y 4 3z = 1 

52. 

—2x 4 2y 4 4z 

= 3 


* 4- 4y 4 3s — 0 


-3* 4 4y 4 5z 

= I 


* + 3y 4 4z = — 1 


* 4 2z = 2 


53. 

2* 4 2y - 4z - 12 

54. 

2x 4 4y 4 6z = 

4 


2* 4 6y = 16 


-* - 4y - 3z = 

= 8 


—3* - 3y 4 5z - -20 


y - c = -4 


55. 

* 4 y 4 2w — 3 

56. 

* — 2y 4 3c — 

I 


2* — y 4 z — w = 3 


y — z + w = — 

I 


3* 4 3y 4 2 z- 2w = 5 


—2* 4 2y - 2z 

4 4iv = 2 


* 4 2y 4 z = 3 


2v — 3z 4 ii* = 

-3 


(Modeling) Solve each problem 


57. Plate-Glass Sales The amount of plate-glass sales 5 
(in millions of dollars) can be affected by the number 
of new building contracts B issued (in millions) and 
automobiles A produced (in millions). A plate-glass 
company in California wants to forecast future sales 
by using the past three years of sales. The totals for the 
three years are given in the table. To describe the rela¬ 
tionship among these variables, we can use the equation 


S 

4 1 

n 

602.7 

5543 

37.14 

656.7 

6.933 

41.30 

778.5 

7.638 

45.62 


S — a + bA 4 cB . 


where the coefficients a, b, and c arc constants that must be determined before the 
equation can be used. (Source: Makndnkis, S., and S. Wheelwright, Forecasting 
Methods for Management. John Wiley and Sons.) 

(n) Substitute the values for S.A. and B for each year from the table into the equation 

_ S = a 4 bA 4 cB, and obtain three linear equations involving a , b, and c. 

@@ (b) Use a graphing calculator to solve this linear system for a , b , and c Use matrix 
inverse methods. 

(c) Write the equation for S using these values for the coefficients 
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(»H For the next >***»( it is estimated thnt A * 7,752 and B *= *17.38, Predict 5. (The 
achial value lot A was S77.0.) 

': <c) It is predicted that in 6 yi \ X») and 0 ** 66,25. Find the vnlue of S in this 
situation and discuss its validity. 


58. Tire Saks Tlte number of automobile tire sales is 
dependent on several variables. In one study the re¬ 
lationship among annual lire sales 5 (in thousunds 
of dollars), automobile registrations R (in millions), 
and personal disposable income / (in millions of 
dollars) was investigated, The results for three years 
ore given »n the table. To describe the relationship 
among these variables, we con use the equation 


s 

It 

/ 

10,170 

1 12.9 

307.5 

15.305 

132 9 

621.63 

21,2Hy 

155.2 

1937.13 


S = a + bR + cl. 


where the coefficients a, b, and c arc constants ihut must be determined before the 
equation can be used. ( Source: Jarrcit, J., Business Forecasting Methods, Basil 
Blackwell, Ltd.) 


(a) Substitute the values for S, R, and / for each year from the table into the equation 
5 = a + bR -4- cl, and obtain three linear equations involving a, b, and c. 

(b) Use a graphing calculator to solve this linear system for a, b, and c. Use matrix 
inverse methods. 

(c) Write the equation for S using these values for the coefficients. 

(d) If R = 117.6 and / = 310.73, predict S. (The actual value for S was 11,314.) 

(e) If R = 143.8 and / = 829.06, predict S. (Tire actual value for S was 18,481.) 


15 


to 


59. Social Security Numbers In Exercise 89 or Sec¬ 
tion 3.4, construction of your own personal Social 
Security polynomial was discussed. It is also pos¬ 
sible to find a polynomial that goes through a 
given set of points in the plane by using a process 
called polynomial Interpolation. 

Recall that three points define a second-degree 
polynomial, four points define a third-degree poly¬ 
nomial, and so on. The only restriction on the points, since polynomials define func¬ 
tions, is that no two distinct points can have the same x-coordinatc. Using the same 
SSN (539-58-0954) as in that exercise, we can find an eighth-degree polynomial that 
lies on the nine points with .r-coordinuies ] through 9 and ^'-coordinates that arc digits 
of the SSN: (1, 5), (2, 3), (3, 9),.... (9,4). This is done by writing a system of nine 
equations with nine variables, which is then solved by the inverse matrix method. The 
graph of this polynomial is shown Find such a polynomial using your own SSN. 



Use a graphing calculator to find the inverse of each matrix. Give as many decimal 
places as the calculator shows . See Example 2 . 


V2 

0.5 




2 

-T 

07 

-17 

2 . 



61. 

j 

22 

V3 






r i 

2 

1 1 — 

’1.4 

05 


0.59 ‘ 


■ 1 

4 3 

0.84 

1.36 

0.62 

63. 

0 

1 1 

4 3 

.0.56 

0.47 

13 . 


_ 2 

1 t 

5 3 _ 


Use a graphing calculator and the method of matrix inverses to solve each system. Give 
as many decimal places as the calculator shows. See Example 4 . 

64- ,t - V2y = 2.6 65- 2. lx + y = V5 

0.75a + >’ = —7 \.'2v - 2v = 5 


66. ttx + ey + \^2z — I 
ex + Try + V2r = 2 
VZr + ey 4 - ttz = 3 


67. (log2).v + (In 3)v + (In 4); = I 

(In 3).r + (log 2)v + (In 8)z = 5 

(log 12).v + (In 4).v + (In 8)z — 9 
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Uf A ~ U h \, and let O be die 2X2 zero matrix. Show that the statements in Kxer- 
.e d J 

rises OH and 09 are true. 

6H. A • 0 = 0 ‘A = O 

09. For square matrices A and D of the same dimension, if AD = O and if A 1 exists, 
then D = O. 

70. Prove that any square matrix has no more than one inverse. 

71. Give un example of two matrices A and D, where {AB)~ X & A l D 

72. Suppose /\ and D are matrices, where A -1 , /?"*. and AD all exist. Show that 
{AD)~ X - D~ l A~ l . 

"a 0 0' 

, where a, b, and c are nonzero real numbers. Find A~ l . 


73. Let A — 


0 b 0 
0 0c 


. Show that A J = h. and use this result to find the inverse of A. 


'I 0 O' 

74. Let A = 0 0 -1 

.0 1 - 1 . 

75. What are the inverses of /„, —A (in terms of/l), and kA (k a scalar) 9 


[P| 76. Discuss the similarities and differences between solving the linear equation ax — b 
and solving the matrix equation AX = D. 


! Key Terms \ 

5. T linear equation (first- 

! 

5.2 

matrix (matrices) 

5.5 nonlinear system 

5.7 square matrix 

decree equation) in 


element (of a matrix) 

5.6 half-plane 

row matrix 

n unknowns 


augmented matrix 

boundary 

column matrix 

system of equations 


dimension (of a 

linear inequality in 

zero matrix 

solutions of a system 

i 

matrix) 

two variables 

additive inverse 

of equations 

5.3 

determinant 

system of incquali- 

(negative) of a 

system of linear equa- 


minor 

ties 

matrix 

tions (linear system) 


cofactor 

linear programming 

scalar 

consistent system 


expansion by a row or 

constraints 

5.8 idenuty matrix 

independent equations 


column 

objective function 

multiplicative inverse 

inconsistent system 


Cramer’s rule 

region of feasible 

(of a matrix) 

dependent equations 

5.A 

partial fraction 

solutions 


equivalent systems 


decomposition 

vertex (comer point) 


ordered triple 


partial fraction 

-— _ 

- 

New Symbols 




— ik'in 


(a, h. c) 

ordered triple 

D. D x , D r 

determinants used in Cramer’s rule 

1*1 

matrix A (graphing calculator symbolism) 

h , h 

identitv matrices 

Ml 

determinant of matrix A 

A - * 

multiplicative inverse of matrix A 

a u 

the element in row i, column/, of a matrix 




< continued i 
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Concopts 

Fundamental Theorem or Linear Programming 

The optimnl value for u linear programming problem 

occurs at a vertex of the region of feasible solutions. 

Solving it Linear Programming Problem 

Step I Write the objective function and all necessary 
constraints. 

Step 2 Graph the region of feasible solutions. 

Step 3 Identify all vertices (comer points). 

Step 4 Find the value of the objective function at each 
vertex. 

Step 5 The solution is given by the vertex producing 
the optimal value of the objective function. 


Properties of Matrices 

Addition and Subtraction of Matrices 

To add (subtract) matrices of the same dimension, add 

(subtract) the corresponding elements. 



Scalar Multiplication 

To multiply a matrix by a scalar, multiply each element 
of the matrix by the scalar. 


Multiplication of Matrices 

The product AB of an m X n matrix A and an n X p 
matrix B is found as follows. To get the /ih row,_/lh col¬ 
umn element of the m x p matrix AB, multiply each 
element in the ith row of A by the corresponding cle¬ 
ment in the jth column of B. The sum of these products 
will give the element of row i, column j of AB. 


Exnmplos 


The region of feasible solutions 
for 

x + 2y s; 14 
3.v + 4y s 36 
x 2: 0 
y 2: 0 

is given in the figure. Maximize 
the objective function 8.r + 12y. 


> 



Vertex Point 

Value of 8x + I2y 

(0,0) 

0 

(0.7) 

84 

IK. 3) 

UK) <— Maximum 

(12.0) 

96 


The objective function is maximized for .v = 8 and y — 3. 


Find the sum or difference. 


2 3 
.0 4 



15 0*1 

7 6 ] 


14 


Find the scalar product. 


*6 

2 " 


*18 

6 " 

1 

—2 

= 

3 

-6 

_0 

8 _ 


0 

24 . 


Find the matrix product. 


1 

-2 

3 * 

r 


1 ( 1 ) + (— 2 )(— 2 ) + 3 ( 3 ) 

5 

0 

4 

—2 

= 

5 ( l ) + 0 (- 2 )+ 4 ( 3 ) 

.-8 

7 

- 7 . 

. 3 . 


.- 8 ( l ) + 7 (- 2 ) + (- 7 )( 3 )_ 


3X3 3X1 r 

l_ h=-1 . 14 

= 17 

.-43 
3 X 1 
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Concepts 


Examples 


Matrix Inverses 
Finding an Inverse Matrix 

To obtnin A~ 1 for nny n X n matrix A for which A" 1 
exists, follow these steps. 

Step 1 Form the augmented matrix [A |/„], where /* is 
the /i X /i identity matrix. 

Step 2 Perform row transformations on 1 /„ ] to obtain a 
matrix of the form [/„|/?]. 

Step 3 Mntrix B is A~ l . 



t 


Therefore, A~ l — 




—2R2 + R1 


— 2RI -i- R2 


Hff CTWl 


Chapter 5 f 



Use the substitution or elimination method to solve each linear system. Identify any in¬ 
consistent systems or systems with infinitely many solutions. If the system has infinitely 
many solutions, write the solution set with y arbitrary. 


1. 2x + 6y — 6 

5jc + 9y — 9 

4 - 6 T + P’ * 8 


7. 3x-2y = 0 
9x 4- 8y = 7 


10. 4x 4- 3y 4- z = -8 
3x 4- y — z = —6 
x 4- y 4- 2z = —2 


2. 3x-5y = 7 
2x 4- 3y = 30 

5. >• = -x + 3 
2x + 2 y = 1 


8. 6x 4- I Oy = — 11 
9x 4- 6y = -3 


II. 5x — y = 26 
4y + 3z = -4 
3x 4- 3z = 15 


3. x 4- 5y — 9 
2x4- lOy = 18 

6. 0.2r 4- 0.5y = 6 
0.4x 4- y-9 


9. 2x — 5y 4- 3z = — 1 
x 4- 4y - 2z = 9 
—x 4- 2y 4- 4z = 5 

12. x+ z = 2 
2y~ z = 2 
—x 4- 2y = —4 


13. Concept Check Create your own inconsistent system of two equations. 


14. Connecting Graphs with Equations Determine the sys¬ 
tem of equations illustrated in the graph. Write equations 
in standard form. 
































and Matrices 


Write a system of linear equations, aiul then use the system to solve the problem . 

15. Meal Planning A cup of uncooked rice contains 15 g of protein nnd 810 calorics. 
A cup of uncooked soybeans contains 22.5 g of protein nnd 270 culorics. How nutny 
cups of each should be used for n meal containing 9.5 g of protein and 324 calorics? 

16. Order (Intimities A company sells recordable CDs for $0.80 each and play-only 
CDs for $0.60 each. The company receives $76.00 for an order of 100 CDs. How¬ 
ever, the customer neglected to specify how many of each type to send. Determine 
the number of each type of CD that should be sent. 

17. Indian Wearers The Wnputi Indians make woven blankets, rugs, and skirts. 
Each blanket requires 24 hr for spinning the yarn, 4 hr for dyeing the yarn, and 
15 hr for weaving. Rugs require 30, 5, nnd 18 hr and skirts 12, 3, nnd 9 hr, respec¬ 
tively. It there are 306, 59, and 201 hr available for spinning, dyeing, nnd weaving, 
respectively, how many of each item can be made? (Hint: Simplify the equations 
you write, if possible, before solving the system.) 

18. (Modeling) Populations of Minorities in the United States The current and esti¬ 
mated resident populations (in percent) of blucks and Hispanics in the United States 
for the years 1990-2050 are modeled by the following linear functions. 


y = 0.0515.t + 12.3 Blacks 
3' — 0 . 255 a - + 9.01 Hispanics 


In each case, x represents the number of years since 1990. ( Source: U.S. Census 
Bureau.) 

(a) Solve the system to find the year when these population percents will be equal. 

(b) What percent of the U.S. resident population will be black or Hispanic in the year 
found in part (a)? 

(c) Use a calculator graph of the system to support your algebraic solution. 

(d) Which population is increasing more rapidly? (Hint: Consider the slopes of the 


lines.) 


19. (Modeling) Heart Rate In a study, a group of uthletcs was exercised to exhaustion. 
Let .r represent an athlete's heart rate 5 sec after stopping exercise and y this rate 
10 sec after slopping. It was found that the maximum heart rate H for these athletes 
satisfied the two equations 


H = 0 491a + 0 468y + 11.2 
H = -0 98 lx + 1 872v + 26 4. 


If an athlete had maximum heart rate H — 180. determine x and v graphically. Interpret 
your answer. ( Source Thomas, V., Science and Sport, Faber and Faber.) 




20. ( Modeling) Equilibrium Supply and Demand Let the supply and demand equa¬ 
tions for units of backpacks be 



(a) Graph these equations on the same axes 

(b) Find the equilibrium demand 

(c) Find the equilibrium price 
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21. (Modeling) I'jntl the equation of the vertical parabola that passes through the points 
shown in the tabic. 


X 

Vi 



•2.2 

hY 





i 

is# 


7 

7S.7 


X=I 


22. ( Modeling) Knowing that the equation of a circle may be written in the form 

x 2 -f y 3 + ax + by + c = 0, 

find the equation of the circle passing through the points (—3, —7), (4. —8). and 

( 1 . 1 ). 


Find solutions for each system with the specified arbitrary variable. 

23. 3.v - Ay+ z = 2. 24. 2x - 6y + 4z = 5 _ 

2.v + v — 1 X 5x + y — 3z = 1 


Use the Gauss-Jordan method to solve each system. 


25. 


27. 


29. 


5x + 2y = -10 

26. 2a + 3y = 10 

3.r - 5y = -6 

—3.r + y = 18 

3.v + y = —7 

28. 2.r — y 4* 4z = — 

.r — y = —5 

—3x + 5y — z — 5 


2.r + 3v + 2z = 3 

.r- z = —3 

30. 2x — y + z = 4 

y + z = 6 

x + 2y - z - 0 

Ox 

1 

11 

m 

1 

r\ 

3* + y - 2z = I 


Solve each problem by using the Gauss-Jordan method to solve a system of equations. 

31. Mixing Teas Three kinds of tea worth S4 60. $5.75, and S6.50 per lb are to be 
mixed to get 20 lb of tea worth S5.25 per lb. The amount of $4.60 tea used is to be 
equal to the total amount of the other two kinds together. How many pounds of each 
tea should be used 9 

32. Mixing Solutions A 59c solution of a drug is to be mixed with some 15% solution 
and some 10% solution to get 20 ml of 8% solution. The amount of 5% solution used 
must be 2 ml more than the sum of the other two solutions. How many milliliters of 
each solution should be used? 

33. (Modeling) Master’s Degrees During the period 1970-2008. the numbers of master's 
degrees awarded to both males and females grew, but degrees earned by females 
grew at a greater rate If x = 0 represents 1970 and r = 38 represents 2008, the 
number of master’s degrees earned (in thousands) are closely modeled by the fol¬ 
lowing system 

y = 2.81a + 121 Maks 
v = 7.25.V 4- 65.5 l-emales 

Solve the system to find the year in which males and females earned the same num¬ 
ber of master’s degrees What was the total number of master’s degrees earned in 
that year 9 (Source U S Census Bureau ) 
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34, ( MiuUlinni < oinparintf Prices One a'l'rig- 
enator sells for $700 ami uses $85 worth of 
electricity per year. A second refrigerator 
is $100 more expensive hut costs only $25 
per year to nin. Assuming that there arc no 
repair costs, the costs to run the refrig¬ 
erators over a 10-yr period arc given by 
the following system of equations. Here, 
v represents the total cost in dollars, and x 
is time in years. 

v = 700 + 85.v 
v = 800 + 25.v 

In how many years will the costs for the 
two refrigerators be equal? What are the 
equivalent costs at that time? 



Evaluate each determinant. 


35. 

-I 

8 


36. 

—2 

4 



37. 

X 

4x 




*7 

9 



0 

3 




2.v 

8.r 




—2 

4 

1 


-1 


2 

3 


-3 


2 

7 

38. 

3 

0 

2 

39. 

4 


0 

3 

40. 

6 

—-i 

4 

-14 


-1 

0 

3 


5 

— 

1 

2 


7 


1 

4 


Solve each determinant equation. 


41. 


3.t 7 

= 8 


6.v 2 

0 

-x 4 

42. 

1 5 

3 




A 2 

-1 


= *7 


2.V 


Solve each system by Cramer's rule if possible. Identify any inconsistent systems or sys¬ 
tems with infinitely many solutions. ( Use another method if Cramer's rule cannot be used.) 

6.v + y = — 3 
I2.v + 2y = I 

5-v - 2y - z = 8 
—5.V + 2 y+ z = -8 
.r - 4v - 2z = 0 


43. 3a + 7y = 2 

44. 

3a + v = - 1 

45. 

5a — y = —22 


5 a + 4y = 10 


46. 3v + 2y+ z = 2 

47. 

a + y = — 1 

48. 

4a- y + 3c = — 16 


2v + z = 5 


a + 3y - z~ 12 


3a - 2c = -28 



Find the partial fraction decomposition for each rational expression. 

49. 

SJ. 


2 

50. 

11 - 2a 

3a 2 - 5a + 2 

a* — 8 A +16 

5 — 2a 

52. 

x y +2.\ 2 - 3 

(a 2 + 2)(a — I) 

v J - 4 a 2 + 4 


Solve each nonlinear system 


53. 

v = 2a + 10 

54. 

a 2 = 2v - 3 

Ui 

ef, 

r j 

+ 

i j 

II 

17 


a 2 + y = 13 


a + y = 3 

2a — — 

31 

56. 

2a 2 + 3y 2 = 30 

57. 

xy - -10 

58. xy + 2 = 0 



a 2 + y 2 = 13 


r + 2y = 1 

v - A = 3 


59. 

a 2 + 2xy + > 2 = 4 

60. 

x 2 + = 15 + 2 x 

61. 2 \ 2 - M 2 = 

= IS 


1 

II 

! 

ts> 


xv — 3 a + 3 = 0 

2 v- - 2\ 2 = 

= 14 
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62. Find ail values of b such chat the straight line 3 x — y — b touches ihe circle 
x 7 + y 2 = 25 at only one point. 

63. Do the circle x 2 + y 2 = 144 and the line x + 2>* = 8 hove any points in common? If 
so, what arc they? 

64. Find the equation of the line passing through the points of intersection of the graphs 
of x 2 + y 2 = 20 and x 2 — y = 0. 


Graph the solution set of each system of inequalities. 


65. .r *f y £ 6 
2x — y s 3 


66. y ^ —x — 
v 2 ^ 16- 


2 

jr* 


67. Find .r £ 0 and y 2: 0 such that 

3x + 2y £ 12 
5j + )' £ 5 


and 2x + 4y is maximized. 


68. Connecting Graphs with equations Determine the system 
of inequalities illustrated in the graph. Write them in stan¬ 
dard form. 


> 



Solve each linear programming problem. 

69. Cost of Nutrients Certain laboratory animals must have at least 30 g of protein and 
at least 20 g of fat per feeding period. These nutrients come from food A, which 
costs SO. 18 per unit and supplies 2 g of protein and 4 g of fat; and from food B, 
which costs SO. 12 per unit and has 6 g of protein and 2 g of faL Food B is purchased 
under a long-term contract requiring that at least 2 units of B be used per serving. 
How much of each food must be purchased to produce the minimum cost per serving? 
What is the minimum cost 9 

70. Profit from Farm Animals A 4-H member raises only geese and pigs She wants to 
raise no more than 16 animals, including no more than 10 geese. She spends $5 to 
raise a goose and S15 to raise a pig, and she has SI80 available for this project Each 
goose produces $6 in profit, and each pig produces S20 in profit. How many of each 
animal should she raise to maximize her profit? What is her maximum profit? 


Find the value of each variable. 


7, -l 

[4, -; ! i 

\a 3.r — 11 

“ Uv 9 J 




1 

r -6 + * 2 

[ —2 + m 3 p 

a + 31 {3 ~2k 

2r H 5 

5 

8 P 

l]' 

.T 5 v 6a 

’L 2/11 11 -35. 


Perform each operation when possible. 


73. 

-1 

IO 

_1 

- _ 

s' 

-4 

+ 

' r 
0 


_5, 


6_ 


2 


[2 

5 

8l 

r 3 

4* 

75. 

. 

9 

2 " 

u 

1. 


74. 4 

‘3 

-4 2' 


—3 

0 

5 1 




~ 



.5 

-1 6. 


. 1 

0 

4. 


-3 

4 

-1 

O' 

*> 

to “ 

8. 

2 

5. 


76. 
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77. 


1 

0 

[-3 

4 1 

2 5 J 

l 2 

8j 


79. 


81. 


78. 


I 2 
3 0 
-6 5 


4 8 

“I 2 


r 3 2 -n 

‘-2 O’ 


1-2 4 2] 

"-1" 

U 0 6 J 

0 2 

80. 

.0 1 -1 8J 

0 


- 3 1. 



_ i_ 


mm 

5 

5" 

1 

0 

~r 


* 0 

1 

4* 



0 

. 3 

1 

-4 

4 

_i 

-1 

. 1 

0 

i 

0 

-1. 

82. 

7 

.10 

1 

0 10 

9 

1 . 

[-4 

7 a 


Find the inverse of each matrix that has an inverse. 

“■ [5 3] "• ["0 3] 


85. 


2 -1 0 
1 0 1 

1 -2 0 


86 . 


2 3 

-2 -3 
1 4 


5 

-5 


Use the method of matrix inverses to solve each system. 


87. 5x ~ 4 v = 1 
x 4- 4y = 3 

89. 3x + 2v + z = -5 
x - v + 3z = -5 
2.V 4- 33 ' 4- z — 0 


88. 2.v+ y = 5 
3 .x - 2y = 4 

90. x + y + z = 1 
2x - y = -2 
3y + z = 2 



Use substitution or elimination to solve each system Identify any system that is incon¬ 
sistent or has infinitely many solutions. If a system has infinitely many solutions, express 
the solution set with y arbitrary 


1. 3.1 — y = 9 
x 4- 2 y = 10 


4. .r — 2v = 4 
—2.x + 4y = 6 


2. 6.v 4- 9y = -21 
4.\ 4* 6y = — 14 


5. 2x + y 4- z = 3 
-V + 2y - r = 3 
3.v — y + z = 5 



Use the Gauss-Jordan method to solve each system 

6. 3 i - 2v = 13 7. 3.v - 4v 4- 2c = 15 

4.v - y = 19 2 v - \ + c = 13 

v 4- 2v - c = 5 
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8. (hnnerting (truphs with Equations Find the equation 
ihui defines the parabola shown 


y 



9. Ordering Supplies A knitting shop orders yam from three suppliers in Toronto, 
Montreal, and Ottawa. One month the shop ordered a total of 100 units of yam 
from these suppliers. The delivery costs were S80, $50, and $65 per unit for the 
orders from Toronto, Montreal, and Ottawa, respectively, with total delivery costs 
of $5990. The shop ordered the same amount from Toronto and Ottawa. How many 
units were ordered from each supplier? 


Evaluate each deiertninant. 


10 . 


6 

2 



11 . 


2 0 
-I 7 
12 5 


8 

9 

-3 


^o/ve each system by Cramer’s ride. 

12. 2.r - 3 y = -33 13. x+ y- z = -4 

Ax + 5y = 11 2x — 3y - z = 5 

x + 2y + 2z = 3 


14. Find the partial fraction decomposition of 


x + 2 

x 3 + 2x 2 + x 


15. Connecting Graphs with Equations Determine the 
system of equations illustrated in the graph. Write 
equations in standard form. 


y 



Solve each nonlinear system of equations. 

16. 2x 2 + y 2 = 6 17. x 2 + y 2 = 25 

x 2 — Ay 2 = —15 x + y =7 

18. Unknown ,\hunters Find two numbers such that their sum is -1 and the sum of 
their squares is 61. 

19. Graph the solution set. 20. Find x & 0 and y & 0 such that 

x - 3) 1 s 6 a + 2y < 24 

y 2 — 16 - x 2 3x 4- 4y == 60 

and 2.v + 3y is maximized. 

21. Jewelry Profits The J. J. Gravois Company designs and sells two tvpes of rings; 
the VIP and the SST The company can produce up to 24 rings each day using up to 
60 total hours of labor. It takes 3 hr to make one VIP ring and 2 hr to make one SST 
nnc. How many of each type of nng should be made daily in order to maximize the 
company's profit, if the profit on one VIP nng is S30 and'the profit on one SST nng 
is $40? What is the maximum profit’’ 
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22. Find the value of ouch vnrinhlc in the equation 


5 \ l ft 
0 4 


v - 2 
0 


•I - .v 
»»’ -I- 7 


Perform rat h operation when possible. 



'2 3* 


‘ -2 (s' 


r 

-j 




23. 3 

1 

-4 

- 

3 

-1 

24. 

-f 

4 

-6 



5 

9 


0 

8. 





■ 


25 . ; 2 1 3 

' 1 

3* 

s 

4 

14 0 ,S_ 

L* 

_ x 

- 


2 8 


26. 


2 -4 

3 5 


27. ( oncept ( In ek Which of Ihe following properties Joes not apply to multiplication 
of matrices? 


A. commutative 


B. associative 


C. distributive 


D. identity 


haul the inverse, if it exists, of each matrix. 


_ 

5l 




1 

3 

4“ 

-8 


4 12 



3 

L 


29. 

30. 

2 

7 

8 

~2 J 


.2 ft. 








— 2 

-5 

-7. 


Use matrix inverses to solve each system 

31. 2-V + y = — 6 
3 \ - y = -29 


32. a + y = 5 


v - 2z = 23 
v +3 c = -27 






























wm 


Rarabolas 


immaiy 




When a portion of this circular ferris 
wheel is viewed from an angle, it 
appears to be parabolic, and these 
shapes are examples of conic sections. 
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1. Concept Check Match each equation of a pnrnbola in Column I with its description 
in Column 11. 


I 

(n) y — 2 » (.v + 4 ) 2 

(b) y - 4 =» (x + 2) 2 

(c) y - 2 = -(.v 4* 4) 2 

(d) y - 4 = -(.t 4* 2) 2 
(c) x-2=(y4-4) 2 

(0 x-4 = (y + 2) 2 

(g) x - 2 = — (y + 4) 2 
00 x-4 = -(y4-2) 2 


II 

A. vertex (—2,4); opens down 
U. vertex (-2,4); opens up 

C. vertex (—4,2); opens down 

D. vertex (-4,2); opens up 

E. vertex (2, —4); opens left 

F. vertex (2, —4); opens right 

G. vertex (4, —2); opens left 

H. vertex (4, —2); opens right 


2, Concept Cheek Match each equation of a parabola in Column 1 with the appropriate 
description in Column II. 


I 

(a) y = 2x 2 + 3.r + 9 

(b) >* = —3x 2 4- 4x - 2 

(c) x = 2y 2 — 3y 4- 9 

(d) x = —3y 2 — 4y 4* 2 


II 

A. opens right 

B. opens up 

C. opens left 

D. opens down 


Graph each horizontal parabola, and give the domain and range. See Examples I and 2 . 

3. ,t + 4=y 2 4. x — 2 = y 2 5. x = (y ~ 3) 2 

6. x=(y4-l) 2 7. a — 2 = (y — 4) 2 8. a 4- 1 = (y 4-2) 2 

9. a- 2= -3(y- l) 2 10. a — 4 = ^(y — 1 ) 2 II. -pr = (y 4- 3) 2 


12. — ~a = (y — 2) 2 

15. A = -4y= - 4y 4- 3 
17. 2x - y 2 4- 4y - 6 = 0 
19. —a = 3y 2 4- 6y 4* 2 


13. a = y 2 4- 4y 4- 2 


14. a = 2y 2 — 4y 4- 6 


16. a = — 2y 2 4- 2y - 3 
18. a 4- 3y 2 4- 18y + 22 = 0 
20. -a = 2y 2 4- 4y - I 


Give the focus, directrix, and axis of symmetry for each parabola. See Example 3. 

21. x 2 = 24y 22. a 2 = p 23. y = -4a 2 

24. y = — pr 2 25. y 2 = -4a 26. v 2 = 16 x 

27. a = —32y 2 28. a = -16y 2 29. (y - 3) 2 = 12( v - I ) 

30. (y - 2) 2 = 24 (a - 3) 31. (a - 7) 2 = I6(y + 5) 32. (a + 2) 2 = 20(y - 2) 

Write an equation for each parabola with vertex ai the on gin See Example 4. 

33. focus (5.0) 34. focus ( — 4.0) 

35. directrix y — — j 36. directrix t = 4 

37. through (V 3. 3). opening up 38. through ( -2. —2V 2). opening left 
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39# through (3,2), symmetric with re* 40, through (2, —4), symmetric with re* 
speci to the x-axis spect to the y-axis 

Write an equation for each parabola . See Example S. 

41, vertex (4, 3). focus (4. 5) 42. vertex (-2, I). focus (-2, -3) 

43. vertex (-5,6), directrix x = -12 44. vertex (1.2). directrix x = 4 

Determine the two equations necessary to graph each horizontal parabola using a 
graphing calculator, and graph it in the viewing window specified. See Example 2. 

45. x = 3y 2 + 6y —4; [ — 10,2] by [—4,4] 

46. x=-2y 2 + 4y + 3; [-10.6] by [-4.4] 

47. x + 2= — (y + I) 2 ; [-10.2] by [-4.4] 

48. x — 5 = 2(y — 2) 2 ; [-2. 12] by [-2.6] 


Relating Concepts 


For individual or collaborative investigation (Exercises 49-52) 

{Modeling) Given three noncollinear points, we can find an equation of the form 
x = ay 2 + by + c of the horizontal parabola joining them by solving a system of 
equations Work Exercises -49-52 in order, to find the equation of the horizontal 
parabola containing the points (—5, I ). ( — 14, —2). and ( — 10. 2) 

49. Wntc three equations in a. b. and c, by substituting the given values of x and y 
into the equation .t = ay 2 + by + c. 

50. Solve the system of three equations determined in Exercise 49. 

51. Does the horizontal parabola open to the left or to the right 9 Why? 

52. Write the equation of the horizontal parabola. 



Solve each problem. See Example 6 . 

53. (Modeling) Radio Telescope Design 
The U.S. Naval Research Laboratory 
designed a giant radio telescope that 
had diameter 300 ft and maximum 
depth 44 ft. (Source: Mar, J., and 
H. Liebowitz, Structure Technol¬ 
ogy for Large Radio and Radar 
Telescope Systems, The MIT Press.) 

(a) Find the equation of a parabola 
that models the cross section of the 
dish if the vertex is placed at the 
origin and the parabola opens up. 

(b) The receiver must be placed at 
the focus of the parabola. How- 
far from the vertex should the re¬ 
ceiver be located? 



54. (Modeling) Radio Telescope Design Suppose the telescope in Exercise 53 had 
diameter 400 ft and maximum depth 50 ft. 

(a) Find the equation of this parabola 

(b) The receiver must be placed at the focus of the parabola. How far from the vertex 
should the receiver be located 9 
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55. 


Parabolic \rch 
(he dimensions 
arch 9 ti up? 


An arch in the shape 
shown in (lie figure 


ot a parabola has 
I low w ulc is (lie 



56. r <m ut of Cable Supports The cable in the 

center portion ol u bridge is supported as shown in (he 
figure to form a parabola. The center vertical cable is 
10 ft high, the supports are 210 ft high, and the distance 
between the two supports is 400 ft. Find the height of 
the remaining vertical cables, if the vertical cables are 
evenly spaced. (Ignore the width of the supports and 
cables.) 



57. "Modeling) Path of a Cannon Shell 
The physicist Galileo observed that 
certain projectiles follow a parabolic 
path. For instance, if a cannon fires u 
shell at a 45° angle with a speed of 
v feel per second, then the path of the 
shell (see the top figure) is modeled 
by the following equation. 



The bottom figure shows the paths of shells all fired at the same speed but at dif¬ 
ferent angles. The greatest distance is achieved with a 45° angle. The outline, or 
envelope, of this family of curves is another parabola with the cannon ns focus. 
The horizontal line through the vertex of the envelope parabola is a directrix for 
all the other parabolas. Suppose all the shells are fired at a speed of 252.982 ft 
per sec. 

(a) What is the greatest distance that a shell can be fired? 

(b) What is the equation of the envelope parabola? 

(c) Can a shell reach a helicopter 1500 ft due east of the cannon flying at a height of 
450 ft? 

58. (Modeling) Path of an Object When an object moves under the influence of a con¬ 
stant force (without air resistance), its path is parabolic This would occur if a ball 
were thrown near the surface of a planet or other celestial object. Suppose two balls 
are simultaneously thrown upward at a 45° angle on two different planets. If their 
initial velocities are both 30 mph, then their .^-coordinates in feet at time x in sec¬ 
onds can be modeled by the following equation. 


y — x — 



Here g is the acceleration due to gravity. The value of g will vary depending on 
the mass and size of the planet ( Source . Zeilik. M. f and S Gregory. Introductory 
Astronomy and Astrophysics, Fourth Edition. Brooks/Cole.) 

(a) For Earth g = 32.2. while for Mars g — 12.6 Find the two equations, and graph 
on the same screen of a graphing calculator the paths of the two balls thrown on 
Earth and Mars. Use the window [0. 180] by [0, 120] (Hint If possible, set 
the mode on your graphing calculator to simultaneous.) 

(b) Determine the difference in the horizontal distances traveled by the two balls 
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59. (Modeling, I’nih "f an Oh, {Refer io Exercise 58.) Suppose lb* **<•» ‘>n:ls arc 

now Oiiowti upw.ird .ii a 60 auric on Main and the moon. If their hhtifi! velocity is 

60 mpfi, then their xy-cot i iin if ^ in feet of time t. fri'iccond* can be modeled b> the 

following equation 

iZ - 8 

- v 11* 3872** 

(Source: Zeilik, M.. and S. Gregory, Introductory Astronomy and Astrophysics, 
Fourth Edition, Brooks/Cole.) 

(a) Graph on the some coordinate axes the paths of the balls if g 53 5,2 for the moon. 
Use the window [0,1500] by [0, 1000]. 

(b) Determine the maximum height of each ball to the nearest foot 

| 60. Explain how you can tell, just by looking at the equation of a parabola, whether it 
has a horizontal or a vertical axis of symmetry. 

61. Prove that the parabola with focus (p, 0) and directrix x — ^p has the equation 
y 2 = Apx. 

62. Write a short paragraph describing the appearances of parabolic shapes in your every¬ 
day surroundings. 



Ellipses 


1 


a Ernies' 15 ° nd Grapl,s °* Equations and Graphs of Ellipses Like the circle and the parabola, the ellipse 

is defined as a set of points in a plane. 

is Translated Ellipses 
■ Eccentricity 
B Applications of Ellipses 

Ellipse 


>• 



i 



Figure 15 


An ellipse is the set of all points in a plane the sum of whose distances from 
two fixed points is constant Each fixed point is a focus (plural, foci) of the 
ellipse 


As shown in Figure 14, an ellipse has two axes of symmetry, the major 
axis (the longer one) and the minor axis (the shorter one). The foci are always 
located on the major axis. The midpoint of the major axis is the center of the 
ellipse, and the endpoints of the major axis are the vertices of the ellipse. The 
graph of an ellipse is not the graph of a function. It fails the vertical line test. 

The ellipse in Figure 15 has its center at the origin, foci F(c, 0) and 
F'(-c, 0), and vertices V(a, 0) and V"(-a, 0). From Figure 15, the distance 
from V to F is a — c and the distance from V to F' is a + c. The sum of these 
distances is 2a. Since V is on the ellipse, this sum is the constant referred to in 
the definition of an ellipse. Thus, for any point P(.t, y) on the ellipse, 

d{P % F) + d(P , F') = 2a. 


By the distance formula, 

d{P, F) = \ \x - c-)-‘ + v- 

and d{P , F') = V[.v - (-c) ]- + y 2 = V(.v + c)- + y 2 . 
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NOT TO SCALE 
Figure 24 


Applications ot Ellipses 


.* 


Applying tin* Equutiun ol an Ellipse tu the Orbit ol a Planet 

The orbit of the plnnct Mars is an ellipse with the sun at one focus. The eccen¬ 
tricity of the ellipse is 0.0935, and the closest distance that Mnrs comes to the 
sun is 128.5 million mi. ( Source: World Almanac and Book of Facts.) Find the 
maximum distance of Mars from the sun. 


SOLUTION Figure 24 shows the orbit of Mars with the origin ot the center of the 
ellipse and the sun ot one focus. Mnrs is closest to the sun when Mars is at the 
right endpoint of the major axis and farthest from the sun when Mars is at the left 
endpoint. Therefore, the least distance is a — c, and die greatest distance is a 4- c. 

Q ~ 128.5 _ Since a - i = 128 5. ii lullmvs that 

a ~ ‘ t = a - I 2H 5 Use v = Jj 

a — 128.5 = 0.0935a Multiply by </. 

a 141.8 Sulve lor a 

Then c = 141 8 - 128.5 = 13.3 and a + c = 141.8 + 13.3 = 155.1. 

The maximum distance of Mars from the sun is about 155.1 million mi. 


if Now Try Exercise 45. 


r« 


o 



* 

o 

* o 
/> o 

O c o 

a o ° 

a ° 

' O ° O 

h c 

e ° ° 

r\ ; o 

U n C 


When a ray of light or sound 
emanating from one focus of an 
ellipse bounces off the ellipse, it passes 
through the other focus. See Figure 25. 

This reflecting property is respon¬ 
sible for “whispering galleries.” In 
a whispering gallery, a person whis¬ 
pering at a certain point in the room, 
though barely audible close by, can 
be heard clearly at another point 

across the room. The U.S. statesman John Quincy Adams was able to listen in 
on his opponents’ conversations in the old House Chamber (Statuary Hall) 
because his desk was positioned at one of the foci beneath the ellipsoidal ceiling 
and his opponents were located across the room at the other focus. 

A lithotripter is a machine used to crush kidney stones using shock waves. 
The patient is placed in an elliptical tub with the kidney stone at one focus of the 
ellipse. A beam is projected from the other focus to the tub so that it reflects to 
hit the kidney stone. See Figure 26 below and Figure 27 on the next page. 




t 


The lop of an ellipse is illustrated in 
this depiction of how a Iiihotnpter 
Acnal view of Old House Chamber crushes a kidney stone 


Figure 25 


Figure 26 



Focusing 
reflector 


Emitter 


ShtKk 

W 


Kidney 

stone 
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. . v! Modeling U>c HUlttUt** Properly of fcllipw- 

If n lithotripter is based on (he ellipse 


x/_ £_ 

36 27 


I. 


determine how many units both the kidney stone and the source of the beam 
must be placed from the center of the ellipse. 


SOLUTION The kidney stone and the source of the 
beam must be placed at the foci, (c, 0) and (—c, 0). 
Here a 2 = 36 and b 2 = 27. 

C = 'S/a 2 — b 2 Equation for< 

c — V36 - 27 Substitute. 

c= V5, or 3 Subtract anti simplify . 

Thus, the foci are (3, 0) and (—3, 0). The kidney 
stone and the source both must be placed on a line 
3 units from the center. See Figure 27. 


v Wave 

Kidney . path Wave 
stone V27-- ' inur “ 



= i 

36 27 


Figure 27 


V Now Try Exercise 49. 



Exercises 




1. Concept Check Match each equation of an ellipse in Column I with the appropriate 
description in Column 11. 

I U 


(a) 

36 x 2 + 9 y 2 = 324 

A. 

(b) 

9 x 2 + 36 y 2 = 324 

B. 

(c) 

jc 2 y~ 

25 + T 6 “ 1 

r 


(d) 

£+4-i 

16 25 

D. 


.r-intercepts ± 3; ^'-intercepts ±6 
.r-intercepts ±4; 3-intercepts ±5 

.r-intercepts ± 6; ^-intercepts ± 3 
.r-intercepts ±5. 3-intercepts ±4 


2. Concept Check Determine whether or not each equation is that of an ellipse. If it is 
not, state the kind of graph the equation has. 

(a) x 2 + 43- = 4 (b) .v 2 4- 3- 2 - 4 (c) x 2 +y~ 4 (d) - + — = 1 

4 25 


Graph each ellipse . Identify the domain, range, center, vertices, endpoints of the minor 
axis, and foci in each figure. See Examples 1 and 4. 


x 2 v 2 
3 - 25 + * 9 * _ * 


. X 2 V 2 


x m 


5 . j + y 2 =l 


* >’ 2 , 
6 ‘ 36 + 76 = * 


7 . 9 .r- + 3- = 81 8 . 4.V 2 + 16 y 2 = 64 

9 . 4 .r : = 100 — 25 y 2 10 . 4 .v 2 = 16 — v 2 


+ + trini 

2 d 4 16 9 


13 . —— 7 -r——• + —— ! 


16 


36 


14 .il-lP+irJJg,, 

9 25 
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Write an equation for each ellipse. See Example 2. 

15. v-intercepts ±5; .^intercepts ±4 

16. v-intcrccpts ± V i5; v-intcrccpts ±4 

17. major axis with length 6; foci at (0, 2), (0, -2) 

18. minor axis with length 4; loci at (-5,0), (5, 0) 

19. center ut (3, 1); minor axis vertical, with length 8; c = 3 

20. center at (—2, 7); major axis vertical, with length 10; c = 2 

21. foci at (0, 4), (0, —4); sum of distances from foci to point on ellipse is 10 (Hint: 
Consider one of the vertices.) 

22. foci nl (—4, 0), (4, 0); sum of distances from foci to point on ellipse is 9 

23. foci at (0, —3), (0, 3); the point (8, 3) on ellipse 

24. foci at (-3,-3), (7,-3); the point (2,-7) on ellipse 

25. eccentricity vertices at (—5,0), (5,0) 

26. eccentricity vertices at (-4.0), (4.0) 

27. eccentricity foci at (0, —2), (0, 2) 

28. eccentricity foci at (0, —9), (0, 9) 


Graph each equation. Give the domain and range. Identify any that are graphs of func¬ 
tions. See Example 3. 


29. 


31. 




Determine the two equations necessary to graph each ellipse with a graphing calculator, 
and graph it in the viewing window indicated. See Figure 18. 


33. 



16 4 

[-4.7, 4 


= I. 

7] by [-3.1,3.1] 


35. 


(,x - 3) 2 v 2 

--— + — = l, 

25 9 

[-9.4.94] by [-6.2,6 2] 



[-9 4.9.4] by [-6 2,6.2] 


36. 


x' (y + 4) 2 

~+ -—i—- 1: 

36 4 

[-9 4,9.4] by [-6.2,6 2] 


Find the eccentricity of each ellipse If applicable, round to the nearest hundredth. See 
Example 5. 


37. 



38. 



4 


= 1 


39. 4.v 2 + 7y 2 = 28 


40. v 2 + 25y 2 = 25 


2| 41. Draftspcople often use the method shown in the sketch to 
draw an ellipse Explain why the method works. 

jP] 42. Explain how the method of Exercise 41 can be modified to 
draw a circle 
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Solve each problem. See Examples 6 and 7. 

43# Height of an Overpass A one-way road parses un¬ 
der un overpass in ihe shape of half an ellipse, 15 fi 
high at (he center and 20 f( wide. Assuming a truck is 
12 ft wide, what is the tallest truck (hat can pass under 
the overpass? 



•V V? kUI 




ion 


NOT TO SCALE 


44. Height and Width of an Overpass An arch has 
the shape of half an ellipse. The equation of the 
ellipse is lOO.r 2 + 324y 3 = 32,400, where x and y are 
in meters. 

(a) How high is the center of the arch? 

(b) How wide is the arch across the bottom? 

45. Orbit of Halley’s Comet The famous Halley’s comet last passed by Earth in Febru¬ 
ary 1986 and will next return in 2062. It has an elliptical orbit of eccentricity 0.9673 
with the sun at one focus The greatest distance of the comet from the sun is 
3281 million mi. Find the least distance between Halley’s comet and the sun. 
(i Source: World Almanac and Book of Facts.) 

46. fModeling) Orbit of a Satellite The coordinates in miles for the orbit of the artifi¬ 
cial satellite Explorer VII can be modeled by the equation 



y 


♦ 



NOT TO SCALE 


where a = 4465 and b = 4462. Earth’s center is located at one focus of the ellip¬ 
tical orbit. ( Source: Loh. W , Dynamics and Thermodynamics of Planetary Entry, 
Prentice-Hall, Thomson. W., Introduction to Space Dynamics, John Wiley and Sons.) 

(a) Graph both the orbit of Explorer VII and the Earth’s surface on the same coordinate 
axes if the average radius of Earth is 3960 mi. Use the window [—6750.6750] 
by [-4500,4500]. 

(b) Find the maximum and minimum heights of the satellite above Earth’s surface. 


47. (Modeling ) Orbits of Satellites Neptune and Pluto both have elliptical orbits with 
the sun at one focus. Neptune’s orbit has a = 30.1 astronomical units (AU) with 
an ecccntncity of e = 0 009. whereas Pluto’s orbit has a = 39 4 and e = 0.249. 
(i Source . Zetlik, M., S. Gregory, and E. Smith, Introductory Astronomy and Astro¬ 
physics, Fourth Edition, Saunders College Publishers.) 

(a) Position the sun at the origin and determine equations that model each orbit. 
PM <b) Graph both equations on the same coordinate axes. Use the window [-60. 60 ] 
by [-40, 40]. 


48. (Modeling) The Roman Colosseum 

(a) The Roman Colosseum is an ellipse 
with major axis 620 ft and minor 
axis 513 ft. Find the distance be¬ 
tween the foci of this ellipse. 




(b) A formula for the approximate penmeier of an ellipse is 


where a and b are the lengths shown in the figure Use this formula to find the 
approximate penmeier of the Roman Colosseum 
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4'>. i' • - suppov i litlnMripier Is bused on (lie ellipse wlih equation 

.V 1 V J 

-f — = I. 

3(> 9 

How Jar from the center of the ellipse must the kidney stone nnd the source of the 
beam be placed? Give the exact answer. 

SO. Design of a IMItotripter Rework Exercise 49 if the equation of the ellipse is 
9,v 3 + 4y 2 >= 36. 



Chapter 6 


Quiz (Sections 6.1-6 



1. Concept Cheek Match each equation of a conic section in Column I with the appro¬ 
priate description or descriptions in Column II. 

I II 


(n) .t + 3 = 4(y - 1 ) 2 
(b) (.v + 3) 2 + (y- 1 ) 2 = 81 


(c) 

(d) 


25(.v - 2) 2 4- (y - |) 2 = 100 
(*-2) 2 , (y - l) 2 . 

TZ --— 1 


A. circle; center (—3, 1) 

B. parabola; opens right 

C. ellipse; major axis horizontal 

D. parabola; vertex (—3. 1) 


(c) -2(x + 3)2 + 1 = y 


E. ellipse; center (2. I) 


Write an equation for each conic section. 

2. parabola with vertex (—1,2) and focus (2,2) 

3. parabola with vertex at the origin; through (\/7o, —5); opening downward 

4. ellipse with center (3, —2); a — 5; c = 3; major axis vertical 

5. ellipse with foci at (—3, 3) and (-3, 11); major axis oflcngth 10 


Identify and then graph each conic section. If it is a parabola, give the vertex, focus, 
directrix, and axis of symmetry. If it is an ellipse, give the center, vertices, and foci. 


6. y + 4 = (x + 3) 2 


9. 


(x + 3)2 

- - + 

25 


(y ± 2)2 

36 


7. 4.r 2 4- 9y 2 = 36 8. S(x + 1) = (y + 3) 2 

10. -v — —4y 2 — 4y — 3 



Hyperbolas 



□ Equations and Graphs 
of Hyperbolas 

□ Translated Hyperbolas 
o tee uicity 


- —- — ——■——-s 

■Equations and Graphs of Hyperbolas An ellipse was defined as the set of all 
points in a plane the sum of whose distances from two fixed points is a constant. 
A hyperbola is defined similarly. 


Hyperbola 

A hyperbola is the set of all points in a plane such that the absolute value 
of the difference of the distances from two fixed points is constant. The two 
fixed points are the foci of the hyperbola. 
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Suppose a hyperbola has center at the origin and foci at F'( c, 0 ) and 
F(c, 0). Sec Flour* 28, The midpoint of the segment F'F is the center of the hy¬ 
perbola and the points V’(-a, 0 ) and V(a, 0 ) are the vertices of the hyperbola. 
The line segment V*V is the transverse axis of the hyperbola. 


> 



For hyperbolas. 


d(V, F’) - d(V, F) = (c + a) — (c — a) = 2a, 


so the constant in the definition is 2a, and 


\d(P,F’) ~d{P,F)\ =2a 


for any point F(.v, 3 ') on the hyperbola. The distance formula and algebraic 
manipulation similar to that used for finding an equation for an ellipse (Exercise 62) 
produce the following result. 


x 


2 




= I 


Replacing c 2 — a 2 with b 2 gives 



as an equation of the hyperbola in Figure 28. Letting y = 0 shows that the 
.v-intercepts are ±a. If .r = 0, the equation becomes y 2 = — b 2 , which has no 
real number solutions, showing that this hyperbola has no y-intercepts. Again, 
see Figure 28. 

Start with the equation for a hyperbola and solve for 3 *. 




Subtract I and add 77 



Wnle the left side as a 
sin»lc traction 

I ake the square root on each side 
(Section 1.6). multiply by b 


If .v* is very large in comparison to a~, the difference .v* — a~ is very close lo 
•V”. If this happens, then the points satisfying the final equation above are very 
close to one of the lines 


y = 


+ 


b 


— x . 
a 


Thus, as | x | increases without bound, the points of the hyperbola 4-^=1 

approach the lines 3 ' is- 1 - These lines are asymptotes of the hyperbola and 

are useful when sketching the graph. 
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The following chart summarizes our discussion of eccentricity in this chapter. 


( 'onic 

Eccentricity 

1 ’arabolu 

e = 1 

Circle 

e =» 0 

Ellipse 

c 

<? =» — and 0 < f < 1 
a 

Hyperbola 

c 

e = — and e > 1 

a 



Graph each hyperbola. Give the domain, range, center, vertices, foci, and equations of 
the asymptotes for each figure. See Examples 1—3. 


- * 

^ 16 9 


v- _r- 

8 . --= 1 

64 4 


11. 9.v- - 2 5y 2 = 225 
14. x 2 -4y 2 = 16 


v- v~ 

* 25 _ T+4 ~ 1 

9. .v- - y 2 = 9 

12. 4y“ - 16 a 2 = 64 
15. 9a - - 4v* = 1 


7 i 

* 25 49 


10. x 2 ~ 4y 2 = 64 

13. 4\ 2 - 25.x 2 = 100 
16. 25v- - 9 a 2 = 1 


17. 


19. 


36 


16 


(.r-4) 2 ( 

64 

18 

(y - 2) 2 

9 

20. 

- (y - 3) 2 = I 

22. 


(.v + 6) 2 (v + 4) 2 
144 Si 

(v + 5) 3 _ (a - I) 2 
4 16 


= I 


= 1 
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Graph each equation. Give the domain and range. Identify any that are graphs of func¬ 
tions. See Example 3 In the previous section » 


25. 5x *= -VT+ly 2 


u ■ 

26. 3v ■» \Ar 2 - 16 


/•Vw/ //u» eccentricity of each hyperbola to the nearest tenth. See Example 4. 


.r 2 y 2 

27. v “ V = I 
8 8 

29. 16y 2 — 8 j 2 = 16 


x 2 y 2 


30. 8y 2 - 2x 2 = 16 


Write an equation for each hyperbola. See Examples 4 and 5. 

31. x-interccpts ±3; foci at (—5, 0), (5,0) 

32. ^'-intercepts ± 12; foci at (0, —15). (0, 15) 

33. vertices at (0, 6), (0, —6); asymptotes y — ±2** 

34. vertices at ( — 10,0). (10,0); asymptotes y — ±5.r 

35. vertices at (—3. 0), (3, 0); passing through (—6. —I) 

36. vertices at (0,5). (0. —5); passing through (—3, 10) 

37. foci at (o. VTi), (o, — VTi); asymptotes y = ±5x 

38. foci at (—3 V5, o), (3V5, o). asymptotes y = ±2.r 

39. vertices at (4, 5), (4, 1), asymptotes y = ±7(.v — 4) 4- 3 

40. vertices at (5, —2), (1, —2); asymptotes y — ± |(.r — 3) — 2 

41. center at (1, —2); focus at (—2, —2), vertex at ( — 1. —2) 

42. center at (9, —7); focus at (9, —17); vertex at (9, —13) 

43. eccentricity 3; center at (0, 0); vertex at (0, 7) 

44. eccentricity f; center at (8, 7); focus at (3, 7) 

45. eccentricity foci at (9, — 1), ( — 11. — 1) 

46. eccentricity f; vertices at (2, 10), (2, 2) 

Determine the two equations necessary to graph each hyperbola with a graphing calcu¬ 
lator, and graph it in the viewing window indicated. See Example /. 

47 - ~ — 7— — l; [-9.4.94] by [-10, 10] 

4 lo 

48. 1; [-9.4,94] by [-10. 10] 

49. 4y 2 -36.v 2 = 144; [-10, 10] by [-15, 15] 

50. y 2 — 9.t 2 = 9; [-10. 10] by [-10. 10] 







Geometry 


Relating Concopts 


& 

EB 


For individual or collahorntivn investigation (Exorcises51-56) 

I In- graph of \ s I iwi hyperbola. H'«? know that the graph of this hyperbola 
approaches n\ asymptotes as 1 1 1 an reuses w ithout hound Work lixcrciscs SI—50 
in order, tit see the relationship between the hyperbola and one of its asymptotes. 

51. Solve - 4 v 1 lor y, and choose the positive square root 

52. Find the equation of the asymptote with positive slope. 

53. Use a calculator to evaluate the y-coordinute ol the point where v = 50 on the 
yr.iph ol the portion of the hyperbola represented by the equation obtained in 
!• xerclse 51. Round your answer u> the nearest hundredth 


54. Find the v-coordinulc ol the point where v = 50 on the graph of the asymptote 
found in Exercise 52. 


55. Compare your results in Exercises 53 and 54. How do they support the follow¬ 
ing statement? 

When v = 50, the graph of the function defined by the equation found in 
Exercise 51 lies below the graph of the asymptote found in Exercise 52. 

56. \\ hat do you think will happen il we choose .v-values greater than 50? 


Solve each problem. 

57. (Modeling} Atomic Structure In 1911, Emest Rutherford discovered the basic struc¬ 
ture of the atom by “shooting” positively charged alpha particles with a speed of 
10 7 m per sec at a piece of gold foil 6 X 10 -7 m thick. Only a small percentage of 
the alpha particles struck a gold nucleus head-on and were deflected directly back 
toward their source. The rest of the particles often followed a hyperbolic trajectory 
because they were repelled by positively charged gold nuclei. As a result of this 
famous experiment, Rutherford proposed that the atom was composed mostly of 
empty space with a small and dense nucleus. 

The figure shows an alpha particle /\ initially approaching a gold nucleus N and 
being deflected at an angle 0 = 90 a . N is located at a focus of the hyperbola, and the 
trajectory of A passes through a vertex of the hyperbola. ( Source. Semat, H., and J. 
Albright, Introduction to Atomic and Nuclear Physics, Fifth Edition. International 
Thomson Publishing.) 



(a) Determine the equation of the trajectory of the alpha panicle if d = 5 x IO -14 m. 

(b) What was the minimum distance between the centers of the alpha particle and the 
gold nucleus? 

58. LO!L\.\ System Ships and planes often use a location-finding system called LORAN 
With this system, a radio transmitter at M in the figure on the next page sends out 
a series of pulses. When each pulse is received at transmitter 5. it then sends out a 
pulse. A ship at P receives pulses from both M and 5 A receiver on ihe ship mea¬ 
sures the difference in the arrival times of the pulses The naxigator then consults a 
special map showing hyperbolas that correspond to the differences in arrival times 
(which give the distances d x and d i in the figure) In this way the ship can be lo¬ 
cated as lying on a branch of a particular hyperbola. 
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Suppose that in the figure, d\ = 80 mi, r/j = 30 mi, and the distance MS between 
the transmitters is 100 mi. Use the definition of a hyperbola to find an equation of 
the hyperbola on which the ship is located 

59. Sound Detection Microphones arc placed at points 
(—c.O) and (c. 0). An explosion occurs at point 
P(x, y) having positive x-coordinatc. See the figure. 

The sound is detected at the closer microphone t sec¬ 
onds before being detected at the farther microphone. 

Assume that sound travels at a speed of 330 m per see, 
und show that P must be on the hyperbola 

x 2 _ y 2 _ 1 

330 2 r 2 4c 2 - 330 2 r 2 4 * 

60. Rugby Algebra A rugby field is similar to a modern football field except that the 
goalpost, which is 18.5 ft wide, is located on the goal line instead of at the back of 
the endzone. The rugby equivalent of a touchdown, called a try, is scored by touch¬ 
ing the ball down beyond the goal line After a try is scored, the scoring team can 
earn extra points by kicking the ball through the goalposts. The ball must be placed 
somewhere on the line perpendicular to the goal line and passing through the point 
where the try was scored. Sec the figure below on the left. 

If that line passes through the goalposts, then the kicker should place the ball at 
whatever distance is most comfortable If the line passes outside the goalposts, then 
the player might choose the point on the line where angle 0 in the figure on the left 
is as large as possible. The problem of determining this optimal point is similar to a 
problem posed in 1471 by the astronomer Regiomontanus. (Source: Maor, E., Trigo¬ 
nometric Delights, Princeton, NJ: Princeton University Press.) 

The figure on the right shows a vertical line segment AB, where A and B are a 
and b units above the horizontal axis, respectively If point P is located on the axis at 
a distance ofx units from point Q, then angle 0 is greatest when x = Vob. 


) 



Pi r. » 

4 

S 

\ 

s 

i r 

(-£ 0, 0 

(c.O) 


> 



(a) Use the result from Regiomontanus* problem to show that when the line is outside 
the goalposts, the optimal location to kick the rugby ball lies on the hyperbola 

v 2 - y 2 = 9 25 2 . 

(b) If the line on which the ball must be kicked is 10 ft to the nght of the goalpost, 
how far from the goal line should the ball be placed to maximize ancle 0? 

(c) Rugby players find it easier to kick the ball from the hyperbola’s”asymptote. 
When the line on which the ball must be kicked is 10 ft to the right or the goal¬ 
post. how far will this point differ from the exact optimal location? 
















614 


CHAPTER 6 Analytic Gaomatry 


61. 1 - /'• ■ j <i sp.ni\ Ctunpicv Two build* 

"H' m a spoils complex arc shaped and positioned like 
a portion of the branches of the hyperbola 

400** - 625y 2 = 250,000, 

where * and y are in meter*. 

(n) How far apart are the buildings at their closest point? 

(h) Find the distance d in the figure. 

62. Suppose a hyperbola has center nt the origin, foci at F(-c, 0) nnd F(c, 0). nnd 

!«/(/>, r) -d(r, ni =2o. 

Let h 2 = c 2 - a 2 , and show that on equation of the hyperbola is 





Summary of the Conic Sections 




■ Characteristics ~ :-s 

B idcniiiying lie Characteristics The graphs of parabolas, circles, ellipses, and hyperbolas 

Sections arc ca ^ ec * con * c sections since each graph can be obtained by cutting a cone with 

□ Geometm Definition of a . p,ane ’ “ su 68 e sted by Figure 1 at the beginning of the chapter. AH conic sec- 

Comc Sections lions of the types presented in this chapter have equations of the general form 

Ax 2 + Cy 1 + Dx + Ey + F = 0, 

where either A or C must be nonzero. The special characteristics of the general 
equations of the conic sections presented earlier are summarized below. 


Conic Section 

Characteristic 

Example 

Parabola 

Either A — 0 or C = 0. 
but not both. 

x- - y - 4 = 0 
y 2 — x — Ay — 0 

Circle 

A = C* 0 

x 2 + y 2 -16 = 0 

Ellipse 

A t 6 C,AC > 0 

25x 2 + 16y 2 - 400 = 0 

Hyperbola 

AC < 0 

-t 2 - y 2 - 1 = 0 


The following chart summarizes our work with conic sections. 


Equation 

_ 

Graph 


Description 

Identification 

(x - h) 2 = 4p(y - k) 

or 

y - k = a(x - It) 2 

J 

\ 

v , 7 .. 

Graph opens up if p > 0 
(or a > 0). down if 
p < 0 (ora < 0) 

Vertex is (h. k). 

Axis of symmetry is .i = h 

There is an x 2 -term, 
y is not squared. 


0 

Parabola 
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ICqiiulioii 

O' ~ ~ h ) 

or 

x — h — a(y — k) 2 


Graph 


Description 


Irirnlifit ation 


(ft.*) 



Parabola 


( iraph opens in il»c right 'i 
p > 0 (or a > 0 ), 
lo ihc left il p < 0 
(ora < 0). 

Vcrte. (/i. / ; 

Axis of symmetry ts y = k. 


'[ here is a y : - term 
x » pot quared 


(x — ft ) 2 + (y — k) 2 — r 2 



Center is (ft, ft). radius is r. 


Circle 


x 2 - and y 1 -terms 
have the same 
positive coeffi¬ 
cient. 


a* + ft 2 I (a > A) 


(ft.*) 



Horizontal major axis, 
length = 2 a 
c 2 = fl J - t 2 

Center is (ft, ft). 


Lllip.se 


x 2 - and y 2 -terms 
have different 
positive coeffi¬ 
cients. 


(x - /.)■ . (J- - *)* . 

—S3— + —^- - («>*) 


(ft. ft) 



Vertical major axis, 
length = 2 a. 
c 2 — a 2 — b 2 

Center is (ft, ft) 


Ellipse 


x 2 - and y 2 -terms 
have different 
positive coeffi¬ 
cients. 


(x _ h y (y _ k y 


ft 2 


- 1 



Graph has horizontal 
transverse axis. 
c 2 = a 2 + b 2 

Asymptotes are 

y = ±l(* - ft) + ft 

Center is (ft, ft). 


llypcrholu 


x 2 -term has a positive 
coefficient. 
y 2 -term has a negative 
coefficient. 


O' - *)= (x - /.)= 


= i 


a- 



Graph has vertical 
transverse axis. 
c 2 = a 2 4- b~ 

Asymptotes are 

> = ± 5 (.r-/i) +ft. 

Center is (ft, ft). 


y 2 -ierm has a positive 
coefficient. 

.r 2 -tcrm has a negative 
coefficient. 
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Geometric Definition of Conic Sections In Section 6.1, .i pnmbola U .is defined 
.is the set of points in n plane equidistant from a fixed point (locus) and a fixed line 
(directrix). \ pataholn has eccentricity I I Ins definition can he generalized to apply 
to the ellipse and the hyperbola. Figaro 39 shows an ellipse with a = 4, c = 2, and 
‘ I he line \ S is shown also, for any point /'on the ellipse, 

distance of P from the louus “ —| distance of P from the line | 

i- 

Figure 40 shows a hyperbola with a ~ 2, c — 4. and e = 2. along with the line 
v 1 For any point P on the hyperbola, 

distance ol P from the focus = 2[distance of P from the line ]. 



> 



Figure 40 


I lie following geometric definition applies lo all conic sections except cir¬ 
cles, which have c — 0 


Geometric Definition of a Conic Section 

Given a fixed point F (focus), a fixed line L (directrix), and a positive num¬ 
ber e, the set of all points P in the plane such that 

distance of P from F = e • [distance of P from L] 

is a conic section ol eccentricity e. The conic section is a parabola when 
e = 1 , an ellipse when 0 < e < 1 , and a hyperbola when e > 1 . 



The equation of a conic section is given in a familiar form. Identify the type of graph that 
each equation has, without actually graphing. See Examples 1 and 2, 


1. x 2 -4- y 2 = 144 
3. y = 2x 2 + 3x - 4 

5. jr — 1 = —3(v - 4) 2 

.v 2 > 2 

7. — + ■ = I 

49 100 


2 . (t - 2 ) 2 + (y + 3 ) 2 = 25 
4. .t = 3y 2 + 5y - 6 


6 . 


25 + 36 


1 


8. .t 2 - v 2 = I 
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9. 

xf _ r _ 

4 16 

10 . 

11 . 

•V 2 y 7 _ 

25 25 

12 . 

13. 

1 

n 

TtK 

14. 

15. 

(.r 4 3) 2 (y - 2) 2 , 

16 16 " ' 

16. 

17. 

.x 2 - 6.x 4 y = 0 

18. 

19. 

4(.r-3) 2 + 3(y + 4) 2 = 0 

20 . 

21 . 

x - 4 y 2 ~ 8y = 0 

22 . 

23. 

4.t 2 — 24.x + 5y 2 + 1 Oy 4 41 =0 

24. 


(*4 2) 2 (y-4) 2 

i-1- + - 

9 16 
y + 7 = 4(x + 3) 2 



= 25 - y 2 

ll -3x = 2y 2 - 8y 
2.r 2 - 8.r + 2y 2 4 20y = 12 
x 2 4 2ar = -4y 

6x 2 - 12r + 6y 2 - 18y + 25 = 0 


Determine the type of conic section represented by each equation, and graph it. See 


Examples I and 2, 



t* y 2 

23 -t + t=-' 

26. 

II 

4 

r ' H \* 

27. .v 2 = 25 4 y 2 

28. 

9.x 2 4 36y 2 = 36 

29. a- = 4y - 8 

30. 

8 2 

31. .v 2 — 4y = x 4 4 

32. 

(.r 4- 7) 2 4 (y - 5) 2 + 4 = 0 

33. 3.x 2 4 6.v 4 3y 2 - 12y = 12 

34. 

—4x 2 4- 8.x 4- y 2 4 6y = —6 

35. 4.x 2 - 8.\ 4 9y 2 - 36y = -4 

36. 

3.t 2 4 12* 4 3v 2 = 0 


In Exercises 37—40, identify which type of conic section is described. 

37. The conic section that consists of the set of all points in the plane for which the sum 
of the distances from the points (5, 0) and (—5, 0) is 14 


38. The conic section that consists of the set of all points in the plane for which the abso¬ 
lute value of the difference of the distances from the points (3, 0) and (— 3, 0) is 2 


39. The conic section that consists of the set of all points in the plane for which the 

distance from the point (3. 0) is one and one-half times the distance from the line 
a 

' = 3 


40. The conic section that consists of the set of all points in the plane for which the dis 
tance from the point (2, 0) is one-third of the distance from the line x = 10 


Find the eccentricity of each conic section. The point shown on the:x-axis is a focus, and 
the line show'll is a directrix. 


41. 


v 



42. 


t = -9 r 
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Satellite 7 rajectory When a satellite is near Earth, its orbital trajectory may trace out 
a hyperbola, a parabola, or an ellipse. The type of trajectory depends on the satellite' s 

velocity V in meters per second. It will be hyperbolic if V > ■—=, parabolic if V = , 

and elliptical if V < -^= , where k = 2.82 X 10 7 is a constant and D is the distance in 

meters from the satellite to the center of Earth. Use this information in Exercises 47—49 . 
{Source: Loh, W., Dynamics and Thermodynamics of Planetary Entry, Prentice-Hall, 
and Thomson, W., Introduction to Space Dynamics, John Wiley and Sons.) 

47. When the artificial satellite Explorer IV was at a maximum distance D of 42.5 X 10 b m 
from Earth’s center, it had a velocity V'of 2090 m per sec. Determine the shape of its 
trajectory 

48. If a satellite is scheduled to leave Earth's gravitational influence, its velocity must be 
increased so that its trajectory changes from elliptical to hyperbolic. Determine the 
minimum increase in velocity necessary for Explorer IV to escape Earth’s gravi¬ 
tational influence when D = 42 5 X JO 6 m. 

49. Explain why it is easier to change a satellite's trajectory from an ellipse to a hyper¬ 
bola when D is maximum rather than minimum. 


Solve each problem. 


50. If Ax 2 + Cy 2 4- Dx + Ev + F = 0 is the general equation of an ellipse, find its 
center point by completing the square 


Eihi 51 * 


Graph the ellipse + 73 — I with a graphing calculator Trace 10 find the coordi¬ 
nates of several points on the ellipse For each of these points P, verify that 


distance of P from (2. 0) = - [distance of P from the line v = 8 ]. 


52. Graph the hyperbola ^ yy — 1 with a graphing calculator. Trace to find the coor¬ 
dinates of several points on the hyperbola For each of these points P, verify that 

distance of P from (4. 0) = 2[distance of P from the hne .v = I j 
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Chapter 6 Test Prep 


Key Terms 


6.1 conic sections 
parabola 
focus 
directrix 


6.2 ellipse 
foci 

major axis 
minor axis 


center 

vertices 

conic 

eccentricity 


6.3 hyperbola 

transverse axis 
asymptotes 
fundamental rectangle 


New Symbols 


e eccentricity 


Ai'm' ' 

Quick Review 


Concepts 


Examples 


Parabolas 

Parabola with Vertical Axis and Vertex (0,0) 

The parabola with focus (0, p) and directrix y = —p has 
equation x 2 — 4 py. The parabola has vertical axis of sym¬ 
metry x = 0 and opens up if p > 0 or down if p < 0. 

Parabola with Horizontal Axis and Vertex (0, 0) 

The parabola with focus (p, 0) and directrix x = —p has 
equation y 2 = 4px. The parabola has horizontal axis of 
symmetry y = 0 and opens to the right if p > 0 or to the 
left if p < 0. 

Equation Forms for Translated Parabolas 
A parabola with vertex (h, k) has an equation of the form 

(* - h) 2 = 4p(y - k) Vertical axis of symmetry 

or (y - A') 2 = 4p(x - //), Horizontal axis of symmetry 

where p is the directed distance from the vertex to the focus. 


-*■ Ellipses 






Standard Forms of Equations for Ellipses 
The ellipse with center at the origin and equation 

JC“ y~ 

— +— 7=1 (where a > b) 
a- b~ 

has vertices ( ±a, 0). endpoints of the minor axis (0, ±6), 
and foci ( ±c. 0), where c 2 = n 2 — b 2 . 

The ellipse with center at the origin and equation 

j-2 v 2 

— ■+■ —— = 1 (where a > b) 
b- a- 


> v 



has vertices (0. ±n). endpoints of the minor axis ( ±fe. 0). 
and loci fO. ±c). where c 2 = n 2 — b 2 . 


(continutd) 
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Conoopls 
rninslutctl Ellipses 

llto preceding equations can be extended to ellipses lu\ mg 
ceiuer (h,k) by replacing .v and v with \ h and v - k, 
respectively 


Hyperbolas 


Standard forms ol !• quo t to ns for Hyperbolas 
I lie Its perbola ssith center at the origin and equation 




a 


3 



1 


lias vertices (tfl.O), asymptotes y = ±£. T , and foci 

(± c. 0), \shere r 2 = « 2 + />- 

The hyperbola with cente r at ihc origin and equation 



has vertices (0. ±o), asymptotes y = ±fjr, and foci 
1 0, ±c). where c 2 = a 2 + b 2 

Translated Hyperbolas 

The preceding equations can be extended to hyperbolas 
having center (/i, k) by replacing x and y with .r — h and 
v — k t respectively. 


Summary of the Conic Sections 


Conic sections in this chapter have equations that can be 
written in the following form. 


Ax 1 + Cy 2 + Dx + Ey + F = 0 


Conic Section 

Characteristic 

Example 

Parabola 

Either A = 0 or 

C - U, bui 
not both. 

r 2 - y -4 = 0 

y* — x — 4y = 0 

Circle 

A = C # 0 

.t 2 *f y 2 — 16 = 0 

Ellipse 

A r* C,AC > 0 

25x 2 4- 16y 2 - 400 = 0 

Hyperbola 

AC < 0 

1 

X 

1 

II 

o 

i 


Examples 



(- 1 . 



N 


-- 16 


-'-^ 0 . 2 ) 

(-1.2>.—2X 


*4 


lr-3) 1 (v - 2J 2 




3 



= 1 


(7.2) 


y 2 -4.r- lOy + 21 = 0. or (y — 5) 2 = 4(.r + 1), 

is a parabola with vertex ( — 1,5), opening to the right. 

} 

x 2 — 4x + v 2 + 2v — 4 = 0. 
or (.v - 2) 2 + (y + 1 ) 2 = 9. 

ts a circle centered at (2, -1) with radius 3. 

r 2 v 2 

4.t 2 + y 2 - 16 = 0. or — + — = 1, 

4 16 

is an ellipse centered at the origin with vertical major 
axis. 


or 


4.v 2 - > 2 - 8 a - 4) - 16 = 0. 

(.v-I) 2 (y + 2) 2 
— -— = l ’ 


is a hyperbola centered at (1. —2) with horizontal trans¬ 
verse axis 


Sec the summary chart in Section 6.4. 
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| Chapter 6 

1 

gReview Exercises 


Graph each pa rah of a. In Exercises l-d, give the domain, ratine, vertex, and axis of sym¬ 
metry. In Exercises 5-fi, give the domain, range, fonts, directrix, and axis of symmetry 

I. x = 4(y — 5) J + 2 2. x = -(y + \) 7 ~ 7 3. x = 5y* - 5y + 3 

4. x = 2 y 2 — Ay + l 5. y 1 = - 0. >* = 7.x 


7. 3x 2 = y 


8. x 2 + 2y = 0 


Write an equation for each parabola with vertex at the origin. 

9 . focus (4,0) 10- focus (0. -3) 

11 . through (—3,4), opening up 12. through (2.5), opening right 

An equation of a conic section is given. Identify the type of conic section. It may he nec 
essary to transform the equation into a more familiar form. 

13. y 2 + 9x 2 = 9 14. 9x 2 - 16y 2 = 144 15. 3y 2 - 5x 2 = 30 

16. y- + x = 4 17. 4x 2 - y = 0 18. -t 2 + y 2 = 25 

19. 4x 2 - 8x + 9y 2 + 36y = -4 20. 9x 2 - 18x - 4y 2 - 16v - 43 = 0 


Concept Check Match each equation in Exercises 21-26 with its calculator graph in 
choices A-F. hi all cases except choice B, Xscl = Yscl = 1. 

21. 4x 2 + y 2 = 36 22. x = 2y 2 4- 3 

-» 2 

23. (x - 2) 2 + (y + 3) 2 = 36 24. ^ ^ = 1 


25. (y- l) 2 -(x-2) 2 = 36 
A. 3 2 



26. y 2 = 36 + 4x 2 
B. 20 



In this screen. Xscl = Yscl = 5. 
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Graph each relation anti Identify graph. Give the domain, range, coordinates of the 
vertices far each ellipse or hyperbola, and equations of the asymptotes for each hyper¬ 
bola. Give the domain and range far each circle. 


n % 

27. “+~a| 

4 9 

28. 

16 4 

Y* V* 

• W .16 “ 1 

30. 

25 9 

.M. ( v+ ')= (> - I) 1 = 

16 16 

32. 

(.v - 3) 2 + (y + 2) 2 = 9 

33, 4.v 2 + 9v 2 = 36 

34. 

a 2 = 16 + y 2 

(.v - 3) 2 

35. --+ (y + 1 ) 2 = 1 

4 v - 7 

36. 

(a -2) 2 ( (y+3) 2 . 

9 * 4 “ 1 


„.(H2l.(ll2l =l 

4 9 

39. .t 2 — 4.v + y 2 + 6y = — 12 
41. 5.r 2 + 20.v + 2y 2 - 8y = -18 


i8 .(!lll-(iz2l =i 

16 4 

40. 4.v 2 + 8.v + 25y 2 - 250y = -529 
42. -4.v 2 + 8.v + 4v 2 4* 8 v — 16 


Graph each relation. Give the domain and range, and identify any that arc graphs of 
functions. 



44. .v — - 


V 





45. v = — \/l + .v 2 


46. y = - 



Write an equation for each conic section with center at the origin. 

47. ellipse; vertex at (0, —4). focus at (0, —2) 

48. ellipse; x-interccpt 6, focus at (2, 0) 

49. hyperbola; focus at (0, 5), transverse axis of length 8 

50. hyperbola, y-intercept —2, passing through (2.3) 

Write an equation for each conic section satisfying the given conditions. 

51. parabola with focus at (3, 2) and directrix x = —3 

52. parabola with vertex at (—3, 2) and v*iniercepts 5 and -I 

53. ellipse with foci at (—2,0) and (2.0) and major axis of length 10 

54. ellipse with foci at (0. 3) and (0, —3) and vertex at (0. —7) 

55. hyperbola with T-intercepis ± 3 and foci at ( -5. 0) and (5. 0) 

56. hyperbola with foci at (0. 12) and (0. —12) and asymptotes \ = ± v 

Solve each problem. 

57. Find the equation of the ellipse consisting of all points in the plane the sum of whose 
distances from (0. 0) and (4. 0) is 8 

58. Find the equation of the hyperbola consisting o! all points in the plane lor w hich the 
absolute value of the difference of the distances from (0. 0) and (0. 4) is 2 
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59, Calculator graphs arc shown tn choices A-D. Arrange the graphs so that thejr eccen¬ 
tricities arc in increasing order. 



C. 6.1 D. _H 








60. Orbit of Venus The orbit or Venus is an ellipse with the sun at one of the foci. The 
eccentricity of the orbit is e — 0.006775, and the major axis has length 134.5 mil¬ 
lion mi. (Source: World Almanac and Book of Facts.) Find the least and greatest 
distances of Venus from the sun. 

61. Orbit of a Comet The comet Swift-Tultle has an elliptical orbit of eccentricity 
e = 0.964, with the sun at one of the foci. Find the equation of the comet given that 
the closest it comes to the sun is 89 million mi. 

62. Find the equation of the hyperbola consisting of all points P in the plane for which 
the absolute value of the difference of the distances of P from (—5,0) and (5, 0) is 
8. Then graph the hyperbola with a graphing calculator and trace to find the coordi¬ 
nates of several points on the graph of the hyperbola. For each of these points, verify 
that the absolute value of the differences of the distances is indeed 8. 


Chapter 6 

Graph each parabola. Give the domain , range, verier, and axis of symmetry. 

1 . y = —x 2 + 6.v 2. x = 4y 2 + 8y 

3. Give the coordinates of the focus and the equation of the directrix for the parabola 
with equation .r = 8y 2 . 

4. Write an equation for the parabola with vertex (2, 3), passing through the point 
( — 18, 1), and opening to the left. 

[E] 5. Explain how to determine just by looking at the equation whether a parabola has a 
vertical or a horizontal axis of symmetry, and whether it opens up, down, to the left, or 
to the righL 



Graph each ellipse. Give the domain and range. 

, (t-8 )'- . 0 r 5) 

6 - ~iioo - 

8. Graph y 


49 


= 1 


7. I6.v 2 4- 4y 2 = 64 
= —yfi — Tell whether the graph is that of a function. 


9. Wnte an equation for the ellipse centered at the origin having horizontal major axis 
with length 6 and minor axis with length 4 
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CHAPTER 6 Analytic Geometry 


10. Hlight of the Arch of a firidge Ail arch of'n bridge luis (be shape of the lop hull of 
an ellipse. The arch is 40 ft wide and 12 ft high at the center, find the equation of the 
complete ellipse, find the height of the arch 10 It from the center of the bottom. 




•in ti 


Graph each hyperbola . Give the domain, range, and ei/iunionx of the asymptotes. 


tl. 



12. 9.v 2 — 4v 2 = 36 


13. Find the equation of the hyperbola with v-intercepts +5 and foci at (0, —6) und 

( 0 . 6 ). 


Identify the type of graph, if any, defined by each equation. 


14. .v- + 8.v + v 2 — 4y + 2 = 0 
16. 3a 2 + 10v 2 - 30 = 0 
18. ( v + 9) 2 + (y - 3) 2 = 0 


15. 5a 2 + lO.v - 2.v 2 - 12y - 23 = O 
17. a 2 - 4y = 0 

19. .r 2 + 4.V + y 2 - 6y + 30 = 0 


20. The screen shown here gives the graph of 

■» *> 
a- y * 

25 ~ 49 ~ 1 

as generated by a graphing calculator What 
two functions y t and y 2 were used to obtain the 
graph' 7 


6 2 
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The number of spirals on this 
sunflower, 34 to the right and 55 to 
the left, are two successive numbers 
in one of the most famous sequences 
in mathematics, the Fibonacci 
Sequence: 1, 1, 2, 3, 5, 8, 13, 21, 34, 
55, 89, .... 
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' * —• Utino the Summation Properties 

Use the summation properties to fiiul each sum. 

<“> 2 s <l>) 2 2i (<-•) 2 - 3) 


4~I 

SOLUTION 


14 


5 ~ *40(5) — 200 Pi open \ tui with »» = -H) .mil i = s 

i-t 


(b) V 2i = 2 Y i 


Ptopert\ ihi wall i - 2 ami n. ~ t 


22(22+1) 

— - * ~ Summation rules 


= 506 

14 14 

(2» 2 - 3) = 

1=1 


Lvulinito 
N 


(c) 2 ( 2 ‘ 2 - 3) = 2 2 ' 2 - 2 3 

I f=I 

14 |4 

= 2 £ > 3 - 2 3 

1=1 1=1 

_ ^ 14(14 + 1) (2 » 14 + 1) 


= 2030 - 42 
= 1988 


1 4 ***£*» Using the Summation Properties 


Property uh \s it It 
ti, - 2i ‘ ami />, = t 

Property (hi with 
c = 2 and it, — t - 

Summation rules and 
Property la) 

Simplify 

Subtract 

\/ Now Try Exercises 67, 69, and 71. 


14(3) 


Evaluate 2 (i 2 + 3 i + 5). 


SOLUTION 
6 


6 


/= I 


2 ( ,2 4* 3/ + 5) = 2 i 2 + 2 3/ + 2 5 

I /= 1 r= I 

6 ft 6 

= 2» 2 + 3 21 + 2 5 

i=i i=i i=i 

= 2 < 2 + 3 2 I + 6(5) 

1=] 1=1 

6(6 + 1 ) (2 * 6 + I ) 


+ 3 


6( 6 + I ) 


+ 6(5) 


Property t c ) 
Pi opens ib) 

Property ia* 

Sui nm.it n »n 
t ules 


= 91 + 63 + 30 
= 184 


Simphts 

\dd 

i/ Now Try Exercise 73. 


\OTK ll is possible to evaluate the sums in Examples 6 and 7 without 
using the summation properties and rules; ho\ve\er. this can he tedious 
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Write the first five terms of each sequence. See Example /. 


I. a„ = 4/i -f 10 


4. a„ = 


n - 7 


n -6 
7. a„ = ( —I )"(2/i) 
/. 2 - I 


10 . a n = — 


2, a n = 6/» — 3 
5. Art =* Q) (« - I) 

8. sw-(-!)-'(«+D 

n y + 8 


/t 2 + I 


II. </„ = 


n + 2 


3a On 

6. tffi s 

9* On 

12 * fl/i 


/t + 5 
n + 4 
* 


ar- 

Art — 1 

/i 2 + 2 

/r 3 + 27 
n + 3 


[?] 13. Your friend docs not understand what is meant by the nth term, or general term, of a 
sequence. How would you explain this idea? 

14. Concept Check How are sequences related to functions? 

Concept Check Decide whether each sequence is finite or infinite 

15. The sequence of days of the week 16. The sequence of pages in a book 

17. 1,2.3.4. 5 18. -1,-2,-3.-4,-5 

19. 1.2. 3.4, 5,... 20. -1,-2.-3.-4,-5,... 


21. a, =4 


22. a, = 2 


a n — 4 * On—i, if n 2: 2 


az = 5 

a„ = a„-\ + a n — 2 % if n 2s 3 


Find the first four terms of each sequence. See Example 2. 


23. a j — —2 

a„ — a „-1 + 3, if n > 1 

25. a, = 1 
a 2 = I 

a„ = a n -i + a „-2 . if n ^ 3 
(This is the Fibonacci sequence.) 

27. Oj — 2 

a„ — n • a„-i, if n > I 


24. a ] = -I 

a„ = a n -1 — 4, if n > 1 

26. oj = 1 

a 2 = 3 

o n = o„_, + a„- 2 , if n ^ 3 
(This is the Lucas sequence.) 

28. o, = -3 

o„ = 2/i • o„-i, if n > 1 


Evaluate each senes. See Example 4. 


29. 2( 2,+ 0 

l-l 

30. 2 (3/ - 2) 

l-l 

7 

i 

■hi 

* 

i-h 

32. 2(/+ I)" 1 

i-1 

33. 2/ 1 

l-l 

34. i(Hl) 1 

l-l 

35. 2(-l)*-l 

l-l 

36. 2(-i*i 2 

i-i 

37. 2 (6 - 3.) 
1-2 

38. 2 ( 5 ' + 2 ) 

i-3 

39. 2 2(3)' 

2 

40. 25(2)' 

I--I 

4i. 2 o 2 ~ 21 ) 

i--i 

42. 2 ( 2 »* 2 + *) 

1=3 

43. 2 (3‘ ~ 4) 

l-l 

44. EU-2V-3] 

1-1 

45. 2(' 3 — 0 

1 — 1 

46. 2(i a -i 3 ) 
1- 1 








Topics In Algebra 


hi- i Use a graphing calculator to exHtluate each series. See Example 4, 


47. T (4i* - 5) 

4». S(-V-7 : ) 


48s 


in 

s (f ' - 6) 


in 

50. g (* 2 - 4* + 7) 


U'n7t* r/ic terms for each series. Evaluate the sum, given that x\ - —2, * 2 = — 1, .v 3 
a 4 = 1, and ** «= 2. See Examples 5(a) and 5(h). 

si. i>, 


= o. 


1“ I 
4 


54. 2 (—3*1 - 2) 

l“1 

57. 


52. 2 
1-1 

SS. 2 (3.v, - x,») 


S3. 2 (2.t, + 3) 


1“l 


1=1 

5 


S6. 2 (v, 2 + -v.) 


I»l 


58. 

Jm -V, + 3 


S9.i^ +,00 ° 


i»i .V| + 10 

j 60. Explain how factoring can make the work in Exercises 11, 12, and 59 easier. 


Write the terms of 2/(0 A*. with .v, = 0. a 2 - 2, *j = 4. * 4 = 6, and A* = 0.5, for 
each function. Evaluate the sum. Sec Example 5(c). 

61. /(. x) = 4* - 7 62. /(.v) = 6 + 2 a 


63. f(x) = 2x 2 


64. /(.v) — .r 2 — 1 


T»5. f(x) = 


-2 
x + 1 


66. fix) = 


2 * - 1 


Use the summation properties and rules to evaluate each series. See Examples 6 and 7. 


100 


67. ^6 

1=1 

71. i<5« + 3) 

j=i 

74. 2 (2 + * ~ i 2 ) 


20 


68 . 


15 


1-1 


69. 2 ' 2 


50 


i = l 


70. 2 2, 3 


1=1 


1=1 


72. 2(8* “ 0 
1-1 

4 

75. 2 (3* 3 + 2i - 4) 


73. 2 (4< 2 — 2/ 4- 6) 


1=1 

6 


i— I 


76. 2 (* 2 + 2/ 3 ) 
1=1 


Concept Check Use summation notation to write each series. * 


77. 


79. 


- + - -f--+ * • • + - 

3(1) 3(2) 3(3) 3(9) 

. Ill 1 

248 128 


+ l 1+2 1+3 


1 + 15 


Use the sequence feature of a graphing calculator to graph the first ten terms of each 
sequence as defined. Use the graph to make a conjecture as to whether the sequence 
converges or diverges. If you think it converges, determine the number to which it con¬ 
verges. 

n + 4 „„ _ 1 + 4/» 

81. a n — — ‘ 82. a n — ——— 83. a n — 2e n 

84. a„ = n(/i + 2) 85. a„ = (l + 86. a n = ( I + /i) |/n 


These exercises vsere suggested hs Joe Lloyd Hams Gulf Coast Cnmmumfs College 






















SECTION 7.1 Sequences and Series 


637 


Solve each problem involving sequences and series. See Example 3. 

87. (Modeling) Insect Population Suppose an insect population density, in thousands 
per ucrc, during year n can he modeled by the recursively defined sequence 


a, = 8 

a„ — 2.9a„~i ~0 2a„- l 2 . forn > I. 


(u) Find the population for n — 1, 2 , 3. 

HO Graph the sequence for n = I, 2, 3,, 20. Use the window [ 0 . 21 ] by [0,14 ]. 
Interpret the graph. 


88 . Mate lice Ancestors One of the most 
famous sequences in mathematics is the 
Fibonacci sequence, 

I. 1.2. 3, 5. 8. 13,21,34,55. 

(Also sec Exercise 25.) Male honeybees 
hatch from eggs that have not been fertil¬ 
ized, so a male bee has only one parent, a 
female On the other hand, female honey¬ 
bees hatch from fertilized eggs, so a female 
has two parents, one male and one female. 
The number of ancestors in consecutive 
generations of bees follows the Fibonacci 
sequence. Draw a tree showing the number 
of ancestors of a male bee in each genera¬ 
tion following the description given above. 



f°M 89. ( Modeling) Bacteria Growth If certain bacteria are cultured in a medium with suf¬ 
ficient nutrients, they will double in size and then divide every 40 minutes. Let 
Ni be the initial number of bacteria cells, A^> the number after 40 minutes, Nj the 
number after 80 minutes, and N } the number after 40(7 ~ 1) minutes. ( Source. 
Hoppensteadt, F. and C. Peskin, Mathematics in Medicine and the Life Sciences. 
Springer-Vcrlag ) 

(a) Write A/^+i in terms of N t for 7 > 1 . 

(b) Determine the number of bacteria after 2 hr if N\ = 230. 

(c) Graph the sequence Nj for 7 = 1, 2, 3.7, where N\ = 230. Use the window 

[0. 10] by [0. 15,000]. 

[B] (d) Describe the growth of these bacteria when there are unlimited nutrients. 

FH 90. (Modeling ) Verhulst’s Mode! for Bacteria Growth Refer to Exercise 89. If the 
bactena are not cultured in a medium with sufficient nutrients, competition will en¬ 
sue and growth will slow. According to Verhulst’s model, the number of bacteria N t 
at lime 40(> — I) in minutes can be determined by the sequence 


Nj+i = 


+1 




where K is a constant and 7 a I {Source: Hoppensteadt, F. and C. Peskin, Math¬ 
ematics in Medicine and the Life Sciences. Springer-Verlag.) 


(a) If N\ = 230 and K = 5000, make a table of Nj for j — 1 , 2 , 3 ... , 20. Round 
values in the table to the nearest integer. 

(b) Graph the sequence N, for 7 = 1,2,3.20 Use the window [ 0 , 20 ] by 

[0.6000], 

(c) Describe the growth of these bacteria when there are limited nutrients 


gj (d) Make a conjecture as to why K is culled die saturation constant. Test your con- 
— jeeture by changing the value of K in the given formula. 
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Ki-491, Approximating In (l + x) The senes 


.v — 





*b 


.v 


,a 


3 



enn be used to approximate the value of ln( 1 + .v) for values of .v in ( — 1, 1 ]. Use 
the first six terms of this scries to approximate each expression. Compnre this ap¬ 
proximation with the value obtained on u calculator. 

(a) In 1.02 ( v = 0.02) (l>) In 0.97 (.v = -0.03) 

92, .Approximating n- Find the sum of the first six terms of the series 


n 4 1,1,1 I 1 

90 l 4 2 4 3 4 4 4 5 4 



■ • • 


Multiply this result by 90, and take the fourth root to obtain on approximation of i r. 
Compare your answer to the actual dccimul approximation of i r. 

93. Approximating Powers of c Tlic scries 


e u 


1 + a *F 





where n! = 1 • 2 * 3 • 4. n, can be used to approximate the value of e a for 

any real number a. Use the first eight terms of this scries to approximate each ex¬ 
pression. Compare this approximation with the value obtained on a calculator. 

00 * (b) e“ l 

94. Approximating Square Hoots The recursively defined sequence 

fli =* 

if J k \ , r 

«n = - \a n - l + -— -J, if n > 1 

can be used to compute ^/k for any positive number k. This sequence was known to 
Sumerian mathematicians 4000 years ago, and it is still used today. Use this sequence 
to approximate the given square root by finding at,. Compare your result with the 
actual value. ( Source: Hcinz-Olto, P., Chaos and Fractals. Springer-Verlag.) 

(a) V2 (b) VTT 



_ 


Arithmetic Sequences and Series 



B Arithmetic Sequences 
n Arithmetic Scries 


Arithmetic Sequences An arithmetic sequence (or arithmetic progres¬ 
sion) is a sequence in which each term after the first differs from the preceding 
term by a fixed constant, called the common difference. The sequence 

5,9, 13, 17,21... 

is an arithmetic sequence since each term after the first is obtained by adding 4 
to the previous term. That is, 

9 = 5 + 4 

13 = 9 4 

17 = 13 + 4 

21 = 17-4. and so on 


The common difference is 4 
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If ihc common difference of an ariihmetic sequence is d, then by ihe defini¬ 
tion of an arithmetic sequence, 

d = a„ +1 — o rtf f oiiimnn »Jiflt.rcncc«/ 

for every positive integer n in the domain of the sequence. 

•o Finding Ihe Common Difference 

Find the common difference, d, for the arithmetic sequence 

-9. -7. -5. -3,-1,..-. 

SOLUTION We find d by choosing any two adjacent t erms and subtracting the 
first from the second. Choosing —7 and —5 gives J Bo careful when subtracting N 

</ = -5 - (-7) = 2. V- !- > 

Choosing —9 and —7 would give d — —7 — ( —9) = 2, the same result. 

/ Now Try Exercise 1. 


Finding Terms Given ai and d 

Find the first five terms for each arithmetic sequence. 

(a) The first term is 7, and the common difference is —3. 

(b) a, = -12, d = 5 
SOLUTION 

(a) o> = 7 Surt with a, = 7 


*2-7 +(-3)-4 
r/3 = 4+( — 3) = 1 
a 4 = 1 + ( — 3) = —2 
o 5 = -2 +(-3) =-5 


Add d = —3 
Add —3 
Add -3 
Add —3 


(b) o, = -12 


Surt with <i ( 


o 2 = -12 + 5 = -7 
o 3 = -7 + 5 = -2 
o 4 = —2 + 5 = 3 
05 = 3 + 5 = 8 


Add d = 5 
Add 5 
Add 5. 

Add 5 


-12 


1 / Now Try Exercises 7 and 9. 


If 01 is the first term of an arithmetic sequence and d is the common differ¬ 
ence, then the terms of the sequence are given as follows. 


Oj = o, 

02 ~ a 1 + d 

ci\ = a 2 + d = Oi + d + d = 01 + 2 il 
a 4 = 03 + d = 0| + 2 d + d = ai -r 3 J 
Os = Oi + 4 d 
o 6 = oi + 5d 

By this pattern, o„ = o t ^ — 1 )»/ 
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10 

I <4I+8> 

i=i 

300 

2 <4—3K> 

K=3 

-98 


As shown in the previous sec¬ 
tion. ihc Tl-83/84 Plus will 
give the sum of a sequence 
without having to first store 
the sequence The screen here 
illustrates this method for the 
sequences in Example 9. 



U*ing the Sum Formula* 


Tire sum of the first 17 terms of nn arithmetic sequence is 187. If a j 7 = — 13, 
find rtj and d. 


SOLUTION 

o 17, 

in = “(<»i + <Jp) 

Use the fust loumil.t lor S H , 

\\ tilt // 17 


187 = -2(,.,- 13) 

Let Vp = I.K7 anili 7 = — 13 

Now find d. 

22 = «, - 13 

«i = 35 

Multiply by |' 7 

Add 13 and interchange sides 


«i 7 = £i| 4- (17 — 1 )d Formula (or the mh lemi 

- 13 = 35 + 16</ Let up = - 13 and u, = 35. 

—48 = 16 d Subtract 35 


1 

II 

Divide by lb and interchange 


tf Now Try Exorcise 49. 


Any sum of the form 

n 

2 (<" + c), where d and c are real numbers, 

<=i 

represents the sum of the terms of an arithmetic sequence having first term 
flj=c/(l) + c = d + c and common difference d. These sums can be evalu¬ 
ated using the formulas in this section. 


Using Summation Notation 

Evaluate each sum. 

10 9 

(a) 2( 4/ + 8 ) (b) 2( 4 “3*) 

/=1 1=3 

SOLUTION 

(a) This sum contains the first 10 terms of the arithmetic sequence having 

Q\ = 4* I + 8= 12, First term 
and hi = 4 * 10 + 8 = 48. Last term 

i'i [0 

Thus. 2 ( 4 ' + 8) = Sio = — (12 + 48) = 5(60) = 300. 

(b) The first few terms are 

[4 — 3(3)] + [4 — 3(4)] + [4 — 3(5)] + ••• — -5 + (—8) + ( — II) + * 

Thus. £71 — —5 and d = —3. If the sequence started with k = 1. there would 
be nine terms Since it starts at 3, two of those terms arc missing, so there 
are seven terms and n = 7. Use the second formula for S n 

2 (4 - 31) = 2[2(-5) + 6(-3>] = —98 

1 = 3 ~ 

\/ Now Try Exercises 55 and 57 
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Exercises 


Find the common difference d for each arithmetic sequence. See Example /. 

1. 2,5,8,11,... 2. 4,10,16,22,... 

3. 3, —2, —7, —12,... 4. -8,-12,-16,-20.... 

5. x + 3}', 2x + 5 y, 3x + 7y,... 6 . t 2 + </« "*4/ J + 2^, —9 / 2 + 

IVW/e //»<?/irsr five «ra« o/eoc/i arithmetic sequence. See Example 2. 

7. The first term is 8 , and the common difference is 6 . 

8 . The first term is —2, and the common difference is 12 

9. o, — 5, d= -2 10. a, =4. d = 3 

11. a, = 10 + V7. = 10 12 . a, = 3 - V5. a 2 = 3 

Fmc/ Og and a„for each arithmetic sequence. See Examples 3 and 4. 

13.5.7,9.... 14. -3.-7,-11,... 15. a, = 5, a 4 = 15 

16. o, = —4, 05 = 16 17. O|o = 6 , On = 10.5 18. flis — 8 , di 6 5 

19. a, = .r,o 2 = x + 3 20 . a 2 = y + 1 , r/ = -3 21 . a 4 = J + 6p. d = 2 /J 

22. Concept Check If a lt a 2 , a 3 represents on arithmetic sequence, express o 2 »n terms 
of a i and 03 . 


Find o, for each arithmetic sequence. See Examples 5 and 8. 

23. o 5 = 27, 0 | 5 = 87 24. a, 2 = 60. o M = 84 

25. 5,6 = - 160, o, 6 — -25 26. S^ = 2926, aj* = 199 


Find a formula for the nth term of the finite arithmetic sequence shown in each graph . 
Then state the domain and range of the sequence. See Example 6. 

27. a . 28. a„ 29. a. 



0 1 2 3 4 5 6 7 


30. 


31. 


32. 





Evaluate S,o. the stun of the first ten terms, of each aritiunetic sequence. See Example 7(a). 
33. 8,11.14,... 34. -9, -5,-1. 35. 5.9.13... 

36. 8,6.4,..- 37. o 2 = 9. o 4 = 13 38. oj = 5,o 4 = 8 

39. a 1 — 10, o,o = 5.5 40. o, = — 8 , « l0 = — 1 25 41. a, = 7 r, o , 0 = IOtt 
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42. < on* • pt < h* * k Is ibis statement ate urate? /«> find the sum oj the first n positive 
integers, foul half the prodiu t of n and n 4* I . 

haul each sum m «/<-\< nhed See /'sample 7(/»). 

43. the sum ol the lust SO positive mu^urs 

44. the sum ol the lust | 20 positive integers 

45. the sum ol tlie lirst 50 positive odd integers 

4<». the sum ol the lirst 90 positive odd integers 

47. the sum ol the lirst 60 positive even integers 

48. the sum ol the lirst 70 positive even integers 

l iini O) and d for each arithmetic series See Example N. 


49. 

5jo “ 109u v <i;i> - 102 



50. 

Si, = 5580,<i m = 360 


51. 

5,2= -108, Oj2 — - 19 



52. 

— 650, Ujj 

= 62 


Evaluate each sum. See Example 

'J. 






3 


5 



10 


53. 

2 (<‘ * 4 ' 

54. 

Xo- 

8 ) 

55. 

X Uj •** 



1-1 


1 



J -1 



15 


12 



19 


56. 

X - 9) 

J-l 

57. 


-80 

58. 

S<- 3 - 

-4*) 


1000 


2000 



100 


59. 

X** 

4 -•! 

60. 



61. 




jkj 02. Lxplnin the basic dilTcrcnce between a sequence and a series. 


Use the summation feature of a graphing calculator to evaluate the sum of the first ten 

terms of each arithmetic series with a„ defined as shown. In Exercises 65 and 66. round 

to the nearest thousandth. 

63. a„ = 4.2 n + 9.73 64. a n = 8.42/r + 36.18 

65. a„ = VSn + V5 66. a„ = ~^4n + V7 

Solve each problem. 

67. Integer Sum Find the sum of all the integers from 51 to 71. 

68 . Integer Sum Find the sum of all the integers from —8 to 30. 

69. Clock Chimes If a clock strikes the proper number of chimes each hour on the hour, 
how many times will it chime in a month of 30 days? 

70. Telephone Pole Stack A stack of telephone poles has 30 in the bottom row. 29 in 
the next, and so on, with one pole in the top row. How many poles are in the stack? 

71. Population Growth Five years ago. the population of a city was 49,000 Each year 
the zoning commission permits an increase of 580 in the population. What will the 
maximum population be 5 yr from now? 

72. Slide Supports A super slide of uniform slope is to be built on a level piece of land. 
There are to be 20 equally spaced vertical supports, with the longest support 15 m 
long and the shortest 2 m long Find the total length of all the supports 

73. Kungs of a ladder How much material will be needed for the rungs of a ladder of 
31 rungs, if the rungs taper uniformly from 18 in to 28 in . 7 
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74. ( hJeltng) Children'* Growth I'altern Hie 

ii'jfjjiul grovvih p.iiicr/i for children aged 1 ll 

follows that of an arlilunrtic sequence An 
ificreai.e in height nf about 6 cm p.;r year i*> 
cxpi-tcd, Thus, 6 would be th. * ornmun <ljf* 

Terence of the sequence. For example, a child 
who measures 96 cm at age 3 would ImVu his 
expected height in subsequent yeas* /^pre¬ 
sented by the sequence 102 , 108, 1J4. 120 , 
126, 132, 138, 144. Each term differs from the 
adjacent terms by the common difference. 6 

(a) If n child measures 98.2 cm at .igc 3 ind 
109.8 cm at age 5, what would be (iic com¬ 
mon difference of the arithmetic sequence 
describing his yearly height? 

(b) What would we expect his height to be at 
age 8 ? 



75. Concept Check Suppose that 01 , 02 . 03 , 04 .a s ,... is an arithmetic sequence. Is 
O], 03 , 05 ,... an arithmetic sequence? 

76. Explain why the sequence log 2. log 4, log 8 , log 16,... is arithmetic. 



Geometric Sequences and Series 




Geometric Sequences 
Geometric Series 
Infinite Geometric Series 
Annuities 


Geometric Sequencer Suppose you agreed to work for S0.01 the first day, 
$0.02 the second day, $0.04 the third day, $0.08 the fourth day, and so on, with 
your wages doubling each day. How much will you earn on day 20, after work¬ 
ing 5 days a week for a month? How much will you have earned altogether in 
20 days? These questions will be answered in this section. 

A geometric sequence (or geometric progression) is a sequence in which 
each term after the first is obtained by multiplying the preceding term by a fixed 
nonzero real number, called the common ratio. The sequence discussed above, 

1,2,4,8,16,..., In cents 

is a geometric sequence in which the first term is 1 and the common ratio is 2. 

Notice that if we divide any term after the first term by the preceding term, 
we obtain the common ratio r = 2. 

5*2 = 2 _ ^ f*3 = 4 =2 £±=i = ->. £5 = K> = -> 

a\ l a 2 2 “* 03 4 ”* 04 8 

If the common ratio of a geometric sequence is r, then by the definition of a 
geometric sequence, 

_ fl«+i _ 

r = -, Common ratio / 

for every positive integer n. Therefore, we find the common ratio by choosing 
any term after the first and dividing it by the preceding term. 

In the geometric sequence 2, 8, 32, 128,.... r = 4. Notice that 

8 = 2*4 

30 = 8 • 4 = (2 * 4) * 4 = 2 • 4 : 

128 = 32 * 4 = (2 • 4 2 ) * 4 = 2 • 4 \ 
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LOOKING AHEAO TO CALCULUS 

in ’ 1 • luiuth>n\ aic 'Oiiu hnu x 

ini* muo( infinite series Here 

,nv threw’ Iwwtionv we studied i,ulti i 
m the text define*! that wa\ 

i* 

r 1 ° — -f - t — -♦ — • 

0! I! 2! T! 

\ x 3 x 1 

ln( I *t a) *» t —~ +-* * • 

for * in (~I, I) 
l 

7 “ I v *1 * + • ♦ * 

lorrin (-1 n 


ll .i geometric series lias lirst term </ ( .uni common ratio /, then 

rii( I - i ") 

= —\ —----- (wherer v* I). 

tor even positive integer n. If -l < r < I, then lim /•" = 0, and 

ir~* 

limSn = f!liiz£) = ^i_ 

n—* 1 — r 1 — r 

The resulting quotient, ^— K the sum or the terms of nu infinite geometric 

sequence, ’ r 


29 

The limit lirn S n can be expressed os S« or a(. 




Sum of the Terms of an Infinite Geometric Sequence 

Hie sum 5 of the terms ol an infinite geometric sequence with first term 
a, and common ratio /\ where - 1 < /• < I, is given by the following. 


5 00 = 


I 


«i 


— r 


If | rj > 1, then the terms get larger and larger in absolute value, so there is 
no limit as n —* «. 

Hence, if |r | > 1, the terms of the sequence will not have a sum . 


- Evaluating Infinite Geometric Series 

Find each sum. 


"j(-s)(-r 


(b) 


1(0 


SOLUTION 


(a) Here, a j-4 and r-j. Since —1 < r < 1 , the preceding formula 

applies. 


S* = 


a i 


3 

4 


3 

4 


3 

2 


3^3 

4 2 


3 2 

4 * 3 


(b) 


l-r l-(-i) 

■5.f3V__|_ I = 3^2 = 3 5 = 3 , 

&\5j 1-| | 5 ' 5 5 2 2 ' ' 


l_ 

o 


%/ Now Try Exercises 49 and 51. 


Anniiitte*; A sequence of equal payments made after equal periods of time, 
such as car payments or house payments, is an annuity. If the payments are 
accumulated in an account (with no withdrawals), the sum of the payments and 
interest on the payments is the future value of the annuity. 
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- v f (nl • “ ftndinu the Future Value ut an A«ftu»ty 

To save money for a trip, Jocqui Porter deposited $ 1000 at the end of each year 
for 4 yr in an account paying 3% interest* compounded annually. Find the future 
value of this annuity. 

SOLUTION We use the formula for interest compounded annually. 


A s p( l + r)' (Section 4.2) 


The First payment earns interest for 3 yr, the second payment for 2 yr, and the 
third payment for 1 yr. The last payment cams no interest. 

1000(1.03 y + 1000( 1.03) 2 + 1000(1.03) + 1000 Total amount 

This is the sum of the terms of a geometric sequence with first term (starting at 
the end of the sum as written above) < 7 | = 1000 and common ratio r — 1.03. 


«i(i 


Formula for S r , 


I000[l - (I.03) 4 ] 
S *- 1-1.03 

S 4 *• 4183.63. 

The future value of the annuity is $4183.63. 


Substitute 


Evaluate. 


i/ Now Try Exercise 71. 


The general formula for the future value of an annuity can be stated as 
follows. (See Exercise 79.) 

Future Value of an Annuity 

The formula for the future value of an annuity is given by the following. 



Here 5. is future value, R is payment at the end of each period, / is interest 

rate per period* and n is number of periods. 


Exercises 


Refer to the first sentence of this section, which describes a method of payment for a job. 


Determine (a) how much you will earn on the day indicated and (b) how much you will 


have earned altogether after your wages are paid on the day indicated. See Examples 1 
and 5. 


1. day 10 


2. day 12 


3. day 15 


4. day 18 


Find as and a n for each geometric sequence. See Example 2. 


5. u i — 5, r — 2 6. n, = 8, r = -5 

8. ay — —2. r = 4 9. n 4 = 243, r = -3 

11. -4.-12. -36.-108. .. 


7. ay = —4, r = 3 
10. u 4 = 18, r = 2 


12. -2.6.-18.54,... 








CHAPTER 7 Funhor Topics in Algobrn 



13. ^.2,5.“.... 

14. 

IS. 10 . -s 5 

1 H 

16. 


l 2 8 32 
2’ 3*9'27 


9 27 _ 8J_ 
4 ’ 16' 64 


/*im/ r mi<7 <i t for each geometric sapience. See Example 3 . 


17. = -192 


19. ay = 50, ti 7 = 0,005 


18. flj « 5, «„ = — 

OiJ 


20 . 


1 

«4 = ~ T, 

4 


1 

128 


i/st* the formula for S„ to find the sum of the first Jive terms of each geometric sequence. 
In Exercises 25 and 26, round to the nearest hundredth. Sec Example 5 . 

21 . 2 , 8 , 32. 128.... 22 . 4 , 16, 64. 256,... 


23. 




4 4 

24. 12,-4.- 


25. a j = 8.423. r = 2.859 


26. a, = -3.772, r= - 1.553 


Find each sum. Sec Example 6. 

27. S(-3)' 28. ±(-2)‘ 29. ±4bQ)' 

3 /2 V 10 9 

30 - 2 243 U) 31 - 21 5 a* 

33. Concept Check Under what conditions does the sum of an infinite geometric series 
exist? 

34. The number 0.999... can be written as the sum of the terms of an infinite geometric 
sequence: 0 9 + 0.09 + 0.009 + • • •. Here we have o, = 0.9 and r = 0.1. Use the 
formula for S* to find this sum. Docs your intuition indicate that your answer is correct? 


Find rfor each infinite geometric seejuence Identify any whose sum does not converge. 

35. 12.24.48,96, .. 36. 625.125,25.5,... 

37. -48, —24. -12. - 6 , .. 38. 2,-10, 50, -250. 

39. Use Jim S„ to show that 2 + 1 + 5 + J + • • ■ converges to 4 . See Example 7 . 

40. In Example 7, we determined that 1 + 5 + .7 + j, + • • • converges to t using an 
argument involving limits. Use the formula for the sum of the terms of an infinite 
geometric sequence to obtain the same result. 


Find each sunt that converges. See Example 8 . 


41. 

0 

18 + 6 + 2 + ^+ -- 

• 42. 

100 + 10 + 1 + • 

43 . 

1 1 1 

2 


3 



4 6 + 9 ' 

" 27 

44. 

4 2 1 

- H-H-1- - • 

3 3 3 

45. 

tar 

46. 

JK-;)' 

- 1 

47. 

± 3 - 

48. 

1 

O 

49. 

lH)(; 

-IV 

4/ 

50. 


51. 

2 ( 7 )' 

52. 

t(D' 
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Use the summation feature of a graphing calculator to evaluate each sum. Hound to the 
nearest thousandth. 

R 

53. 2 O' 4 )' 54, 2 "(3.6)' 55. 22(0.4)' 56. 2 3(0.25)* 

i»i /-i /“J '' 

Solve each problem. See Examples 1-8. 

57. (Modeling) Investment for Retirement According to T. Rowe Price Associates, 
a person with a moderate investment strategy and n years to retirement should 
have accumulated savings of a „ percent of his or her annual salary. The geometric 
sequence 

a„= 1276(0.916)" 

gives the appropriate percent for each year n. 

(a) Find o, and r. Round o, to the nearest whole number. 

(b) Find and interpret the terms flio and a^j. Round to the nearest whole number. 

58. (Modeling) Investment for Retirement Refer to Exercise 57. For someone who 
has a conservative investment strategy with n years to retirement, the geometric 
sequence is a„ = 1278(0.935)". ( Source: T. Rowe Price Associates.) 

(a) Repeat part (a) of Exercise 57. (b) Repeal part (b) of Exercise^57. 

(c) Why are the answers in parts (a) and (b) larger than those in Exercise 57? 

59. (Modeling) Bacterial Growth The strain 
of bacteria described in Exercise 89 in 
Section 7.1 will double m size and then 
divide every 40 minutes. Let a j be the 
initial number of bacteria cells, a 2 the 
number after 40 minutes, and a„ the num¬ 
ber after 40(/i — 1) minutes. (Source: 

Hoppensteadt, F. and C. Peskin. Math¬ 
ematics in Medicine and the Life Sciences, 

Springer-Vcrlag.) 

(a) Write a formula for the mb term a„ of the geometric sequence 

dji Oji • * * t • • • • 

(b) Determine the first value forn where a„ > 1,000,000 if a j = 100 

(c) How long does it take for the number of bacteria to exceed one million? 

60. Photo Processing For students taking a course in black-and-white photography, the 
final step in processing a print is to immerse it in a chemical fixer. The print is then 
washed in running water. Under certain conditions, 98% of the fixer in a print will 
be removed with 15 min of washing. How much of the original fixer would be left 
after 1 hr of washing? 

61. (Modeling) Fruit Flies Population A population of fruit flies is growing in such a 
way that each generation is 1.25 times as large as the last generation. Suppose there 
were 200 insects in the first generation. How many would there be in the fifth 
generation? 

62. Depreciation Each year a machine loses 20% of the value it had at die beginning of 
the year Find the value of the machine at the end of 6 yr if it cost S 100,000 new. 

63. Sugar Processing A sugar factory receives an order for 1000 units of sugar. The 
production manager thus orders production of 1000 units of sugar. He forgets, how¬ 
ever, that the production of sugar requires some sugar (to prime the machines, for 
example), and so he ends up with only 900 units of sugar. He then orders an addi¬ 
tional 100 units and receives only 90 units. A further order for 10 units produces 
9 units Finally, the manager decides to try mathematics. He views the production 
process as an infinite geometric progression with <i| = 1000 and r = 0.1 Using 
this, find the number of units of sugar that he should have ordered originally. 
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64. Height of a l h opped Hall Alicia drops a ball from a 
height of 10 m and notices that on each bounce the ball 
returns to about of its previous height. About how far 
will the ball travel before it comes to rest? (Hint; Con¬ 
sider the sum of two sequences.) 



65. A umber of Ancestors Each person bus two parents, four grandparents, eight great- 
grandparents, and so on. What is the total number of ancestors a person hns, going 
back five generations? ten generations? 



66. Drug Dosage Certain medical conditions are treated with a fixed dose of a drug 
administered at regular intervals. Suppose a person is given 2 mg of a drug each day 
and that during each 24-hr period, the body utilizes 409r of the amount of drug that 
was present at the beginning of the period. 

(a) Show that the amount of the drug present in the body at the end of n days is 

2 2 ( 0 . 6 )' 

I 

(b) What will be the approximate quantity of die drug in the body at the end of each 
day after the treatment has been administered for a long period of time? 

67. Side Length of a Triangle A sequence of equilateral mangles is constructed The first 
triangle has sides 2 m in length. To get the second triangle, midpoints of the sides 
of the original triangle are connected What is the length of each side of the eighth 
such triangle? See the figure 




4 ^ 

/ v \ 


z. 


A 


A 






68. Perimeter and Area of Triangles In Exercise 67, if the process could be continued 
indefinitely, what would be the total perimeter of all the mangles 0 What would be 
the total area of all the triangles, disregarding the overlapping'* 

69. Salaries You are offered a 6-week summer job and are asked to select one of the 
following salary options. 

Option / S5000 for the first day with a SI0.000 raise each day for the remaining 
29 days (that is. SI5,000 for day 2, S25.000 for day 3, and so oni 

Option 2 SO 01 for the first day with the pay doubled each day (that is, SO 02 for day 2. 
SO 04 for day 3, and so on) 

Which option would you choose 0 
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70, Sunthrr of Ancestors Suppose a genealogical Web site allows you to identify all your 
ancestors that lived during (he last 300 yr. Assuming that each generation spans about 
25 yr. guess the number of ancestors that would be found during the 12 generations. 
Then use the formula for a geometric senes to find the correct value. 


Future Value of an Annuity Find the future value of each annuity. See Example 9. 

71. There arc payments of $1 (XX) at the end of each year for 9 yr at 39r interest compounded 
unnually. 

72. There arc payments of $800 at the end of each year for 12 yr at 2% interest compounded 
annually. 

73. There are payments of S2430 nt the end of each year for 10 yr at I9fc interest compounded 
annually. 

74. There are payments of S1500 at the end of each year for 6 yr at 0.59c interest compounded 
annually. 

75. Refer to Exercise 73. Use the answer and recursion to find the balance after 11 yr. 

76. Refer to Exercise 74. Use the answer and recursion to find the balance after 7 yr. 

77. Individual Retirement Account Starting on his 40th birthday, Michael Branson 
deposits S2000 per year in an Individual Retirement Account until age 65 (last 
payment at age 64). Find the total amount in the account if he had a guaranteed 
interest rate of 3% compounded annually. 

78. Retirement Savings To save for retirement. Mort put S3000 at the end of each year 
into an ordinary annuity for 20 yr at 2.59 h annual interest. At the end of the 20 yr, 
what was the amount of the annuity? 


79. Show that the formula for future value of an annuity gives the correct answer when 
compared to the solution in Example 9. 




80. 


The screen here shows how the TI-83/84 Plus calcula* 
tor computes the future value of the annuity described 
in Example 9. Use a calculator with this capability to 
support your answers in Exercises 71—78. 


N=4 
1^=3 
PV=0 
PMT=1000 
■ FV=-4183.627 
P/V=l 
C/V=l 

PMTsfcttM BEGIN 


81. Concept Check Suppose that aj, a*. ay, a 4 , a 5 , . is a geometric sequence. Is 
a t , ay. ay,... a geometric sequence? 

82. Explain why the sequence log 6. log 36. log 1296, log 1,679,616,... is geometric. 


Summary Exercises on Sequences and Series 


Use the following guidelines in Exercises 1—16 on the next page. 


Given a sequence a j, as, ay, as* as ,.... 

• If the differences 02 — at, ay — as, a. x — ay, as — a*, ... arc all equal to 
the same number d , then the sequence is arithmetic, and d is the conunon 
difference. 

. as ay 04 as 

• If the ratios —, —, —, —,... are all equal to the same number r, then 

G\ ^4 

the sequence is geometric, and r is the common ratio. 
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In Exercises 1-9, determine whether the sequence lx arithmetic, geometric, or neither. 
IJ the sequence is arithmetic, give its common difference d. If the sequence is geometric. 
Hive its common ratio r. 


1. 2, 4, 8, 16, 32,... 

4. 1. 1.2. 3.5. 8,... 
11111 


7, 


2* 3’ 4* 5* 6*‘“ 


2. 1,4,7, It). 13,. 


3 4 J6 64 

‘ ’ 4***3* 9 * 27 ’* * ‘ 


8. 5.2, -1, -4. -7, 


3 3 1 _2 — — — 7 

4* A# 


6. 4.-12,36. -108,324,... 


9, 1,9,10,19,29.... 


10. Concept Check For the sequence 5, 5, 5...., find d und r. 


In Exercises 11—16, determine whether the given sequence is either arithmetic or gco- 

ii) 

metric. Then find a„ and 2 fl i* 

i-i 


11, 3,6.12.24,48.... 12,2,6.10.14.18.... 


13. 4,|. 1. -2, 


14. 


3 

o * 


2 4 _8_ 

3’ 9'27’“* 


15. 3. -6, 12, -24,48,... 


16. -5.-8.-11.-14,-17_ 


Evaluate each sum, 

where possible. Identify any that diverge. 

> 7 - St(-2)'-' 
1- 1 ^ 


19. 2 (4 — 6i) 

20. 23* 

J~l 

2> - 

22. j (3/ -2) 
1“ 1 

23- S V-i ~ 1) 

p- 1 

X 

25. 2 1 ° 001 ' 

i= 1 

26. Write 0 333... 

as an infinite geometric senes. Find the sum. 



The Binomial Theorem 



a A Binomial Expansion 
Pattern 

a Pascal's Triangle 
a n-Factorial 
a Binomial Coefficients 
B The Binomial Theorem 

a klh Term of a Binomial 
Expansion 


A Binomial Expansion Pattern In this section, \vc introduce a method for 
writing the expansion of expressions of the form (.v 4- v)\ where n is a natural 
number. Some expansions for various nonnegative integer values of it follow 

(.v 4- y)° = 1 

(.r 4- y) 1 = x 4- y 

(a 4- v) 2 = a* 4- 2xy + y 2 

(a 4- y) 3 = a 3 4- 3a 2 > 4- 3vy 2 4* y 3 

(a 4- y) J = A J + 4.V 3 V + 6l 2 V 2 4- 4 a> 3 4- y 4 

(a 4- y) 5 = a 5 4- 5.v 4 y 4- 10.v 3 y 2 4- 10 a 2 v 3 + 5 Ay 4 4- y 5 

Notice that after the special case (a 4- v) n = 1, each expansion begins 
with x raised to the same power as the binomial itself That is, the expansion of 
(a 4- v) 1 has a first term of a 1 , (a 4- y) 2 has a first term of v 2 , ( \ 4- y) 1 has a 
first term of a 3 , and so on Also, the last term in each expansion is \ to the same 
power as the binomial. Thus, the expansion of { v 4- y)" should begin with the 
term a” and end with the term y' 1 . 
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LOOKINO AHEAD TO CALCULUS 

Students taking calculus study the 
binomial series, which follows from 
Isaac Newton's extension to the case 
where the exponent is no longer a posi¬ 
tive integer. His result led to a series 
for (1 + x) 1 , where k is a real number 
and |ar| < I. 


Notice that the exponent on x decreases by 1 in each term after the first, 
while the exponent on y, beginning with y in the second term, increases by 1 
in each succeeding term. That is, the variables in the terms of the expansion of 
(jr *F y) n hnve the following pattern. 

x n , x n ~ l y t x n ~ l y 2 t x "^y 3 ,..., xy*“ *, y* 

This pattern suggests that the sum of the exponents on x and y in each term is n. 
For example, the third term in the list above is x n ~ 2 y 2 , and the sum of the expo¬ 
nents is n — 2 + 2 = n. 


PoicbI'b Trmmjif* Now, examine the coefficients in the terms of the expan 
sion of (.r 4- y) n . Writing the coefficients alone gives the following pattern. 


Pascal's Triangle 


1 

1 1 

1 2 1 
13 3 1 

1 4 6 4 1 


Row 

0 

I 

3 

4 


1 5 10 10 5 1 



Blaise Pascal (1623-1662) 

Pascal, a French mathematician, 
made mathematical contributions 
in the areas ol calculus, geometry, 
and probability theory At age 19, 
he invented the first adding 
machine, a precursor to our 
modern-day calculator 


With the coefficients arranged in this way, each number in the triangle is the 
sum of the two numbers directly above it (one to the right and one to the left). 
For example, in row four, 1 is the sum of 1 (the only number above it), 4 is the 
sum of 1 and 3, 6 is the sum of 3 and 3, and so on. This triangular array of 
numbers is called Pascal’s triangle, in honor of the seventeenth-century 
mathematician Blaise Pascal. It was, however, known long before his time. 

To find the coefficients for (.r + y) 6 , we need to include row six in Pascal’s 
triangle. Adding adjacent numbers, we find that row six is 

1 6 15 20 15 6 1. 

Using these coefficients, we obtain the expansion of (.t -F y) 6 - 

(.x +- 3*) 6 = x 6 + 6.t 5 y + IS* 4 )* 2 + 20.t 3 y 3 + 15.v 2 y J -F 6.n 5 -Fy 6 


n>-Fac?orifll Although it is possible to use Pascal’s triangle to find the 
coefficients of (x -F y) n for any positive integer n, this calculation becomes 
impractical for large values of /» because of the need to write all the preceding 
rows. A more efficient way of finding these coefficients uses factorial notation. 
The number n! (read “/i-factorial”) is defined as follows. 


n-Factorial 

For any positive integer «, 

«•=«(« - 1)(m - 2) • - - (3)(2)(1). 
By definition, 0! = 1. 
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Fintlino n Particular Totm of a Uinominl Expansion 

Find the seventh term o! (<i 4- 2/>)'°. 

S0LU11 ON In the seventh term, 21* has .in exponent ol 7 - I, or 6, while u has 

an exponent of 10 — 6, or 4. 

/l0\ 

l j<l 4 (2/>y' 210<i 4 (o4k‘') Sl .• mh kun nl a hinomi.il i sp.insmn 

= 13,440</ J /> 6 Multiply 

%/ Now Try Excrciso 41. 



Evaluan each expression In Exercises 11 and 12. leave ans*vers in term $ oj n See 


Example /. 

i -£L 

* 313' 

•> _*L 

2 T 3! 


4. 

8' 

5* 3! 

5. | 

(?) 

. G) 

’• (?) 

8. | 

0 

9. < 

CD 

'■ CD 

” C-.) 

12 . | 

t* 

13. 

kCj 

14. „C 7 

15. HxjC^g 

16* tqCs 

17. 

9 C 0 

18. 5 Q 

19. , 2 C, 

20 , 4 C 0 


21. ( mu c/h da < / What aru the first and last terms in the expansion of (2x 4- 3y) 4 ? 

22. C onccpt Check Determine the binomial coefficient for the fifth term in the expan¬ 
sion of (jc 4- y) g 


11 rue ihe binomial expansion for each expression. See Examples 2-4. 


23. 

( a 4- v) 6 

24. 

(m 4- n) 4 

25. 

(P ~ 

9) 5 

26. 

(a - h) 1 

27. 

(r 2 4- j) 5 

28. 

(//1 4* 

«=) 4 

29. 

(P + 2 g) 4 

30. 

(3r 4- s) 6 

31. 

(7 p~ 

2 qY 

32. 

(4a — 5 b) s 

33. 

(3x - 2y) 6 

34. 

(7k- 

9jy 

35. 

ff-iY 

36. 

(*-fY 

37. 

(y/ 2 , 

r+ -L 


\2 / 


V 3/ 


m 

38. 


39. 

cw 

40. 


->*)' 


Write the indicated term of each binomial expansion. See Example 5. 

41. Sixth term of (4/» — j) 8 42. Eighth term of (2c — 3cf) ,J 

43. Seventeenth term of (a 2 4- b) 22 44. Twelfth term of (2.v + y 2 ) 16 

45. Fifteenth term of (x — y 3 ) 20 46. Tenth term of (n 3 4- 3b) 11 

Concept Check Work Exercises 47-50 

47. Find the middle term of (3.r 7 4* 2y 3 ) 8 

48. Find the two middle terms of (—2m _l 4- 3m -2 ) 1 * 
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49. I ind iin %oluo oi (fit li nil Of thi fifth wid i fghlb n nn in liv 

p.msion of {» > yj* ,ijrc ihc. • .imc 

50. Find (he femtfr) in the expansion of (.■• + \/r) l> ifi.n <.oni.uni«o •' 


Rotating Concepts 


For individual or collaborativo investigation (Exorcises 51-54) 

In llus section, mv saw how the factorial of a positive integer n ran he computed as 
a product 

n* — I *2*3 . n. 

Calculators and computers can evaluate factorials vers cjuickly before the das v oj 
modem technology, mathematicians developed Stirling’s formula for approximating 
large factorials Interestingly enough, the formula involves the irrational numbers 
7r and e. 

„i a V2 t7/i * n n • e~ n 

z\s an example, the exact value of 5 1 is 120, and Stirling s formula gives the ap¬ 
proximation as i 18.019168 with a graphing calculator. This is off by less than 2, 
an error of only I 65 r i Work Exercises 5!—54 in order. 

51. Use a calculator to find the exact value of 10' and ns approximation, using 
Stirling’s formula 

52. Subtract the smaller value from the larger value in Exercise 51. Divide it by 
10' and convert to a percent What is the percent error 9 

53. Repeat Exercises 51 and 52 for n = 12 

54. Repeat Exercises 51 and 52 for n = 13 What seems to happen as n gets 
larger? 


It can be shown that 


f| , . . . n(/i- 1) n(n — l)(n-2) 

(1+*)■=! +nx + --- x~ + - - - - 


is true for any real number n (notjust positive integer values) and any real number x, where 
[ x \ < l. Use this series to approximate the given number to the nearest thousandth. 


55. (1.02)“ 3 56. (1.04)" 5 57. (1.01 ) ,J 58. (1.03) 2 



Mathematical Induction 




Q Proof by Mathematical 
Induction 

B Proving Statements 

B Generalized Principle of 
Mathematical Induction 

B Proof of the Binomiat 
Theorem 


Proof by Mathematical Induction Many results in mathematics are claimed 
true for every positive integer. Any of these results could be checked for n = 1, 
n = 2, n = 3, and so on, but since the set of positive integers is infinite, it would 
be impossible to check every possible case. For example, let S„ represent the 

statement that the sum of the first n positive integers is — f l \ 


S n : I + 2 + 3 + 


+ n = 


n(n + 1) 


o 
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Also, 


(**')■* 


k\ 


1 !(*- 1)! 


1 * 


(* + »)(*)(*- 

I ■ (*)(*- 1) (A: — 2) • • • 1 

k{k - 1)! 

—-— + | = H I 

l(* - 1)! 


** k + 1 


The second expression becomes ( k t 1 ), the Inst ( k J 1 ), and so on. The result 
ot equation t3) is just equation (2) with every k replaced by k + 1. Thus, the 
truth ot implies the truth of Si+\, which completes the proof of the theorem 
by mathematical induction. 



tt rite out in full and verify the statements S\, S 2 , S$, S 4 , and S 3 for the following. Then 
use mathematical induction to prove that each statement is true for every positive integer n. 
Sec Example 1. 


1. 1 + 3 + 5 + ♦ • • + (2m - 1) = nr 2. 2 + 4 + 6 + • • • + 2/i = n(n + 1) 


Assume that n is a positive integer. Use mathematical induction to prove each statement 
S by following these steps Sec Example 1. 

(a) Verify the statement for n = 1 . 

(b) Write the statement for n = k. 

(c) Write the statement for n = k + 1 . 

(d) Assume the statement is true for n = k. Use algebra to change the statement in part 
(b) to the statement in part (c). 

(c) Write a conclusion based on Steps (a)—(d). 


3. 3 + 6 + 9 + 


+ 3/i = 


3/j(/i 4- 1) 


4. 


5 


+ 10 + 15 + • • • + 5/i = 


5//(/i + 1) 
n 


5. 2 + 4 + S + -- +2 n = 2 n + l - 2 


6. 3 + 9 + 27 + -*-+3" = —(3" +t - 3) 

_ //(« + I ) (2n + 1) 

7. 1- + 2 2 + 3 2 + • • + n 2 = —- - - - 


8 


i-it , «*(« + 1) : 

. I 3 + 2 3 + 3 3 + • * • + / 1 3 =- 


9. 5*6 + 5* 6 2 + 5* 6 3 + - • + 5 * 6 n = 6(6 n - 1) 

10. 7*8 + 7* 8 2 + 7* 8 3 + - • + 7 - 8" = 8(8" - 1) 

111 1 n 

11. --+--- + ---+ •• + 


1* 2 2*3 3*4 


1 I 1 

12. -+-H-- + • • + 

1* 4 4 * 7 7 • 10 


/i(/t + l) n + 1 
I 


n 


(3/r - 2) (3/i + I) 3/i + 1 


111 1,1 
13 ‘2 + 2 2 + 2 3 + " + F “ “ T n 

4 4 4 4 , 1 

14. — + —~ + —- + • • + — — 1 — ~z~ 

e s- S-* 5" 5" 
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Find all natural number values for n for which the given statement is false. 

15. 2" > 2 n 16, 3" > In + 1 17. 2* > « J 1®* «>' > 2* 

Prove each statement by mathematical induction. See Examples 1-3, 

19. (a m )* = (Assume cr and m are constant.) 

20. ( ab) n *= Q n b n (Assume a and b arc constant.) 

21. 2" > 2n, if n a 3 22. 3" > 2n + I. if n 2: 2 

23. If a > I, then o" > I. 24. If a > 1. then fl" > a n ' x . 

25. If 0 < o < 1. then a" < a*' 1 . 26. 2" > n 2 , for n s 5 

27. If n 2: 4, then n! > 2", where n! = n(n — I) (« “ 2) • • • (3) (2) (I). 

28. 4" > n 4 , for n & 5 


Solve each problem. 

29. Number of Handshakes Suppose that each of the n (for n s 2)pcopIeinaroomshakes 
hands with everyone else, but not with himself or herself. Show that the number of 

handshakes is "* j- 

30. Sides of a Polygon The series of sketches below starts with an equilateral triangle 
having sides of length 1. In the following steps, equilateral triangles are constructed 
on each side of the preceding figure. The length of the sides of each new triangle is j 
the length of the sides of the preceding triangles. Develop a formula for the number 
of sides of the nth figure. Use mathematical induction to prove your answer. 



33. Perimeter Find the perimeter of the nth figure in Exercise 30. 
32. Area Show that the area of the nth figure in Exercise 30 is 



33. Tower of Hanoi A pile of n rings, each nng 
smaller than the one below it. is on a peg. Two 
other pegs are attached to a board with this peg. 
In the game called the Tower of Hanoi puzzle, 
all the rings must be moved to a different peg, 
with only one ring moved at a time, and with 
no ring ever placed on top of a smaller ring. 
Find the least number of moves that would be 
required. Prove your result with mathematical 
induction. 



Chapter 7 



Write the first five terms of each sequence. State whether the sequence is arithmetic, 
geometric, or neither. 


1. a„ = —4n + 2 



3. a i = 5, a 2 = 3, a„ — c„-i + 3ci„_ 2 . 


forn s 3 
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4. \ certain arithmetic sequence has <i ( —h ami </.> IS Fitul < 17 . 

5, I uni the sum ol the first ten terms ol each series. 

tin arithmetic, at -2t).»/ i t (b) geometric <q = — 20,/• = 


<». 1 v iluate each sum that ctists. 

* 

(a) V, . 5) (fc) ^ 2 ‘ 



7. I its the binomial theorem to expand (.t — 3y) 5 . 


s. 


"Find the fifth term of the 


expansion of ^4i 


9 . 


Evaluate each expression 


(a) 9! 




10. Use muthemnucai induction to prove that lor all positive integers 11 , 

0 ■+ 12 + 18 + ♦ — b On = 3/i(/» + 1). 


1 




Counting Theory 


-S 


■ Fundamental Principle 
ol Counting 

B Permutations 
B Combinations 

B Distinguishing between 
Permutations and 
Combinations 


Albany 



Crcswich 

Creswich 

Crcswich 

Creswich 

Creswich 

Creswich 


Figure 13 


Fundamental Principle of Countmo Consider the following problem. 

IJ there are 3 roads Jrom Albany to Baker and 2 roads from Baker to 
Creswich, in how many ways can one travel from Albany to Creswich by 
way of Baker? 

For each of the 3 roads from Albany to Baker, there are 2 different roads from 
Baker to Creswich. Hence, there are 3*2 = 6 different ways to make the trip, 
as shown in the tree diagram in Figure 13. 

Here, each choice of road is an example of an event. Two events are indepen¬ 
dent events if neither influences the outcome of the other. The opening example 
illustrates the fundamental principle of counting with independent events. 


Fundamental Principle of Counting 

If n independent events occur, with m j ways for event 1 to occur, m 2 wa\s 
for event 2 to occur and m„ ways for event n to occur, then there are 

nt\ - ni 2 • • • m n different ways for all n events to occur. 


•*> Using the Fundamental Principle of Counting 

A restaurant offers a choice of 3 salads, 5 main dishes, and 2 desserts. Use the 
fundamental principle of counting to find the number of different 3-course 
meals that can be selected. 

SOLUTION Three events are involved: selecting a salad, selecting a main dish, 
and selecting a dessert. The first event can occur in 3 ways, the second event can 
occur in 5 ways, and the third event can occur in 2 ways Thus, there are 

3 * 5 * 2 = 30 possible meals 


if Now Try Exercise 1. 
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Using th* Fundamental Principle of Counting 

A leacher hus 5 different books that he wishes to arrange in a row. How many 
different arrangements are possible? 

SOLUTION Five events are involved: selecting a book for the first spot, selecting 
a book for the second spot, and so on. For the first spot the leacher has 5 choices. 
After a choice has been made, the teacher has 4 choices for the second spot. Con¬ 
tinuing in this manner, there are 3 choices for the third spot, 2 for the fourth spot, 
and 1 for the fifth spot. By the fundamental principle of counting, there arc 

5 • 4 • 3 ■ 2 • 1 = 120 different arrangements. 

l/ Now Try Exercise 5. 

In using the fundamental principle of counting, products such as 

5 • 4 • 3 • 2 * 1 

occur often. We use the symbol /i! (read ‘Vi-factorial”), for any counting num¬ 
ber n, as follows. 

/i! = «(rt — 1)(« — 2) • - * (3)(2)(1) (Section 74) 

Thus, 

5 • 4 ■ 3 * 2 • 1 = 5 1 and 3 • 2 • I = 3!. 

By the definition of «!, «[(« - 1)!] = n\ for all natural numbers /i > 2. It is 
convenient to have this relation hold also for n — 1, so, by definition, 

0! = 1. (Section 7.4) 

Arranging r of n Items {r < n) 

Suppose the teacher in Example 2 wishes to place only 3 of the 5 books in a 
row. How many arrangements of 3 books are possible? 

SOLUTION The teacher still has 5 ways to fill the first spot, 4 ways to fill the 
second spot, and 3 ways to fill the third. Since only 3 books will be used, there 
are only 3 spots to be filled (3 events) instead of 5, with 

5 - 4 * 3 = 60 arrangements. 

V Now Try Exercise 7. 


Permutations Since each ordering of three books is considered a different 
arrangement, the number 60 in the preceding example is called the number of 
permutations of 5 things taken 3 at a time, written P(5, 3) = 60. The number of 
ways of arranging 5 elements from a set of 5 elements, written P(5,5) = 120. 
was found in Example 2. 

A permutation of n elements taken r at a lime is one of the arrangements of 
r elements from a set of n elements. Generalizing from the examples above, the 
number of permutations of n elements taken r at a time, denoted by P(/i, r). is 

P(«, r) = n(/i - I) (n - 2) • - • (#? - r + I) 

;i(n — 1) (n — 2) • • • (» — r + 1) (n — r) [;t - / - 1)•■ •(2)( 1) 

(/J - r) (« - r - 1 )• • • (2)( 1 ) 


n! 

(n - r)! 
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Ntimlvi i’i 2ml Number 



Figure 15 


( AUTION Not all counting problems lend themselves to either permuta- 
uons or combinations. Whenever the fundamental principle of counting or a 
i! ee diagram can be used directly, as in the soup example, use it. 



Fundamental Counting Principle Use the fundamental principle of counting to solve 
each problem. See Examples 1—3. 

1. On a business trip, Terry took 3 pairs of pants, 4 shirts, 1 jacket, and two pairs of 
shoes. Determine the number of outfits that Terry can choose. 

2. When saddling her horse, Judy can choose from 2 saddles, 3 blankets, and 2 cinches. 
Find the number of possible choices for saddling Judy’s horse. 

3. A conference schedule offers 2 main sessions, 20 break-out sessions, and 4 mini¬ 
courses. In how many ways can an attendee choose 1 of each to attend? 

4. A convenience store offers 16 types of soda with 4 options for flavoring and either 
crushed or cubed ice. Determine the total number of drink options available for 
selecting 1 soda with 1 flavor and 1 type of ice. 

5. A college has 7 portraits of past college presidents to arrange in a row on a wall. 
How many different arrangements are possible? 

6. A telephone messaging system requires a 4-digit security code. How many security 
codes are possible if numbers may be repeated. 

7. In how many ways can judges select a Ist-place winner, a 2nd-place winner, and a 
3rd-place winner from 16 desserts entered in a cooking contest? 

8. In how many different ways can 4 different boys be selected from a group of 25 boys 
on a track team to receive 4 different awards? 

Evaluate each expression. See Examples 4—8 . 

9. P(12. 8) 10. P( 5,5) II. P(9, 2) 

13. P(5. 1) 14. P(6.0) 15. C(4. 2) 

17. C(6.0) 18. C(8. 1) 19. (* 4 2 ) 


12. P(10. 9) 
16. C(9. 3) 
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Use a calculator to evaluate each expression. See Examples 4 amt 7. 

21. 2n/'5 22. 23. u Pn 24. 3 jP 4 

25. 10C5 26. if#)C*5 27. ^ g ^ J 

29. Decide whether the situation described involves a permutation or u combination of 
objects. See Exumplc 9. 

(a) a telephone number (b) a Social Security number 

(c) a hand of cards in poker (d) a committee of politicians 

(e) the “combination" on a padlock (f) an automobile license plate 

(g) a lottery choice of six numbers where order docs not matter 

30. Explain the difference between a permutation and a combination. What should you 
look for in a problem to decide which is an appropriate method of solution? 


Use the fundamental principle of counting or permutations to solve each problem. See 
Examples 1-6. 

31. Home Plan Choices How many different types of homes are available if a builder 
offers a choice of 5 basic plans, 4 roof styles, and 2 extenor finishes? 

32. Auto Varieties An auto manufacturer produces 7 models, each available in 6 dif¬ 
ferent colors, with 4 different upholstery fabrics, and 5 interior colors. How many 
varieties of the auto ore available? 

33. Radio-Station Call Letters How many different 4-letter radio-station call letters can 
be made 

(a) if the first letter must be K or W and no letter may be repeated? 

(b) if repetitions are allowed (but the first letter is K or W)? 

(c) if the first letter must be K or W, the last letter must be R, and repetitions are not 
allowed? 

34. Meat Choices A menu offers a choice of 3 salads, 8 main dishes, and 5 desserts. 
How many different 3-course meals (salad, main dish, dessert) are possible? 

35. Arranging Blocks Baby Finley is arranging 
7 blocks in a row. How many different arrange¬ 
ments can he make? 

36. Names for a Baby A couple has narrowed 
down the choice of a name for their new baby 
to 5 first names and 3 middle names. How 
many different first- and middle-name combi¬ 
nations are possible? 



37. License Plates For many years, the stale of California used 3 letters followed by 3 
dicits on its automobile license plates 


ABC 123 


(a) How many different license plates are possible with this arrangement? 

(b) When the state ran out of new plates, the order was reversed to 3 digils followed 
by 3 letters. How many additional plates were then possible? 

(c) When the plates described in part (b) were also used up, the stale then issued 
plates with 1 letter followed by 3 digits and then 3 letters. How many plates does 
this scheme provide 9 
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38. Telephone Xnmbi rv How many 7-digii telephone numbers arc possible if the first 
digit cannot be 0 and 

(n) only odd digits may be used? 

(b) the telephone number must lie a multiple of 10 (that Is, it must end in 0)? 

(c) the telephone number must be a multiple of 100? 

(d) the first 3 digits are 481? 

(c) no repetitions are allowed? 

39. Seating People in a Row In nn experiment on social interaction, 9 people will sit in 
9 scats in a row. In how many ways can this be done? 

40. Genetics Experiment In how many ways can 7 of 10 rats be arranged in a row for a 
genetics experiment? 

41. Course Schedule Arrangement A business school offers courses in keyhoarding, 
spreadsheets, transcription, business English, technical writing, and accounting. In 
how many ways can a student nrningc a schedule if 3 courses are taken? 

42. C ourse Schedule Arrangement If your college offers 400 courses, 20 of which arc 
in mathematics, and your counselor arranges your schedule of 4 courses by random 
selection, how many schedules ure possible that do not include a math course? 

Club Officer C hoices In a club with 15 members, in how muny ways can a slate of 
3 officers consisting of president, vice-president, and sccrctary/lreasurcr be chosen? 

44. Dotting Orders A baseball team has 20 players. How many 9-player batting orders 
arc possible? 

45. Letter Arrangement Consider the word BRUCE. 

(n) In how many ways can nil the letters of the word BRUCE be arranged? 

(b) In how many ways can the first 3 letters of the word BRUCE be arranged? 

46. Rasketlnill Positions In how many ways can 5 players be assigned to the 5 positions 
on a basketball team, assuming that any player can play any position? In how many 
ways can 10 players be assigned lo the 5 positions? 


Solve each problem involving combinations. See Examples 7 and 8. 

47. Seminar Presenters A banker’s association has 40 members If 6 members are se¬ 
lected at random to present a seminar, how many different groups of 6 are possible? 

48. Financial Planners Four financial planners are to be selected from a group of 12 to 
participate in a special program. In how many ways can this be done? In how many 
ways can the group that will not participate be selected? 

49. Apple Samples How many different samples of 4 apples can be drawn from a crate 
of 25 apples? 

50. Apple Samples Suppose in Exercise 49 that there are 5 rotten apples in the crate. 

(a) How many samples of 3 could be drawn in which all 3 are rotten? 

(b) How many samples of 3 could be drawn in which there are 2 good apples and 
1 rotten apple 9 

51. Hamburger Choices Howard's Hamburger Heaven sells hamburgers with cheese, 
relish, lettuce, tomato, mustard, or ketchup. 

(a) How many different hamburgers can be made that use any 4 ol the extras 9 

(b) How many different hamburgers can be made if one of the 4 extras must be 
cheese? 

52. Card Combinations Five cards are marked with the numbers 1.2. 3. 4, and 5, shuf¬ 
fled, and 2 cards are then drawn How many different 2-card hands are possible 9 

53. Marble Samples If a bag contains 15 marbles, how many samples of 2 marbles can 
be drawn from it 9 How many samples of 4 marbles can be drawn 9 
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54# Warbl? Samples In f£xcrclsc 53, if the bag contains 3 yellow, 4 while, and 8 blue 
marbles, how many samples of 2 can be drawn in which both marbles are blue? 

55. Convention Delegation Choices A city council is composed of 5 liberals and 
4 conservatives. Three members are to be selected randomly as delegates to an urban 
convention, 

(a) How many delegations arc possible? 

(b) How many delegations could have all liberals? 

(c) How many delegations could have 2 liberals and 1 conservative? 

(d) If I member of the council serves os mayor, how many delegations are possible 
that include the mayor? 

56. Dele nation Choices Seven workers decide to send a delegation of 2 to their supervisor 
to discuss their grievances. 

(n) How many different delegations are possible? 

(b) If it is decided that a certain employee must be in the delegation, how many 
different delegations are possible? 

(c) If there are 2 women and 5 men in the group, how many delegations would 
include at least 1 woman? 


Use any or all of the methods described in this section to solve each problem. See 
Examples 1—9. 

57. Course Schedule Arrangement If Dwight Johnston has 8 courses to choose from, 
how many ways can he arrange his schedule if he must pick 4 of them? 

58. Pineapple Samples How many samples of 9 pineapples can be drawn from a crate 
of 12? 


59. Soup Ingredients Velma specializes in making different vegetable soups with carrots, 
celery, beans, peas, mushrooms, and potatoes. How many different soups can she 
make with any 4 ingredients? 

60. Secretary/Manager Assignments From a pool of 7 secretaries. 3 are selected to be 
assigned to 3 managers, 1 secretary to each manager. In how many ways can this be 
done? 


61. Musical Chairs Scatings In a gome of musical chairs, 13 children will sit in 12 chairs. 
(1 will be left out) How many seating arrangements are possible? 

62. Plant Samples In an experiment on plant hardiness, a researcher gathers 6 wheat 
plants, 3 barley plants, and 2 rye plants. She wishes to select 4 plants at random. 

(a) In how many ways can this be done? 

(b) In how many ways can this be done if exactly 2 wheal plants must be included? 


63. Committee Choices In a club with 8 women and 11 men members, how many 
5-membcr committees can be chosen that have the following? 

(a) all women (b) all men 

(c) 3 women and 2 men (d) no more than 3 men 


64. Committee Choices From 10 names on a ballot, 4 will be elected to a political party 
committee. In how many ways can the committee of 4 be formed if each person will 
have a different responsibility? 


65. Combination Lock A briefcase has 2 locks. 
The combination to each lock consists of a 
3-digit number, where digits may be repealed. 
How many combinations are possible? {Hint: 
The word combination is a misnomer Lock 
combinations are permutations where the 
arrangement of the numbers is important.) 
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66. ( mutton J . t A A typical “combination" for n piullock consists of 3 number* 
fi« un o to 30 rind the number of "combinations” that arc possible with this type of 
lock, if a number may be repeated. 

67. (mrage Door Openers The code for some garage door openers consists of 12 elec¬ 
trical switches that can be set to either 0 or 1 by the owner. With this type of opener, 
how many codes arc possible? (Source: Promax.) 

68. iMttrry To win the jackpot in a tottery gumc, u person must pick 4 numbers from 
0 to 9 in the correct order. If a number can be repeated, how many ways arc there 
to play the game? 

6e„vv In how many distinguishable ways can 4 keys be put on n circular key ring? 

70. Sitting at a Round Table In how many different ways can 8 people sit at a round 
tnblc? Assume that "a different way" means that at least 1 person is sitting next to 
someone different. 


Prove each statement for positive integers n and r, with r ^ n. (Hint: Use the defini¬ 
tions of permutations and combinations.) 


71. P(«, n - 1) = P(n , n) 72. />(«, 1) = n 


73. />(«, 0) = I 


74. P(n, n) = «! 

77 - (o) = ' 




Explain why the restriction r £ n is needed in the formula for P(n, r). 





Basics of Probability 




G Basic Concepts 

■ Complements and Vann 
Diagrams 

S Odds 

g Union of Two Event* 

□ Binomij’ Probability 



9 


O 


0 

o o 


Basie Concent* Consider an experiment that has one or more possible out¬ 
comes, all of which are equally likely to occur. For example, the experiment of 
tossing a fair coin has 2 equally likely possible outcomes: landing heads up (//) 
or landing tails up ( T ). Also, the experiment of rolling a fair die has 6 equally 
likely outcomes: landing so the face that is up shows 1,2, 3,4, 5, or 6 dots. 

The set S of all possible outcomes of a given experiment is the sample space 
for the experiment. (In this text, all sample spaces are finite.) The table gives 
several examples. 


Experiment 

Sample Space 

Tow a coin. 

5 = {//. T } 

Roll a die. 

5= (1,2. 3, 4.5.6} 

Toss two coins. 

5= {(A/, H), (H, T). (T, H). (T. T)) 

Answer a tnie/false question. 

S — {true, false} 


Use set notation 
(Section R. 1) 


Any subset of the sample space ts an event. In ihc experiment with the 
die, for example, “the number showing is a 3“ is an event, say E t . such that 
£■, = {3} “The number showing is greater than 3“ is also an event, say E 2 . 
such that £2 = {4, 5, 6}. To represent the number of outcomes that belong to 
event E, the notation n(E) is used. Then n(E,) = 1 and /KE?) = 3 
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The notation P(E)is used for the probability of an event E. If the outcomes 
in the sample space for an experiment are equally likely, then the probability of 
event E occurring is found as follows. 


Probability of Evont E 


In .1 sample space with equ.ill) likely outcomes, the probability <»l an event 
E, written P(E) f is the ratio of the number of outcomes in sample space S 
that belong to event E, n(E), to the total number of outcomes in sample 
space S , n(S). 



"(£) 

„(S) 


To use this definition to find the probability of the event E\ in the die exper¬ 
iment, start with the sample space, S — {I, 2 , 3 ,4, 5, 6 }, and the desired event, 
E, = {3}. Use «(£,) = 1 and n(S ) = 6 . 


P(E,) = 


”(£j) 

n(5) 


6 



Finding Probabilities of Events 


A single die is rolled. Write each event in set notation and give the probability 
of the event. 


(a) £ 3 : the number showing is even 

(b) £ 4 : the number showing is greater than 4 

(c) E 5 : the number showing is less than 7 

(d) £ 6 : the number showing is 7 


SOLUTION 

(a) Since £3 — {2,4, 6 }, n(E 3 ) = 3. As given earlier, /i(S) = 6 . 



(b) Again n(S) = 6 . Event £4 — {5, 6 }, with n(£ 4 ) — 2. 

(c) £ 5 = {1,2, 3,4, 5,6} and P(£ 5 )=-=l. 

(d) £ 6 = 0 and P(£ 6 ) - £ = 0 . 

:V Now Try Exercises 7 and 9. 


In Example 1 (c), £5 ~ S. Therefore, the event £5 is certain to occur every 
time the experiment is performed. An event that is certain to occur always has 
probability 1. In Example 1(d), E 6 = 0 and P{Ef,) = 0. The probability of an 
impossible event, such as E&, is always 0 , since none of the outcomes in the 
sample space satisfies the event. For any event E, P(E) is between 0 and 1, 
inclusive. 
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I he properties of probability .‘ti e summarized US follows. 


Proportios of Probability 
l et / arid F represent events 

1. 0 s F(E) ] 2 . /’(a certain event) = 1 

P(nn Impossible event) 0 4. FfF') = I - P[E) 

5. P(EorF) *- />(£ u F) - !\I ) + l\F) !\L H F) 


CAUTION When finding the probability of a union, remember to sub¬ 
tract the probability of the intersection from the sum of the probabilities 
of the individual events. 


B*nn?ru“t Prehpbihfy Many probability experiments consist of a repeated 
number ot independent trials («) with only two possible outcomes. Consider 
the example of tossing a coin 5 times and observing the number of tails. In this 
experiment there are n — 5 independent trials, or coin tosses, and there are 
two possible outcomes, head or tail, for each trial. It is common to consider 
“obtaining a tail” as a success because it is the outcome of interest, so “obtaining a 
head” would be considered a failure. 

When trials such as coin tosses arc independent, the probability of a success 
(tail) and the probability of a failure (head) remain constant. Thai is, P(tail) = 5 
and F(hend) = 4 for each coin loss. When a probability experiment satisfies 
these conditions, it is considered a binomial experiment. 


Binomial Probability 


If a probability experiment consists of n independent trials with two pos¬ 
sible outcomes for each trial, and the probabilities remain constant for each 
trial, then it is a binomial experiment. Let p represent the probability of a 
success, and let q — 1 — p represent the probability of a failure. Then the 
probability of obtaining exactly r successes in n trials is found as follows. 


P(r successes in n trials) 



Suppose that we want to determine the probability of getting exactly 3 tails in 
5 coin tosses. Here n = 5, r — 3, p = /’(tail) = 4. and q — /’(head) = 1 — 4 — 2 • 


P {3 tails in 5 coin tosses) 



L\e Jhc hiniimidl prubabilii} 
ionmild 

Apply thecombination^ formula 
and subtract 

ktaluafc Lulnruls and di\ ide 


- 0.3125 


Apply tliL* exponents and multipl> 
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^ { finding Probabilities in a Binomial Experiment 

An experiment consists of rolling a die 10 times and observing the number 
of 3 s. 


ALGEBRAIC SOLUTION 


(n) Find the probability of getting exactly 4 threes. 

(b) Find the probability that the result is not a 3 in exactly 9 of the rolls. 

I GRAPHING CALCULATOR SOLUTION 


(a) There arc n — 10 independent trials with p = 
P(3) = £nnd </ = 1 - £ = §. 



(b) Here n — 10, p = /*(not a 3) = |, and <7 = g. 


P {9 non-threes in 10 rolls) 


-C 


10 
9 

« 0.323 



Graphing calculators, such as the TI-83/84 Plus, that 
have statistical distribution functions give binomial 
probabilities. Figure 19 shows the results for parts (a) 
and (b). The numbers in parentheses separated by 
commas represent n, p, and r, respectively. 


binonpdf<10* Cl/6 

,0542658759 
binompdf<10* <5s6 
>,9> 

.3230111658 


Figure 19 


Now Try Exercise 35. 



Write a sample space with equally likely outcomes for each experiment. 

1. A two-headed coin is tossed once. 

2. Two ordinary coins are tossed. 

3. Three ordinary coins are tossed. 

4. Slips of paper marked with the numbers I, 2, 3, and 4 are placed in a box. A slip is 
drawn and set aside, its number is recorded, and then a second slip is drawn. 

5. The spinner shown here is spun twice. 



6. A die is rolled and then a coin is tossed. 

Write each event in set notation and give the probability’ of the event. See Example /. 

7. Refer to Exercise 1. 

(a) The result of the toss is heads. (b) The result of the toss is tails. 

8. Refer to Exercise 2. 

(a) Both coins show the same face. (b) At least one coin is a head. 
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9, Refer to Exercise 3. 

(n) All iliree coins show the same face, (b) At leasi two coins are mils. 

10 . Refer lo Exercise 4 . 

(n) Both slips are marked with even numbers. 

(h) Boih slips ore marked with odd numbers. 

(c) Both slips are marked with the same number. 

(d) One slip is marked with an odd number, the other with an even number. 

11 . Refer to Exercise 5. 

(n) The result is a repeated number. (h) The second number is 1 or 3. 

(c) The first number is even nnd the second number is odd. 

(?1 12. A student gives the probability of un event in u problem as 5 . Explain why this 
answer must be incorrect. 

13. Concept Check If the probability of nn event is 0.857, what is the probability that 
the event will not occur? 

14. Concept Check Associate each probability in parts (n)-(g) with one of the state¬ 
ments in choices A-F. Choices may be used more than once. 

(a) P(E) = -0.1 (b) P{E) =0.01 (c) P(E) = 1 (d) P(E) = 2 

(e) P(E) = 0.99 (f) P(E) = 0 (g) P{E) = 0.5 

A. The event is certain to occur. B. The event cannot occur. 

C. The event is very likely to occur. D. The event is very unlikely to occur. 

EL The event is just as likely to occur as not to occur. 

F. The event is impossible. 


Work each problem. See Examples 1—6. 


15. Balting Average A baseball player with a batting average of .300 comes to bat. 
What ore the odds in favor of the ball player getting a hit? 


16. Small Business Loan The probability that a bank with assets greater than or equal 
to S30 billion will make a loan to a small business is 0.002. What are the odds 
against such a bank making a small business loan? ( Source• The Wall Street Journal 
analysis of CAl Reports filed with federal banking authorities.) 

17. Drawing a Card A card is drawn at random from a standard deck of 52 cards. Find 
the probabilities in parts (a)—(d). 

(a) The card is a spade. (b) The card is not a spade. 

(c) The card is a spade or a heart. (d) The card is a spade or a face card 

(c) What are the odds in favor of drawing a spade? 


18. Dice Rolls Two dice arc rolled Find the probabilities in parts (a)-(d) 


(a) The sum of the dots is at least 10. 

(b) The sum of the dots is less than 10 

(c) The sum of the dots is cither 7 oral least 10 

(d) The sum of the dots is 2, or the dice both show the same number 

(e) What are the odds against rolling a 7? 


19. Origins of Foreign-Born Population The 
numbers (in thousands) of foreign-bom people 
who were living in the United Stales in 2008, 
according to region of birth, are given in the 
table Find the probability that a foreign-bom 
U S. resident in 2008 satisfied the following 

(a) bom in Asia (b) not bom in Europe 

(c) bom in Africa or Europe 

(d) What are the odds that a randomly selected 
forcign-bom U S resident vs as bom in 
Latin Amenta’ 


Region 

Number 
(In thousands) 

Afnca 

1436 

Asia 

10,356 

Europe 

4969 

Latin Amenca 

20.150 

Other 

1050 


Sounc 1' S Census Bureau 
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IKS. Population by Replon The U.S. resi- 
dent population by region (in millions) for 

1995 

2000 

2009 

selected years is given in the table. Find the Nonfu n 

51/4 

516 

55 3 

probability (but a U,S, resident selected at 
random satisfies the following. 

6l H 

(4 4 

66 J 

(a) lived in the West in 2000 South 

‘>18 

100 2 

113.3 

(b) lived in the Midwest in 1995 ' 

(c) lived in the Northeast or Midwest in 

SI 7 

6? 2 

71.6 


2000 Source: U S Census Bureau 

(d) lived in die Soudi or West in 2009 

(c) What are the odds that a randomly selected U.S resident in 2009 was not from 
the South? 

21. Stale Lottery One game in a slate lottery requires you to pick J heart, I club, 
I diamond, and I spade, in dial order, from the 13 cards in each suit. What is the 
probability of getting ail four picks correct and winning $5000? 

22. State lottery If three of the four selections in Exercise 21 are correct, the player 
wins S200. Find the probability of this outcome. 

23. Male Life Table The table is an abbreviated version of the 2006 period life table 
used by the Office of the Chief Actuary of the Social Security Administration. 
(The actual table includes every age, not just every tenth age.) Theoretically, this 
table follows a group of 100,000 males at birth and gives the number still alive at 
each age. 


Exact Age 

Number of Lives 

Exact Age 

Number of Lives 

0 

100,000 

60 

85,026 

10 

99,067 

70 

71,586 

20 

98,519 

80 

47,073 

30 

97,079 

90 

15,051 

40 

95,431 

100 

657 

50 

92,041 

110 

1 


Source: Office of ihe Actuary, Social Security Administration. 


(a) What is the probability that a 40-year-old man will live 30 more years? 

(b) What is the probability that a 40-year-old man will not live 30 more years? 

(c) Consider a group of five 40-year-old men. What is the probability that exactly 
three of them survive to age 70? {Hint: The longevities of the individual men can 
be considered os independent trials.) 

(d) Consider two 40-ycor-old men. What is the probability that at least one of them 
survives to age 70? {Hint. The complement of at least one is none ) 

24. Opinion Sun cy The management of a firm wishes to survey the opinions of its 
workers, classified as follows for the purpose of an interview: 

30% have worked for the company 5 or more years. 

28% are female, 

65% contribute to a voluntary retirement plan, and 50% of the female workers 
contribute to the retirement plan. 

Find each probability if a worker is selected at random. 

(a) A male worker is selected 

(b) A worker is selected who has worked for the company less than 5 yr 

(c) A worker is selected who contributes to the retirement plan or is female 
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25. Growth «// Strn k \ aim A financial analyst bus 
iK'U rmiiu'd the possibilities (nnd their probnblll* 
ties> for the growth in vnlue of n certain stock 
during the next year. (Assume these arc the only 
possibilities.) Sec the table. For instance, the 
probability of a 5 % growth is 0 . 15 . If you invest 
$10,000 in the stock, what is the probability that 
the stock will be worth at least $ 11,400 by the 
end of the year? 


Percent (.ionIII 

Probability 

5 

0.15 

8 

0.20 

10 

0.35 

14 

0.20 

18 

0.10 


26, (irowth in Slock Value Refer to Exercise 25. Suppose the percents nnd probabili¬ 
ties in the table are estimates of annual growth during the next 3 yr. What is the 
probability that an investment of S 10,000 will grow in value to at least S15,000 during 
the next 3 yr? {Hint: Use the formula for (annual) compound interest discussed in 
Section 4.2.) 


Insufficient Sleep The table gives the results of a 2008 survey of Americans aged 18—24 
in which the respondents were asked, “During the past 30 days, for about how many days 
have you felt that you did not get enough sleep?" 


Number of Days 

0 

1-13 

14-29 

30 

Percent (as a decimal) 

0.23 

0.45 

0.20 

0.12 


Source: U.S Centers for Disease Control nnd Prevention 


Using the percents as probabilities, find the probability that, out of 10 respondents in the 
IS—24 age group selected at random, the following were true. 

27. Exactly 4 did not get enough sleep on 1-13 days. 

28. Exactly 5 got enough sleep every night. 

29. Fewer than 2 did not get enough sleep on 14 or more days. 

30. No more than 3 did not get enough sleep on 1-29 days. 


College Applications The table gives the results of a sttney of 2 19,864 first-year students 
from the class of 2013 at 297 of the nation 's four-year colleges and universities. 


Number of Colleges Applied to 

i 

2 or 3 

4-6 

7 or more 

Percent (as a decimal) 

0.14 

0.24 

039 

0.23 


Source. Higher Education Research institute. UCLA. 2009 


Using the percents as probabilities, find the probability of each event for a randomly 
selected student. 

31. The student applied to fewer than 32. The student applied to at least 2 colleges. 

4 colleges. 

33. The student applied to more than 34. The student applied to no colleges. 

3 colleges. 

Solve each problem. 

35. Color-Blind Males The probability that a male will be color-blind is 0 042 Find the 
probabilities that in a group of 53 men. the following are true 

(a) Exactly 5 arc color-blind (b) No more than 5 are color-blind. 

(c) None are color-blind td) At least I is color-blind 
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\i$43(h The screens illustrate how the TABLE feature of a graphing calculmor can be used 
Jo find the probabilities of having 0, 1,2,3, or 4 girls in a family of 4 children. (Note 
that 0 appears for X <= 5 and X = 6 because these events arc impossible.) 



X 

vifl 


.-i . 

AtlS 

a ns 
% 


Vi£K4 nCr 3 



Use this approach for the following. 

(n) Find the probabilities of having 0, 1, 2, or 3 boys in a family of 3 children. 

(b) Find the probabilities of having 0, 1,2.3,4,5, or 6 girls in a family of 6 children. 

37. (Modeling) Spread of Disease What will happen when an infectious disease is in¬ 
troduced into a family? Suppose a family has / infected members and S members 
who are not infected but arc susceptible to contracting the disease. The probability P 
of exactly k people not contracting the disease during a 1-weck period can be calcu¬ 
lated by the formula 

P = (^)<?*( I “ tf) 5 " 1 . 

where <?=(!— p )', and p is the probability that a susceptible person contracts the 
disease from an infected person. For example, if p = 0.5, then there is a 50% chance 
that a susceptible person exposed to I infected person for I week will contract 
the disease. ( Source: Hoppcnslcadt, F. and C. Peskin, Mathematics in Medicine 
and the Life Sciences. Springcr-Verlag.) 

(n) Compute the probability P of 3 family members not becoming infected within 
1 week if there are currently 2 infected and 4 susceptible members. Assume that 
p — 0.1 (Hint: To use the formula, first determine the values of k, I, S, and q.) 
(b) A highly infectious disease can have p = 0-5. Repeat part (a) with this value ofp. 
|^| (c) Determine the probability that everyone will become sick in a large family if, 
initially, / = 1. 5 = 9, and p = 0.5. Discuss the results. 

f=4=j 38. (Modeling) Spread of Disease (Refer to Exercise 37.) Suppose that in a family 
1 = 2 and 5 = 4. If the probability P is 0.25 of there being k = 2 uninfected mem¬ 
bers after I week, estimate graphically the possible values of p. (Hint: Write P as a 
function of p.) 


—— m — - 1 -^ 

Chapter 7 Test Prep 



7.1 finite sequence 
infinite sequence 
terms of a sequence 
general term (nth term) 
convergent sequence 
divergent sequence 
recursive definition 
Fibonacci sequence 
senes 

summation notation 
finite senes 
infinite senes 


index of summation 

7.2 arithmetic sequence 

(arithmetic 
progression) 
common difference 
anthmetic series 

7.3 geomeinc sequence 

(geometric 
progression) 
common ratio 
geometric senes 
annuity 


future value of an 
annuity 

7.4 Pascal’s triangle 
facionnl notation 
binomial coefficient 
binomial theorem 
(general binomial 
expansion) 

7.6 tree diagram 

independent events 

permutation 

combination 


7.7 outcome 

sample space 
event 

probability 
complement 
Venn diagram 
odds 

mutually exclusive 
events 

binomial expenment 
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Concepts 


Examples 


lilnominl riiciircm 

Forony positive mi. mtlitny complex numbers.randy, 
(.t + yY Is < xpanded .is fallow s 

d+.v! *’+(").• l '*(,}<-y + (;) I -y + ... 

4 .V'-t- -*•(„" ,)^*~* -*• 

A tli Term or the Binomial Expansion of (x + y)* 

(where n a il* — 1) 


Mathematical Induction 

Principle of Mathematical Induction 

Let 5 a be a statement concerning the positive integer «. 

Suppose that 

1. 5) is true; 

2. for any positive integer*, k ^ n, if S k is true, then S k +\ 
is also true. 


(2,,. + 3)* - (2m)* + -j^(2m)'(3) + ^L(2m)»(3)* 

+ 5yjy(2»0(3) 5 + 3* 

= 2V + 4(2)W(3) + 6(2) 2 m 2 (9) 

+ 4(2m)(27) + 81 

= 16m 4 + 12(8)m 3 + 54(4)m 2 + 216m + 81 
= 16m 4 + 96m 3 + 216m 2 + 216m + 81 

The eighth term of (n — 2b) 10 is 

= 120(-128)n 3 fc 7 
= -15,360a 3 * 7 . 


See Examples 1 and 2 in Section 7.5. 

Example 3 in Section 7.5 illustrates the generalized 
principle of mathematical induction. 



Then S„ is true for every positive integer value of n. 




Counting Theory 

Fundamental Principle of Counting 
If n independent events occur, with m\ ways for event 1 
to occur, m 2 ways for event 2 to occur.... and m„ ways for 
event n to occur, then there are 

nti • . m„ 

different ways for all n events to occur. 


If there are 2 ways to choose a pair of socks and 5 ways 
to choose a pair of shoes, then there are 

2 *5= 10 

ways to choose socks and shoes. 



Permutations Formula 

If P(n, r) denotes the number of permutations of n ele¬ 
ments taken r at a time, with r ^ n, then the following 
holds. 


P(n,r) 


nl 

(« - r)! 


How many ways are there to arrange the letters of the 
word triangle using 5 letters at a time? 

Because this ts an arrangement, use the permutations 
formula with n = 8 and r = 5. 


W.5) 


H 1 

(S “ 5) 1 


8' 

- = 6720 
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Concepts 


Combinations Formula 

The number of combinations of n elements taken r at a 
time, with r s «, is determined as follows. 



or 


n I 

r\(n — r)l 


Examples 


How many committees of 4 senators can be formed from 
a group of 9 senators? 

Since the arrangement of senators does not matter, 
this is a combinations problem with n =* 9 and r = 4. 

C ( ,J ' 4 > “(4) “ jrjr = 126 


Basics of Probability 
Probability of an Event E 

In a sample space S with equally likely outcomes, the prob¬ 
ability of an event E is determined as follows. 


P(E) = 


«(g) 

»(S) 


Properties or Probability 
Let E and F represent events. 

1. 0 ^ P(£) ^ I 2. P(a certain event) = I 

3. P(nn impossible event) =0 4. /*(£') = 1 — P(E) 

S. P(E or F) =/»(£U F) 

= P(E) + P(F) - P(E n F) 

Binomial Probability 

In a binomial experiment, let p represent the probability of 
a success, and let q = 1 — p represent the probability of 
a failure. Then the probability of obtaining exactly r suc¬ 
cesses in /i trials is found as follows. 

P(r successes in n trials) = 



A number is chosen at random from S = {1,2,3,4.5,6 }, 
What is the probability that the number is less than 3? 
The event is E = {I, 2}, n(S) = 6, and n(E ) = 2. 

2 1 

What is the probability that the number is 3 or more? 
This event is E '. 

**•>- '-W 


An experiment consists of rolling a die 8 times. Find the 
probability that exactly 5 rolls result in a 2. 

Here, we have n = 8, r = 5,p = g. and q = §. 


P(5 twos in 8 rolls) 


-mw 



Write the first five terms of each sequence State whether the sequence is arithmetic, 
geometric, or neither. 


1. a n = 2. a n = (-2)" 3. o„ = 2(n + 3) 

n + 1 

4. a n = w(n + 1) 5. Oi = 5 6. a) = 1, 02 — 3, 

a„ — a„-i — 3, if n s 2 a„ = a „-2 + a n ~u if n s 3 

7. Concept Check Write an arithmetic sequence that consists of five terms, with first 
term 4, having the sum of the five terms equal to 25. 

In Exercises S-li. write the first five terms of the sequence described. 

8. arithmetic. 03 = 10. d — —2 9. arithmetic, = «r, u 4 = 1 

10. geometric, «i — 6, r = 2 II. geometric, at = — 5.a : = —l 
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12 . An arithmetic .sequence has as ** —3 uiul ri |* 1=5 17. Find </| and n„. 
I*'* A geometric sequence has rij *=* —8 and 117 =» —jj. Find U 4 and ri n . 

Find ri B for each arithmetic sequence. 

14 . a 1 = 6 . d = 2 


hind S 12 for cue ft arithmetic sequence. 
16. «i = 2. d = 3 

hind U\ for each geometric sequence. 
18. a\ = — 2. r =* 3 


15, ri| = 6.v — 9. = 5.v 4- I 


17. a 2 = 6. d = 10 


19. n 3 = 4, r = ~ 


Find S 4 for each geometric sequence. 

20. n, = 3, r =2 21. a x = -l.r=3 


,, 3 II 

22 . — — 

4’ 2*3’ 


Evaluate each sum that exists. 

7 


24. 2 (/ 2 + ,) 

1-1 
2500 

27. 

30 -1 -<!)' 


25. 2 — 


28. 2 4 * 2 ' 
l-I 


23. 2(-l )-■ 

l-i 
10 

26. 2( 3 >- 4 ) 

*^6)' 3# -|- 2 (f)' 3K ±<-|)‘ 

32. Concept Check Find an infinite geometric series having common ratio 3 and sum 6 . 
Evaluate each series that converges. If the series diverges, sav so. 


33. 24 + 8 + - + - + 
3 9 

I 112 

3^.- 1 -4--h-h 

12 6 3 3 


, . 3 112 

34.-h--h- 

4 2 3 9 


36. 0 9 + 0 09 + 0 009 + 0 0009 4- 


Evaluate each sum w here x x = 0 , x 2 = 1. -t 3 = 2 , .t 4 = 3 , .15 = 4 , and v 6 = 5 


37. 2(.r, 2 -6) 


1=1 


38. 


2 /( r <) A v; f(x) 


t =» 1 


(.v - 2) 3 , A.r = 0.1 


Write each sum using summation notation. 

39. 4 - 1 - 6 -- 66 40. 10 4- 14 4- 18 + • • + 86 

5 6 7 p 

41. 4 4- 12 + 36 4- • + 972 42. - + - + -+ -•+ — 

6 7 8 13 


Use the binomial theorem to expand each expression 
43. (.v + 2y) J 44. (3r-5u ) 3 


45. 



46. 


Find the indicated term or terms for each expansion 

47. sixth term of I4.r — ,v) x 48. seventh term ot (m - 3 «) 14 

49. first four tenns of f.v 4- 2) 1 * 


50. last three terms of (2<r + 5/*) lf * 
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Use mathematical ftuluaion to prove that each statement is true for every positive 
integer n. 

51. I 3 + 5 7 + * * + (2/i ~ I) =* // J 

52. 2 + 6 + 10 + 14 + * • + (4/r — 2) » 2/1* 

53. 2 + 2* + 2 3 + • - - + 2" = 2(2" - I) 

54. I } 4- 3 3 + 5 3 + * *' 4* (2 n — I )* = /i*(2 n 2 — I) 

Evaluate each expression. 


55. P{ 9.2) 

56. P( 6.0) 

»■ G) 

58. 9» 

59. C( 10,5) 

60. 10*9' 



Solve each problem. 

61. Median Annual Earnings In 2008 the median annual earnings of a high school 
graduate with no college attendance was S32.136. This amount is expected to increase 
by about $268 per year. How much will a person earning the median amount cam 
until retirement if he or she joins the work force at age 18 and works until age 65? 
(Source . U S Bureau of Labor Statistics.) 

62. Median Annual Earnings In 2008 the median annual earnings of a person with 4 yr 
of college was S52.624. This amount is expected to increase by about $813 per year. 
How much will a person earning the median amount cam until retirement if he or 
she joins the work force at age 22 and works until age 65 9 ( Source: U S. Bureau of 
Labor Statistics.) 

63. Median Annual Earnings Refer to Exercises 61 and 62. How much more will a 
person with 4 yr of college who earns the median amount make during his or her ca¬ 
reer than a person with no college attendance who cams the median amount during 
his or her career? If the expenses of a 4-yr college degree are estimated at $130,000, 
is earning a 4-yr college degree worth it? {Source: U.S. Bureau of Labor Statistics.) 

64. Wedding Plans Two people are planning their wedding. They can select from 
2 different chapels, 4 soloists, 3 organists, and 2 ministers. How many different 
wedding arrangements are possible? 

65. Couch Styles Bob Schiffer, who is furnishing his apartment, wants to buy a new 
couch. He can select from 5 different styles, each available in 3 different fabrics, 
with 6 color choices How many different couches are available? 

66. Summer Job Assignments Four students are to be assigned to 4 different summer 
jobs. Each student is qualified for all 4 jobs. In how many ways can the jobs be 
assigned? 

67. Conference Delegations A student council consists of 6 seniors and 3 juniors. 
Three members are to be selected to attend a conference. 

(a) How many different such delegations are possible? 

(b) How many are possible if 2 seniors and 1 junior must attend? 

68. Tournament Outcomes Nine football teams are competing for first-, second-, and 
third-place titles in a statewide tournament. In how many ways can the winners be 
determined 9 


69. License Plates How many different license plates can be formed with a letter fol¬ 
lowed by 3 digits and then 3 letters? How many such license plates have no repeats 9 

70. Racetrack Rets Most racetracks have "compound” bets on 2 or more horses. An 
ex acta is a bet in which the first and second finishers in a race are specified in order. 
A qumella is a bet on the first 2 finishers in a race, with order not specified. 

(n) In a field of 9 horses, how many different exacta bets can be placed" 1 
(b) How many different quinella bets can be placed in a field of 9 horses? 
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- a Marble A marble is drawn at random from a box containing 4 green, 
^ bliK l , and 6 white mnrbles. Find the following probabilities. 

(n) A green marble is drawn. (Ii) A marble that is not black is drawn. 

(c) A blue marble is drawn. 

(d) What ure the odds in favor of drawing a marble that is not while? 

thuu ing n Card A card is drawn from a standard deck of 52 cards. Find the follow¬ 
ing probabilities. 

(n) A black king is drawn. (b) A face card or on nee is drawn. 

(c) An ace or a diamond is drawn. (d) A card that is not a diamond is druwn. 
(c) What are the odds in favor of drawing an uce? 

Muster \ Degrees There were 625,023 master's degrees awarded in the United 

Stales in 2008. The table shows the numbers of degrees awarded in several fields of 
study. 


Field of Study 

Number of Master’s Degrees 

Business 

155,637 

Education 

175,880 

Health professions and related 
clinical studies 

58.120 

Visual and performing arts 

14.164 

Other 

221,222 


Source. U S National Center for Education Statistics. 


(a) What is the probability that a randomly selected student who earned a master’s 
degree in 2008 earned a degree in business? 

(b) What is the probability that a randomly selected student who earned a master’s 
degree in 2008 earned a degree in either health professions and related clinical 
studies or the visual and performing arts? 

(c) What is the probability that a randomly selected student who earned a master’s 
degree in 2008 earned a degree that was not in education? 

74. Defective Toaster Ovens A sample shipment of 5 toaster ovens is chosen. The 
probability of exactly 0, 1.2, 3. 4, or 5 toaster ovens being defective ts given in 
the table 


Number Defective i 

0 

1 

2 

3 

4 

5 

Probubilits 

031 

0.25 

0 18 

0.12 

008 

0.06 


Find the probability that the given number of toaster ovens are defective. 

(a) no more than 3 (b) at least 2 (c) more than 5 

75. Rolling a Die A die is rolled 12 limes. Find the probability (to three decimal places) 
that exactly 2 of the rolls result in a 5 

76. Tossing a Coin A com is tossed 10 limes Find the probability (to three decimal 
places) that exactly 4 of the tosses result in a tail 


71. 


72. 


73. 
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Chapter 7 


Write the first five terms of each sequence. State whether the sequence Is arithmetic, 
geometric, or neither 

1. «* = (-! W + 2) 2. a* - -^(j) 

3. ai = 2, « 2 = 3, a n = 0,-1 + 2r/„-j, for n 2= 3 

4. A certain arithmetic sequence has a\ *= I and flj = 25. Find dj. 

5. A certain geometric sequence has a\ = 81 and r ~ — f. Find a<^ 


FiW r/ie sum o/ the first ten terms of each series , 


6. arithmetic, a i — —43, d — 12 

7. geometric, a\ 

Evaluate each sum that exists. 

30 

5 

8. 2( 5 ' + 2 ) 

9. S<-3-2‘) 


t= 1 

10. S(2‘)' 4 

"• Pill 


Use the binomial theorem to expand each expression. 

12. (.r+y) 6 

13. (2jt — 3y) J 


14. Find the third term in the expansion of (ir — 2y) 6 - 


Evaluate each expression. 

15.8! 16. C(10,2) 



18. P( 11,3) 


19. Use mathematical induction to prove that for all positive integers n. 

1 -f 7 + 13 + * - • + (6n - 5) = n(3n - 2). 


Solve each problem. 

20. Athletic Shoe Styles A shoe manufacturer makes athletic shoes in 4 different styles. 
Each style comes in 3 different colors, and each color comes in 2 different shades. 
How many different types of shoes can be made? 

21. Seminar Attendees A mortgage company has 10 loan officers; 4 women and 6 men. 
In how many ways can 4 of these officers be selected to attend a seminar? In how 
many ways can 2 women and 2 men be selected to attend the seminar? 

22. Course Schedule Arrangement A student must select 4 courses from 15 that are of¬ 
fered in a semester. How many different arrangements of the 4 courses are possible? 

23. Drawing Cards A card is drawn from a standard deck of 52 cards. Find the follow¬ 
ing probabilities. 

(a) A red three is drawn 

(b) A card that is not a face card is drawn 

(c) A king or a spade is drawn. 

(d) What are the odds in favor of drawing a face card'’ 
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24 \ sample ol Might bulbs is chosen. The pmbnbilily of exactly 

" 1 * Hlght bulbs being dcfcotjvt Isglvc it m the table. Find (he probability 

•hat .it most 2 arc defective 


Number Defect he 

0 

i 

2 

3 

4 

l*rolmhilit) 

a 19 

0.43 

0.30 

0.07 

0.01 


2S. Rolling a Div Find the probability (to three decimal places) of obtaining 5 on exactly 
two of six rolls of a single die. 













Glossary 


j 


For a more complete discussion, see the scettonfs) in parentheses 


A 

absolute value The absolute value of 
a real number is the distance between 0 
and the number on the number line. 
(Sections R.2, 1.8) 

additive inverse (negative) or a matrix 
If the sum of two matrices is (he zero 
matrix, then those two matrices are 
additive inverses (negatives) of each 
oilier. (Section 5.7) 

algebraic expression Any collection 
of numbers or variables joined by the 
basic operations of addition, subtraction, 
multiplication, or division (except by 0), 
or by the operations of raising to powers 
or taking roots, formed according to the 
rules of algebra, is an algebraic expres¬ 
sion. (Section R.3) 

annuity An annuity is a sequence of 
equal payments made at equal periods 
of lime. (Section 7.3) 

argument In the expression log,, x, 
x is the argument. (Section 4.3) 

arithmetic sequence (arithmetic 
progression) An arithmetic sequence 
is a sequence in which each term after 
the first differs from the preceding term 
by a fixed constant. (Section 7.2) 

arithmetic series An arithmetic scries 
is the sum of the terms of an arithmetic 
sequence (Section 7 2) 

asymptotes of a hyperbola The two 
intersecting straight lines that the 
branches of a hyperbola approach 
are the asymptotes of the hyperbola. 
(Section 6.3) 

augmented matrix An augmented 
matrix is a matrix whose elements ore 
the coefficients of the variables and the 
constants of a system of equations. 

An augmented matrix is written with 
a vertical bar that separates the coeffi¬ 
cients of the vanables from the 
constants (Section 5 2) 

average rate of change The slope of a 
line gives the average rate of change iny 
per unit of change in a, where the value of 
\ depends on the value of t. (Section 2,4) 

axis (of symmetry) of a parabola The 
line of s> mmeiry for a parabola is the 
axis ol the parabola. (Section 3 1) 


B 

hose of an exponential The base is 
the number that is a repeated factor in 
exponential notation. In the expression 
a ”, a is the base (Section R.2) 

base of a logarithm In the expression 
tog a x, a is the base. (Section 4.3) 

binomial A binomial is a polynomial 
containing exactly two terms. 

(Section R.3) 

binomial coefficient For nonnegative 
integers n and r, with r :£ n, the bino¬ 
mial coefficient is the value of r y . 

These values ore used in calculating the 
coefficients of the terms of a binomial 
expansion. (Section 7.4) 

binomial experiment In probability, 
an experiment consisting of n indepen¬ 
dent trials, with two possible outcomes 
for each trial, and constant probabilities 
for each trial, is a binomial experiment 
(Section 7.7) 

binomial theorem (general binomial 
expansion) The binomial theorem is 
used to expand a binomial raised to a 
power. (SecUon 7.4) 

boundnry A line that separates a 
plane into two half-planes is the bound¬ 
ary of each half-plane. (Sccuon 5.6) 

break-even point The break-even 
point is the point where the revenue 
from selling a product is equal to the 
cost of producing it. (Sections 1 7, 2.4) 

c 

center of a circle The center of a 
circle is the given point that is a given 
distance from all points on the circle 
(Section 2.2) 

center of on ellipse The center of an 
ellipse is the midpoint of the major axis. 
(Section 6 2) 

center of a hyperbola The center of 
a hyperbola is the midpoint of the trans¬ 
verse axis. (Section 63) 

change in x The change in x is the 
horizontal difference (the difference in 
x-coordi nates) between two points on a 
line. (Section 2.4) 


change in y The change in y is the 
vertical difference (the difference in 
>-coordinates) between two points 
on a line (Section 2.4) 

circle A circle is the set of all points in 
a plane that lie a given distance from a 
given point. (Section 2.2) 

closed Interval A closed interval is 
an interval that includes both of its 
endpoints. (Section 1.7) 

coefficient (numerical coefficient) 

The real number factor in a term of an 
algebraic expression is the coefficient 
of the other factors. (Section R.3) 

cofactor The product of a minor of an 
element of a square matrix and the num¬ 
ber +1 (if the sum of the row number 
and column number is even), or —1 
(if the sum of the row number and 
column number is odd), is a cofactor. 
(Section 5.3) 

colllnenr Two points are collincar 
if they lie on the same line. 

(Section 2.1) 

column matrix A matrix with exactly 
one column is a column matrix. 

(Secuon 5.7) 

combination A subset of items selected 
without regard to order is a combination. 
(Section 7.6) 

combined vnriation Variation in 
which one variable depends on more 
than one other variable is combined 
variation. (Section 3.6) 

common difference In an arithmetic 
sequence, the fixed number that is 
added to each term to obtain the next 
term is the common difference. 

(Section 7.2) 

common logarithm A base 10 
logarithm is a common logarithm 
(Section 4.4) 

common ratio In a geometric se¬ 
quence, the fixed number by which each 
term is multiplied to obtain the next 
term is the common rauo. (Secuon 7.3) 

complement of an event In probabil¬ 
ity. the set of all outcomes in a sample 
space that do not belong to an event 
E is the complement of E, wniten E’. 
(Section 7.7) 
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